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CHAPTER I 

KINEMATICAL PRELIMINARIES 

1. The displacements of rigid bodies. 

The name Analytical Dynamics is given to that branch of knowledge 
in which the motions of material bodies, considered as due to the mutual 
interactions of the bodies, are discussed by the aid of mathematical analysis. 

It is natural to begin this discussion by considering the various possible 
types of motion in themselves, leaving out of account for a time the causes 
to which the initiation of motion may be ascribed ; this preliminary enquiry 
constitutes the science of Kinematics. The object of the present chapter is 
to establish a number of kinematical theorems which will be required in the 
rest of the work. 

Kinematics is in itself an extensive subject, for a complete account of which the student 
is referred to treatises dealing e.\clusively with it, e.g. that of Koenigs (Paris, 1897). Jn 
what follows we shall confine our attention to theorems which are of utility in the appli- 
cations of Kinematics to Dynamics. 

We shall say that a material body is rigid when the mutual distance of 
every pair of specified points in it is invariable, so* that the body does not 
expand or contract or change its shape in any way, although it may change 
its position with reference to surrounding objects. 

If a rigid body is moved from one position to another, the change of 
position is called a displacement of the body. Certain special kinds of 
displacement have received specific names; thus if the position in space 
of every point of the body which lies on some straight line L is unchanged, 
the displacement is called a rotation about the line L\ if the position in 
space of some point P of the body is unchanged, the displacement is called 
a rotation about the point P\ and if the lines joining the initial and final 
positions of each of the points of the body are a set of puallel straight lines 
of length ly so that the orientation of the body in space is unaltered, the 
displacement is called a translation parallel to the direction of the linesy 
through a distance I 
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2 . Euler's theorem on rotations about a point*. 

Consider a rigid body, one of whose points is made immoveable by some 
attachment ; suppose that the body is free to turn about this point in any 
manner, and let any two possible configurations of the body be taken : for 
convenience we shall call these the configuration P and the configuration Q, 
We shall now shew that it is possible to bring the body from the configuration 
P to the configuration Q by simply rotating it about some definite line 
through the fixed point, i-e. that a rotation about a point is always equivalent 
to a rotation ahovt a line through the point. 

To establish this result (which was first given by Euler), denote the fixed 
point by 0; let OA, OB be the positions, in the configuration P, of two lines 
through the fixed point which are fixed in the body and move with it ; let 
0A\ OR be the positions of the same lines in the configuration Q. Draw 
the plane which is perpendicular to the plane AO A' and bisects the angle 
AO A': and draw also the plane which is perpendicular to the plane BOR 
and bisects the angle BOR. Let OC be the line of intersection of these twc 
planes, supposing them to be not coincident; if they are coincident, we 
denote by OC the line of intersection of the planes OAB and OA'R. 

Then clearly in either case the line OC is related to the lines 0A\ OR 
in exactly the same way as it is related to the lines OA and OB ; that is to 
say, the angles AOG and BOO are respectively equal to the angles A'OC and 
ROC. It follows that if the system OABC is rotated about 0 in such a way 
that the lines OA and OB come into the positions OA' and OR respectively, 
then OC will retain its position unchanged. The line OC is therefore 
unaffected by the displacement in question, and so the displacement can 
be represented by a rotation through some angle round 0C\ which proves 
the theorem. 

When a body is continuously moving round one of its points, which is 
fixed in space, the displacement from its position at time t to its position at 
time t + can, by Euler's theorem, be obtained by rotating the body about 
qpme definite line through the fixed point. The limiting position of this 
j%ie, when the interval At is indefinitely diminished, is called the instantaneous 
axis of rotation of the body at the time t 

When a body is continuously moving round one of its points, which is fixed, the locus 
of the instantaneous axis in the body is a cone, whose vertex is at the fixed point : the 
locus of the instantaneous axis in 8])aoe is also a cone whose vertex is at the fixed point 
Shew that the actual motion of the body can be obtained by nmking the former of these 
cones (supposed to be rigidly connected with the body) roll on the latter cone (supposed to 
be fixed in space). (Poinsot) 

A similar proof shews that if any two positions of a plane figure in the 
same plane are given, the displacement from one position to the other can be 
* Novi Comment, Petrop. xx. (1776), p. 189, | 26. 
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regarded as a rotation about some point 'in the plane. This point is called 
the centre of rotation. 

When the body is regarded as continuously moving, the small displace- 
ment from one position to the position which succeeds it after an infinitesimal 
interval of time can therefore be accomplished by a rotation round a point ; 
this point is called the instantaneous centre o f rotation. 

Example 1. A lamina moves in any manner in its plane. Prove that the locus at any 
instant of points which are at inflexions of their paths is a circle, which touches the loci 
in the lamina and in space of the centre of instantaneous rotation. (ColL Exam.) 

Example 2. A rigid body in two dimensions is subjected successively to two finite 
displacements in its plane. If be the line joining the centres of displacement, and if 
D\ be the line which is brought into the position by half the first displacement (i.e, 
by rotation through half the angle), and if be the position to which 0% is brought by 
half the second displacement, shew that the centre of the total displacement of the rigid 
body is the intersection of Di and D^, (Coll. Exam.) 

3 . The theorem of Rodrigues and Hamilton*, 

Any two successive rotations about a fixed point can be compounded into 
a single rotation by means of a theorem, which may be stated as follows : 

Successive rotations about three concurrent lines fixed in space^ through tunce 
the angles of the planes formed by them^ restore a body to its original position. 

For let the lines be denoted by OP, OQ, OR. Draw Op, Og, Or per- 
pendicular to the planes QOP, ROPt POQ respectively. Then if a body is 
rotated through two right angles about Og, and afterwards through two right 
angles about Or, the position of OP is on the whole unaffected, while Og is 
moved to the position occupied by its image in the me Or; the effect is 
therefore the same as that of a rotation round OP thiough twice the angle 
between the planes PR and PQ, which we may call the angle RPQ. It 
follows that successive rotations round OP, OQ, OR through twice the angles 
RPQ, PQR, QRP, respectively, are equivalent to successive rotations through 
two right angles about the lines Og, Or, Or, Op, Op, Oq ; but the latter 
rotations will clearly on the whole produce no displacement; which establishes 
the theorem. 

4 . The composition of equal and opposite rotations about parallel axes, 

A case of special interest is that in which a body is subjected in turn to 
two rotations of equal amount in opposite senses about *two parallel axea 

In neither displacement is any point of the body displaced in a direction 
parallel to the axes, and this is therefore true of the total displacement. 
Moreover, if any line be taken in the body in a plane perpendicular to the 

* 0. Rodrigues, Journ. de Math. v. (1840), p. 880; Hamilton, Lecturet on Quatemiom, § 844 ; 
the proof here given is due to Burnside, Acta Math, xxv. (1902), 



4 


Kinematical Preliminaries 


[CH. I 

axes, this line in the first displacement will be turned through an angle 
equal to the angle of rotation, and in the second displacement will be turned 
back through the same angle; so its final position will be parallel to its 
original position; which evidently can be the case for every line without 
exception, only when the total displacement is equivalent to a simple 
translation. It follows that two successive equal and opposite rotations about 
parallel axes are equivalent to a translation in a direction perpendicular to 
the axes; or, in other words, a rotation about any axis is equivalent to 
a rotation through the same angle about any axis parallel to it, together vrith 
a simple translation in a direction perpendicular to the axis. 

The converse of this, namely the theorem that a rotation of a rigid 
body about any axis, preceded or followed by a translation in a direction 
perpendicular to the axis, are together equivalent to a rotation of the body 
about a parallel axis, is also true, being essentially the same as the result 
stated in § 2, that any displacement in a plane can be regarded as a rotation 
round some point in the plane. By considering the angle betwc the 
initial and final positions of any line which is perpendicular to the axis and 
moves with the body, we see that the angles of rotation round the two axes 
.are eiiual, 

6, Chasles theorem on,the most general displacement of a rigid body^. 

We shall now con.sider displacements of a more general character. It is 
evident that a free rigid body can be moved from any one selected con- 
figurjition P in space to any other Q by first moving some selected point of 
the bo<iy from its position in the configuration P to its position in the 
configuration Q, each of the other points of the body being moved by a simple 
translation parallel to this (so that the body is oriented in the same way after 
the operation as before), and secondly rotating the body about this point into 
the configuration Q. By Eulers theorem, this latter operation can be 
ixjrfonned by simply rotating the body about a line through the point ; so 
we see that the most genet al displacement of a rigid body can be obtained by 
first translating the body, and then rotating it about a line. 

We shall how shew that the line about which the rotation takes place can 
be so chosen, that the motion of translation is parallel to this line. For let A 
be the initial i)osition of any point ( f the body, and B the position to which 
this ix)int is brought by the moti n of translation. Let AK he the line 
through A {mrallel to the line round which the rotation takes place, and let 
K be the foot of the perpendicular from B on AK. Then the motioYi of 
tmiislation can evidently be accomplished in two sUiges, the first of which 
is a tninslation parallel to the line about which the rotation takes place, 

* Mu/zi, Diicuno miiematico topra ilrotamrnto momentaneo dei corpi, Naples, 1763; Caucliy, 
Eierdm de Math. n. (l»aris, 1827), p. 87; Oeuvns, (2) vii. p. 94; Chasles, BuUetin Unir. det 
Sciences (F^russac), xiv. (1880), p. 821 ; Comptes Sendm de VAead. xvi. (1848), p. 1420. 
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bringing the point A to the position K, and the second of which is 
a translation perpendicular to the line about which the rotation takes place, 
bringing the point K to the position J5. But by § 4, the second translation, 
together with the rotation which follows it, are together equivalent to 
a simple rotation about a new axis parallel to the first one. If therefore any 
point on this axis be taken as base-point, the whole displacement can be 
accomplished by a translation of the body parallel to a certain line through 
this point, together with a rotation about this line; this establishes the 
theorem. 

This combination of a translation and a rotation round a line parallel to 
the direction of translation is called a screw ', the ratio of the distance of 
translation to the angle of rotation is called the pitch of the screw. It is 
clear that in a screw displacement, the order in which the translation and 
rotation take place is indifferent. 

6. HalpKerCi theorem on the composition of two ge^neral displacements, 

Halphen has shewn* how to determine geometrically the resultant of any two screw- 
displacements as a screw-displacement. 

Let ilj and dj denote the axes of the two screws, and A ^2 their common perpendicular. 
Let Bi be the line which is brought to the position An by half the first displacement 
(i.e. half the translation, and rotation through half the angle), and let B 2 be the line to 
whose position djs is brought by half the second displacement; let C denote the common 
perpendicular to the lines Bi and B^. Halphen’s result is that the axis of the remltant 
screw-displacement is C, and the displacement is twice that which brings the line B\ to the 
position B^. 

For let Di and />, be lines such that half the given displacements will bring An to the 
position Di and to the position A^ respectively, and let C" bo the common perpendicular 
to Di and />,. 

The figure thus obtained, and that which is obtained from it by rotating it through two 
right angles about An, evidently coincide ; whence we have the relations : 

Intercept made on Bi by Ai and (7a Intercept made on D^hy Ai and C, 

Intercept made on B^ by A 2 and (7«« Intercept made on by A 2 and C\ 
Intercept made on C by Bi and ,^3= Intercept made on C' by Bi and Dg, 

Angle between the planes AiBi, Angle between the planes AiDy, DxC, 

Angle between the planes A 3 ^3, ^3(7a Angle between the planes A 2 O 2 , 

Angle between Bi and B 2 == Angle between Di and />2. 

It follows that the screw about Ai brings (7 to the position of C' produced, the inter- 
section of j^i and G being brought to the position of the intersection of Di and C ' ; and 
then the screw about A 2 brings (7' to the position of C produced, the intersection of 
Df and C' L)oing brought to the intersection of i?3.and (7; so C is the axis of the resultant 
screw, and the amount of the translation is twice the intercept made on C by Bi and ^3. 
Also the line Bi, which by the first screw is brought to the position D^, is by the second 
brought to a position making the same angle with ^3 that B 2 makes with Bi ; and therefore 

* NouveUes Annates de Math, (8) i. p. 298 (1882). The proof given here is due to Burnside, 
Mess, of Miith. zix. p. 104 (1889). 
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the rotation of the resultant screw is twice the angle between and Bi. This establishes 
Halphen’s theorem. 

Example, Shew that any infinitesimal displacement of a rigid body can be obtained 
by the oomposition of two infinitesimal rotations round lines, and that one of these lines 
can bo arbitrarily ohoeen. 


7 . ^na^^tc representation of a displacement 

We shall now see how any displacement of a rigid body can be represented 
analytically. 

Let rectangular axes Oxyz be taken, fixed in space : these will be supposed 
to form a right-handed system, i.e. if the axes are so placed that Oz is directed 
vertically upwards apd Oy is directed to the northern horizon, then Ox will 
be directed to the east. Let the displacement considered be equivalent to a 
rotation through an angle m about a line whose direction-angles are (a, 7), 

and which passes through a point A whose coordinates are (a, h, c), together 
with a translation through a distance d parallel to this line. The angle a> 
must be taken with its appropriate sign, the sign being positive when the line 
(a, 7) being directed vertically upwards, the rotation from the sou them 

horizon to the northern is round by the east. Let the point P whose 
coordinates are {x, y, z) be brought by the displacement to the position of the 
point Q(Jr, F, Z); and let the point P be brought by the translation alone 
to the position of the point R (f, f ) ; then we have evidently 

f = + cosa, 7;s*y-j-dco8 A ^=*^+(£0087. 

Let K be the foot of the perpendicular from R (or Q) on the axis of 
rotation, and let L be the foot of the perpendicular from Q on KR. Then 
we have 

A' - f = projection of the broken line RLQ on the axis Ox, 

it being understood that projections have their appropriate signs, so that the 
projection of a line AB on the axis of x is {xs — xf), not 

Now the projection of KR on the axis Ox is 

f - a — (projection of ^ AT on the axis Ox) 
or f — a — cos « {(f — a) cos a -f (^ — 6) cos q- (f — c) cos 7}, 

and as PZ = -(l~cosa))/fiJ, it follows that the projection of RL on the 
axis Ox is 

-(1 ~cosft»)[f-tt-cosa{(f-a)co8a-h(i;-6)cos)0-f (f~c)co87|].. 

Moreover, the line LQ is normal to the plane RKA, and its direction-cosines 
are therefore proportional to the quantities 

(f-c)co8 fl-(i;-6)cos7, (f- a)co8 7-(f-c)co8a, 

(1; - 6) cos a - (f - a) cos 
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and since the sum of the squares of these three quantities, divided by the 
expression {(f — a)* + (17 — 6)* + — represents the quantity sin*Ej 4 -fir, it 

follows that the sum of the three squares is equal to and the three 
quantities themselves are the projections on the axes of a length ± KR 
measured along the line LQ. Since LQ^± KR sin ay, the projection of LQ 
on the axis Ox is therefore 

± sin 6) {(f — c) cos ^ — 6) cos 7). 

On considering a special case, e.g. supposing that the axis of rotation is the 
axis Oz, we see that the upper sign is correct ; and thus we have 
^ f — — (1 cos 6)) {(f — a) — cos* a (f — a) 

— cos a cos (>? — 6) — cos a cos 7 (?— c)} 

+ sin (o {cos iS (?— c) — cos 7 (17 — h)]» 

Substituting for f their values in terms of x, y, z, we have 
Z = a; 4* d cos a - (1 - cos 0)) ((a: — a) sin* a 

— cos a cos (y — 6) — cos a cos 7 — c)} 

+ sin Q) (cos fi{z — c) — cos 7 (y — b)]. 

Similarly we have 

F = y 4- d cos — (1 — cos ft)) {(y — b) sin* /3 

— cos cos 7 (z — c) — cos cos a (a? — a)| 

+ sin ft) (cos 7 (a? — a) — cos a (z — c)) 

and z 4- d cos 7 — (1 — cos ft)) ((z — c) sin* 7 

— cos 7 cos a (a; - a) - cos 7 cos /8(y — 6)) 

4 sin ft) {cos a (y ~ 6 ) — cos — a)). 

These equations give the new coordinates Z, F, Z in terms of the 
coordinates a?, y, z of the original position of the point and the quantities 
which define the displacement. 

8. The composition of small rotations. 

We shall now apply the last result to the case in which the rotation is 
infinitesimal, the axis of rotation passing through the origin and there being 
no motion of translation. We shall write Syfr for cm, where Syjr is a small 
quantity whose square can be neglected. The equations of the last article 
now become 

( Z = a; 4- cos — y cos 7) Syfr, 

F = y 4- (a? cos 7 — z cos a) Syfr, 

Z = z-h(y cos a — a; cos / 3 ) Syfr. 

But these are the equations which we should obtain if we successively (in 
any order) subjected the body to infinitesimal rotations cos a . Syjr about Ox, 
coBjS.SyIr about Oy, and cos 7 . 8^ about Oz. It follows that any small rota- 
tion Syjr about a line OK is equivalent to successive small rotations Sy^ , cos KOx 
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about Ox, byjf . cos xdy about Oy, an <2 S'^ . cos KOz about Oz, where Ox, Oy, Oz 
are any three mutually perpendicular lines which intersect OK in one of its 
points, 0. 

9 . Euler* s parametric specification of rotations round a point*. 

The analytic expressions for the translational part of a displacement are, 
as we have seen, extremely simple; but the expressions for the rotational 
part are not so simple, and these will now be further considered. Suppose 
then that a rigid body is rotated through an angle « about a line through 
the origin, whose direction-angles are cr, y. By § 7 , the coordinates 
( 2 r, F, Z) of the new position of a point whose original coordinates were 
{x, y, s) are given by the equations 

'X ^x — 2 sin* (x sin* a — y cos a cos — .e cos a cos 7) 

4* 2 sin ^0) cos Jo) cos — y cos 7), 
Y^y -2 sin* (y sin*y 9 - cos /S cos 7 - a? cos /S cos a) 

+ 2 sin ^0) cos Jft) (x cos y — z cos a), 

Z = ^ - 2 sin* i© (z sin* 7 — a: cos 7 cos a - y cos 7 cos /8) 

-f- 2 sin Jci> cos J ft) (y cos a — ar cos )8). 

Now introduce parameters 17, x* defined by the equations 
f sscosasin Jft), lyswcos/Ssin^o), 2faiCOS7 8in^ft), ;^a=cos^ft>; 
these parameters evidently satisfy the identical relation 

P + + = 

and the above equations can be written in the form 

j z (f* - - r + x’) « + 2 (f? - Jx) y + 2 (f ? + 

|F = 2(fij + ?x)® + (-f’ + V-?’ + x’)y+2(’/?- 

If therefore the coordinate axes are denoted by OZ YZ, and if moveable 
axes which originally coincide with these are brought into the position Oocyz 
the given rotation, the direction-cosines of the two sets of axes with 
^reference to each other are given by the following scheme: 


y 


Z V Z 



2(ft+ft) 


2 (ft- ft) 


2(7f+ft) 

iiH+n) 

„ . 

2(,f-ft) 

-e-n‘+C‘+)^ 


Novi Comnunl, Petrop. zx. (1776), p. 208, § 6 sqq. 
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It is readilj seen that the parameters (f corresponding to the resultant of 
two suooessive displacements Ct x) (^* Cf x)» ^ given by the equations 

^ 17 ' -ijf +Cx'-fxr» 
x"- XX “ff -*?»?'“ Cf* 

These formulae (which were discovered independently at different times by Gauss, 
Rodrigues, Hamilton, and Cayley) really constitute the theorem for the mtdtiplicatton of 
quatemiofu. For Xt 6 7) C msj be regarded as the components of a quaternion* 
X+f*+l/+{^» where i, j, k satisfy the equations 

- 1, (/=* -ji^ky jk^-kj^miy ki^ - ik^J ; 
and the above formulae are then all comprehended in the single equation 

The reader who is acquainted with quaternions will observe that the effect of the 
rotation on any vector p is to convert it into the vector qpq~^^ where q denotes the 
quaternion X'^i^‘^li‘k-Ck\ the quaternion itself is not the rotational operator. 

10 . The Eulerian angles. 

The most practically useful of the various methods of representing 
parametrically the displacement of a rigid body due to a rotation round a fixed 
point is likewise due to Eulerf : it has the disadvantage of being unsym- 
metrical, but is otherwise very simple and convenient. 

Let 0 be the fixed point round which the rotation takes place, and let 
OXYZ be a right-handed system of rectangular axes fixed in space. Let 
Oxyz be rectangular axes fixed relatively to the body and moving with it, 
and such that before the displacement the two sets of axes OX YZ and Oxyz 
are coincident in position. Let OK be perpendicular to^ the plane zOZy 
drawn so that if OZ is directed to the vertical and the projection of Oz 
perpendicular to OZ is directed to the south, then OK is directed to the east. 

Denote the angles zOZ, YOKy y6K by 0, <f>, yfr, respectively: these are 
known as the three Eulerian angles defining the position of the axes Oxyz 
with reference to the axes OXYZ. 

In order to find the direction-cosines of Ox, 0?/, Ozy with respect to OXy 
we observe that these are equal to the projections on Ox, Oy, Oz, respectively, 
of a unit length measured along OX. Now this unit length has pD)jections 
cos ^ along OL and - sin <f> along OK, where OL is the intersection of the 
planes .^OF and ZOz ; but a length cos ^ along OL has projections cos <f> sin 0 
along Oz and cos ^ cos 0 along OM, where OM is the intersection of the 
planes xOy and ZOz ; and a length cos <f> cos 0 along OM has projections 
cos ^ cos ^ cos along Ox and — cos ^ cos ^ sin along Oy] also, a length 
-sin^ along OK has projections -sin^sin^fr along Ox and -sin^cos^ 

* Tbit quaternion will have iia tensor equal to unity, 
t Novi Comment. Petrop. xx. (1776), p. 1S9. 
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along Oy, Hence finally the projections on Ox, Oy, Oz respectively of the 
unit length measured on OX are 

cos cos 6 cos ifr ~ sin sin along Ox 

' — cos </) cos ^ sin — sin 0 cos along Oy, 

cos ^ sin 6 along Oz, 

Proceeding in this way, we obtain for the direction-cosines of the two sets of 
axes OX YZ and Oxyz with respect to each other the following scheme : 


X Y Z 


cos <f) cos ^ cos ^ ~ sin </> sin 

sin cos ^ cos + cos sini/^ 

- sin ^ cos 

- cos cos $ sin ^ - sin 0 cos ^|t 

- sin (f> cos $ sin yj^+coHiP coa yp 

sin^sin\|^ 

cos <f) sin 3 

sin <p sin e 

coae 


11 . Connexion of the Eulerian angles '>mth the parameters f, 

The relations between the Eulerian angles 6 , <^, yjr and the parameters 
Vf X ^ obtained by comparing the schemes of direction- 

cosines which have been given in §§ 9 and 10 ; they may however be obtained 
directly as follows : 

Let OXYZ and Oxyz be the fixed axes and the axes derived from these 
by the rotation o) round a line 0i2, whose direction-angles arc (a, 7). 
Draw a sphere of unit radius with the point 0 as centre, so that planes 
passing through 0 intersect the sphere in great circles, and lines intersect the 
sphere in points. Then in the spherical triangle RZz^ the sides are 7, 7, d, 
and the angle at is « ; whence we have the relation 

sin ^6 = sin 7 sin 

Moreover, let v denote the angle RZY^ so R^zj=> — ^ — v . Then the 
arc RZ is brought to the position Rz by successive rotations <f> about Zy 
6 about the pole of Zz, and yfr about z ; but the first of these transforms RZ 
into an arc making an angle Jtt — ^ - v -I- 0 or Jtt — 1 / with Zzy at Z ; the 
second rotation transforms this into an arc making the same angle 
with Zzy but passing through z ; and the third rotation transforms it into an 
arc making an angle — 1/ -f with Zz, at z. But this angle must be equal 
to TT — RzZ, or TT — R^z, or TT — (Jtt — ^ — v), or Jtt -I- ^ -f 1/ ; so we have 


or 
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Hence, since in the spherical triangle RZX the sides are a, 7, and the 
angle at ^ is ^tt - 1 / or ^ (tt — + 4), we have 

cos a = sin 7 sin 

Substituting for sin 7 from the equation already found, this gives 
cos a sin = sin ^0 sin ^ - </>), 

or f = sin sin ^ (yjr - 4)- 

Similarly from the spherical triangle RZY we have 
cos ^ s= sin 7 cos ^)> 
and again eliminating sin 7, w’e have 

cos sin ^ 6 ) = sin ^^cos — (^), 
or 7 ; = sin^^ cosi(\/r — 

Moreover, since we have shewn that in the spherical triangle RZ 2 : tin* 
sides are 7, 7, 0, and the angles are ^ (tt - ^ (tt - - <^), ay, we have 

the relations 

cos J o) = cos cos iiyir -h 4)» 
and sin ^o) cos 7 = cos sin ^ -f 4)> 

or = cos cos + 0 ), 

f = cos sin ^(4 4\ 

The four paraiiieters f, rj, (T, x expressed in terms of the Eiilerian 

angles By 4^ relations 

^ f = sin sin -(/>), 

J 7 ; = sin ^B cos ^ (^/r ~ 4)> 
i f = cos \B sin i(ir + 4), 

= cos^^ cosi(^ + 4y 


12. The connexion of rotations with hooiographies ; the Cayley- Klein paratneiers. 

Consider now a sphere, on the .surfi ce of which any figures (which we sliall call S) are 
drawn. Let these figures be stereographically projected on a plane (e.g. by taking the 
highe.st point of the sphere as vertex of projection and the tangcnt-i)lane at the lo\>est 
point of the sphere as the plane) : we shall call the i)rojected figures l\ Now let the 
sphere be rob\tcd through a definite angle about some axis threugh its centre, so that the 
figiires on its .surface are shifted to new positions : let the figures in their new positions be 
called S ' ; and let the stereographic projections of the figures S' (with the .viinc vertex and 
plane of projection a.s before) be (uilled P'. Then corresponding to the rotation of the 
sphere, which changes S to 5', wo have a transfovnation in the plane, which changes the 
figures P into the figures P'. We shall now examine this transformation more closely. 

If one of the figures P is a circle in the plane, we know that the corresponding figure N 
must be a circle traced on the sphere, since by stereographic projection a circle is changed 
into a circle: therefore S' must also be a circle; and hence P' must also be a circle. 
Thu.s we see that the transfonnations of the plancy which correspond to rotations of the 
sphere^ must he such as to change any circle in the plane into another circle in the plane. 
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It may be shewn* that any transformation of this kind may he represented analytically 
in the following way^: 

Let L where x and y are the rectangular coordinates of any point in the 

plane ; so that to this point there corresponds a definite value of the complex variable 
Similarly let r'= j?'+y >/- 1, where jf and y refer to the point into which the point (a*, y) 
is changed by the transformation. Then any one-to-one traneformcUion of the planet which 
changes all circles into drdestt may be defined by an equation of the type 

, az-jf-b 
"^"“cz+d* 

where a, 6, c, d are (real or complex) constants; or else by a transformation of this latter 
kind combined yeith a reflexion in one of the axes of coordinates, 

A transformation represented by an equation of the type 

, az-vb 
* ~ cz-^d 

is called a homographic transformation, or komography. It appears therefore that homo- 
graphics in a plane con-espond to rotations of a solid body ab^int a fixed point, in such a 
way that if two homographies correspond respectively to two rotations, the homography 
compounded of these corresponds to the rotation compounded of the two rotations 

We shall now see now the connexion betwcten rotations and homographies may be 
represented analytically. 

Let us replace the parameters ly, f, x by new parameters a, /9, y, d, defined by the 
equations 

> _ 3+y . a-b g-f ^ 

2 ’ 2i * 2i ’ ^ 2 * 


so that they are connected with the Eulerian angles d, ^ by the equations 

6 ;(♦+*) . .6 U*-*) 

a=cos-.e" , 7-181112. «* , 


isin - . e* 

A 


6 


- d i (-♦-<#«) 
a = C08 -. C * 


These “Cayley- Klein” parameters clearly satisfy the relation 

od-/ 3 y= 1 ; 

and replacing the quantities 17, x in the scheme of direction-cosines given in § 9 by 
their values in terms of a, /3, y, d, we have for the values of the direction-cosines in terms 
of €1, y, d the following scheme : 


X Y Z 


t(a»+jS»+7* + «>) 

i(-a»-/9«+y» + »«) 

i(ay-hfid) 



— ay+/3d 

-i(afi-hyb) 

-0)3 -I- yd 

ad-h/Sy 


* Cf. L. B. Ford, An introduction to the theory of automorphie functions (London, 1915). 
t A straight line is to be regarded as a particular kind of oirele. 
t Klein, Math. Ann. ix. (1876), p. 188; Cayley, Math. Atm, xv. (1879), p. 288. 
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It may readily be shown that the parameters {a\ /3", y", d") corresponding to the 
resultant of two successive displacements (a\ /S', y', V) and (a, /3, y, are given by the 
equations 

a'—a'a+y'A 

y" =5 ya + hy\ d" = y/S' + hV. 

These equations shew that the transformation 

y'^ + r 

is the result of performing in succession the two substitutions 




y'z 4- 


and 


yz-¥b' 


and the connexion between rotations and homographic transformations is thus evident 
analytically. 


One advantage of the Cayley-Klein parameters, as compared with the parameters 
(^» »?» C* x)» ^ retain some of the simplicity of the quaternion calculus, while 

using the J - \ of ordinary algebra instead of the i, y, k of Hamilton’s quaternions. 


Exam-pit 1. Let (d, 0, denote the Eulerian angles. Suppose that a point in space 
which is carried about with the axes Oxyz has the vectorial angles (^i, (referred to the 
fixed axes OXYZ) before the motion, and (di', aftqr the motion. Denoting tan 
by {“i, and tan ^0i by (i\ shew that 

> cos A ^ - sin i ^ 

' ' fi'e"*^8ini^+cosi^ 

Example 2. If from the equations 

Xi^aXi'^-^2y 

jr2=yJ^i+^2> 

the quantities JTi*, X^y Xi JTj are formed, and if these quantities are regarded as uinbral 
symbols and the quantities X^^y -VjA'x, 4?i*, a' 2 *» ^iA '2 are replaced by — T+iA', 
Y-^iXy Zy -y+W7, y-\-iXy Zy respectively, shew that the equations obtained are 
r+ijr=a2 (-y + ^>) + 2 a^^+ 32 (,?/ + l;r), 

• r-f iA = ')r (~y + tx) + 2ya2 + d* (y + w:), 

Z =ay (— y + iA’) + (aa+^y) 2 + ^a (y+ix), 

and that these are the three equations connecting the coordinates {Xy Yy Z) of a point 
referred to the aiijes OX YZ with its coordinates (x, y, z) referred to the axes Oxyz. 


Example 3. If 
and 

shew that 


-y + u; : y + tx : 2 —XX' :1 ;J(X + X'), 

— * 1^4* LV : i^=XjXi^ : 1 : ^(Xid^X/), 


A] 


aX 4^3 
yX+‘d 


and Xi' 


oV4-3 

W+a ■ 


13. Vectors, 

We now proceed to consider the essential features involved in the 
displacement by simple translation of a rigid body. 

The operation of translation in itself, considered apart from the body 
translated, evidently possesses the following properties: 
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It can be specified completely by any one of the equal and parallel 
lines of space which have a given length (viz. the distance of the translation) 
and given direction (viz. the direction of the translation) ; since such a line 
furnishes all the data which describe the operation. 

2®. If AB be one of these lines, and AGDE.,.KB be a broken line 
joining its extremities, then the operation represented by il-5 is equivalent 
to the sum of the operations represented by AC, CD, DE , ... KB, 

These properties 1 ® and 2 ® are possessed by a large number of operations 
and quantities other than the operation of translation; an operation or 
quantity which possesses them is called a vector quantity. 

By 2®, a vector AB is equivalent to the sum of three vectors AK, KL, LB, 
respectively parallel to three given rectangular axes, and forming a broken 
line joining the points A and B. These three vectors are called the com- 
ponents of the vector AB along the given axes. If I be the length and (a, ff, 7 ) 
the direction-angles of AB, the lengths of the component vectors are clearly 
(f cosa, / cos/ 8 , / cos 7 ), being in fact the projections of .4 B on the axes. 

A single vector which is equivalent to any number of given vectors is 
called their resultant. 

If a vector is conceived as varying in dependence on a parameter (e.g. the 
time), the difference between the vectors corresponding to any two values of 
the parameter is also a vector, and hence the rate of change of the vector 
with respect to the parameter is also a vector, whose components are the 
rates of change of the corresponding components. This is called the flax 
of the- vector with respect to the parameter. 

14 Velocity and acceleration ; their vectorial character. 

Consider now a body which is being continuously translated (though not 
necessarily always in the same direction) without any change of orientation. 
Its total traTislation to any time t is a vector quantity and hence the rate -at 
which this changes with the time, i.e. its time-flux, is also a vector quantity, 
which is called the velocity of the body ; if x, y, z are the coordinates referred 
to fixed axes of any point fixed in the body and moving with it, then the com- 
ponents of the velocity referred to these axes are the rates of change of x, y, z, 
i.e. are x, y, z (where dots denote differentiations with respect to the time /). 

Similarly the rate of change of the velocity is again a vector, whose 
components are x, y, ’£ (two dots indicating second derivatives with respect 
to the time); this vector is called the acceleration of the body. 

It is clear that if P, and Q are two moving points, the vector which 
represents the translation (or velocity, or acceleration) of Q is the sum of the 
vector which represents the translation (or velocity, or acceleration, as the 
case may be) of F and the vector which represents the translation (or velocity, 
or acceleration) of Q relative to P, i.e. of Q referred to axes whose origin 
moves with P, and whose directions are invariable. 
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16. Angular velocity : its vectorial character. 

Consider next a body which is rotating continuously about a line. Let 6 
denote the angle turned through at any time t : then 6 represents the speed 
of turning at the time t. If from any point on the line round which the 
rotation takes place a segment whose length represents 6 is measured along 
the line, this segment will evidently furnish a complete specification of the 
nature of the rotation at the instant or (as it is generally expressed) of 
the angular velocity of the body. The direction in which the segment is 
measured from the base-point is to be connected with the sense of rotation 
by the usual convention, namely that when the segment is directed vertically 
upwards the rotation from the southern horizon to the northern is round by 
the east. 

An angular velocity is therefore represented by a line of definite length 
and direction. Now by § 8 , if a body one of whose points 0 is fixed 
experiences a small rotation round any line OKy this displacement is 
equivalent to successive small rotations Byft cos a round Oxy Syjr cos /3 round 
Oy, and SrlrcoBy round Oz, where Ox, Oy, Oz are any three mutually 
perpendicular lines passing through 0 and (a, 7 ) are the direction-angles 

of OK with reference to Oxyz. From this it is clear that we can regard an 
angular velocity represented by a length measured on OK as equivalent 
to angular velocities represented by lengths yjr cos a, yjr cos /3y cos 7 , 
measured along Ox, Oy, Oz, respectively. 

, But this is essentially the fundamental property of vectors, and can be 
expressed by the statement that angular velocities can be resolved and 
compounded according to the vectorial law. 

It must be observed however that an angular velocity does not fulfil all 
the conditions which enter into the definition of a vector, for an angular 
velocity about one line is not equivalent to an angular velocity of the same 
magnitude about a parallel line. Angular velocity must therefore be regarded 
as a vector which is localised along a definite line. 

Example. A right cii'cular cone of eemi-vertical angle ^ rolls without sliding on a plane. 
To find its instantaneous axis of rotation, and to determine its angular velocity about this 
axis in terms of the angular velocity of the line of contact in the plane. 

Since all points of the generator which is in contact with the plane are instantaneously 
at rest (for there is no sliding), this generator is the instantaneous axis of rotation of 
the cone. Let a> denote the angular velocity of the cone about this generator, and let 6 
denote the angular velocity of the line of contact in the plane. Then the motion of the 
axis of the cone can be rei>resented by an angular velocity ^ round the normal to the 
plane, and the whole motion of the cone is compounded of this together with a rotation 
round the axis of the cone. It follows that the component of angular velocity of the cone 
about a line through the vertex of the cone perpendicular to the axis is ^ cos fi ; but 
this must equal the resolved part of « in this direction, which is »8in/3. We have 
therefore 

^ cot /3, 

which is the required relation between w and 
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16. Determination of the components of angular velocity of a system in 
terms of the EtUerian angles, and of tfie symmetrical parameters. 

The position at any time of a rigid body which is continuously moving 
about a fixed point 0 is most conveniently described by taking two sets 
of rectangular axes, of which one set OX YZ are fixed in space, while the 
other set Oxyz are fixed relatively to the body, and move with it; the 
position of the body being then specified by the three Eulerian angles 6, >fr, 
which define the position of the axes Oxyz relatively to the axes OXYZ. 
We shall now determine the components, along the moving axes, of the 
angular velocity of the body at any instant. 

Let OK denote the line of intersection of the planes XOY and xOy \ the 
angular velocity of the system is evidently compounded of angular velocities 
d about OK, ^ about OZ, and yjt about Oz. Of these, the first can be 
replaced according to the vectorial law by angular velocities 0 sin about Ox 
and ^ cos about Oy ; and the second can be resolved into - sin ^ cos ^ 
about Ox, <l> sin ^ sin about Oy, and cos 0 about Oz. So finally if 
fi>i, wj, ft)3 denote the components of angular velocity of the body about the 
axes Ox, Oy, Oz, respectively, we have 

( o), * ^ sin sin 6 cos y^, 

(k)2 = ^ cos ^ sin 6 sin 

Wa = cos 0, 

From these expressions we can at once deduce the values of coj, wg, o>s 
in terms of the symmetrical parameters f, 17, cf § 9 ; for we have 

As-- - ^ 

^ dt\ 2 ) dt\ 2 ) 



v+v' r+x’’ 


Similarly we have 

_ -^v + vt , xt-^x 

and we have cos ^ — f * - -17H f* + x*. 

Substituting these values in the equation a>a » + c^cosd, we have 

0>, = 2 (ijf - f 7 + xt - ?x)- 

The values of and <», can be at once obtained from this by the 
principle of symmetry ; and thus we have the components of angular velocity 
given by the equations 


®t ” 2 (- f jji; + - ,,x), 
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17 . Time-flux of a vector whose components relative to moving axes are 
given. 

Suppose now that a vector quantity is specified by its components rj, f 
at any instant t with reference to the instantaneous position of a right-handed 
system of axes Oxyz which are themselves in motion : and let it be required 
to find the vector which represents the rate of change of the given vector. 

Let cDi, 0)2, o), denote the components of the angular velocity of the 
system OxyZj resolved along the instantaneous position of the axes Ox^ Oy, Oz 
themselves. 

The time-flux of the given vector is the (vector) sum of the time-fluxes 
of the components ?/, taken separately. But if we consider the vector f 
it is increased in length to ^-\-^dt in the infinitesimal interval of time dt, 
and at the same time is turned by the motion of the axes, so that (owing to 
the angular velocity round Oy) it is displaced through an angle (o^dt from its 
position in the original plane zOx, in the direction away from Oz, and also 
(owing to the angular velocity round Oz) it is displaced through an angle 
(o^dt from its position in the original plane xOy, towards Oy. The coordinates 
of its extremity at the end of the interval of time dt, referred to the positions 
of the axes at the commencement of the interval dt, are therefore (neglecting 
infinitesimals of order higher than the first) 

^ + ^dt, — a>i^dty 

and so the components of the vector which represents the time-flux of f are 

t 6)2?- 

Similarly the components of the vectors which represent the time-fluxes 
of the vectors rj and f are respectively 

- 0)377, 0)1 77, 

and o).,f, t 

Adding these, tve have finally the components of the time-flax of the given 
vector in the form 

f - 770)3 -f 
. 17 - fo)i 4- ^o>3, 

X + 770)1. 

This result can be immediately applied to find the velocity and 
acceleration of a point whose coordinates {x, y, z) at time t are given with 
reference to axes moving with an angular velocity whose components along 
the axes themselves at time t are (a)i, a)^, o),). 

For substituting in the above formulae, we see that the components of 
the velocity aie 

VP — yws + za)2, 


y — .?a)i + 


z — xooi + ytoi. 
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Now applying the same formulae to the case in which the vector whose 
time-flux is sought is the velocity, we have the components of the accelera- 
tion of the point in the form 

^ (a; - i/G)j + Z(D^ - (y— + arws) + Wg (i - xw^ -f ywi), 

d 

< ^ (y — -I- arcD,) — &>i (i — arcDg 4- yw,) 4- <*>8 (a; — yw, 4- 

^ (i -- a;o)g 4- ywi) - ft )2 (i - yws + 4- a)i (y - + arw,). 

In the case in which the motion takes place in a plane, which we may 
take as the plane Oa?y, there will be only two coordinates (a*, y), and only one 

component of angular velocity, namely where 0 is the angle made by the 

moving axes with their positions at some fixed epoch ; the components of 
velocity are therefore (putting z, cdi, tOg each equal to zero in the above 
expressions) 

a — y^ and y 4* xB, 

and the components of acceleration are 

X - tyi — yi9 — xB^ and y 4- 2x6 4- — y6*. 

Example. Prove that in the general case of motion of a rigid body there is at each 
instant one definite point at a finite distance which regarded as invariably connected with 
the body has no acceleration at the instant, provided the axis of the body’s screwing 
motion be not instantaneously stationary in direction. (Coll. Exam.) 

18. Special resolutions of the velocity and acceleration. 

The results obtained in the last article enable us to obtain formulae, 
which are frequently of use, relating to the components of the velocity and 
acceleration of a moving point in various special directions. 

(i) Velocity and acceleration in polar coordinates. 

Let the position of a point be defined by its polar coordinates r, Bf 
connected with the coordinates (X, F, Z) of the point referred to fixed 
rectangular axes OXYZ by the equations 

( X = r sin ^ cos 
J F = r sin ^ sin 
[z =»rco3B; 

and let it be required to determine the components of velocity and 
acceleration of the point in the direction of the radius vector r, in the 
direction which is perpendicular to r and lies in the plane containing r and 
OZ (this plane is genendlji^ called the meridian plane), and in the direction 
perpendicti^ plane ; these three directions are frequently 

described ip the directii^ns of r increasing, B increasing, and ^ increasing, 
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respectively. Take a line throiijirh the origin 0, parallel to the direction of 6 
increa.sing, as a inuving axis \ and take a line through 0, parallel to the 
direction of increasing, as axis Oy, and a line along the direction of r 
increasing as axis Oz. The three Eulerian angles which determine the 
position of the moving axes Oxyz with reference to the fixed axes OX YZ are 
{0, (f>yO) ; so (§ 16) the components of angular velocity of the system Oxyz, 
resolved along the axes Ox, Oy, Oz themselves, are 

CD, = — ^ sin 6, 0 ), = o)) » ^ cos 0. 

The coordinates of the moving point, referred to the moving axes, are 
(0, 0, r) ; and so by § 17 the components of velocity of the point resolved 
parallel to the moving axes are 

r0, r<j> sin 0, r, 

and the components of acceleration in the directions of 0 increasing, 
increasing, and r increasing (again using the formulae of § 17) are 

^(r^)-r^*8in^co8^+r^, or rS + 2r^ - sin ^ cos 

i (r<^ sin 0) + rS sin 0 + rdd> cos 0, or — ~ (r* sin* 0A\ 

ac ^ ^ rsin^at^ 

and r — — r<^ sin* 0, 

If the motion of the point is in a plane, we can take the initial line in this 
plane as axis Oz, and the quantities denoted by r and 0 in these formulae 
become ordinary polar coordinates in the plane ; since <f> is now zero, the 
components of velocity and acceleration in the directions of r increasing and 
0 increasing are 

(r, r0), 

and (r - r^, r0 + 2r6). 

(ii) Velocity and acceleration in cylindrical coordinates. 

Consider now a point whose position is defined by its cylindrical 
coordinates z, p, <i>y connected with the coordinates {X, Y, Z) of the point 
referred to fixed rectangular axes OXYZ by the equations 

X^ p cos (^, F = p sin <^, Z = z\ 
and let it be required to find the components of the velocity and acceleration 
of the point in the direction parallel to the axis of z, in the direction of the 
}ine drawn from the axis of , 2 ^ to the point, perpendicular to the axis of z, and 
in the direction perpendicular to these two lines. These three directions are 
generally called the direction of z increasing, the direction of p increasing, 
j^id the direction of ^ increasing ; and the coordinate ^ is called the azimuth 
j)f the point. 

In this case we take moving axes Ox, Oy, Os passing through the origin 
Mid parallel respectively to the directions of p increasing, ^ increasing, and z 
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increasing. The components of angular velocity of the system Oxyz, resolved 
along the axes Oxyz themselves, are clearly 

a)i =* 0, 0), 0, o)» = <j>, 

and the coordinates of the moving point, referred to the moving axes, are 
{p, 0, z). It follows by § 17 that the components of velocity of the point in 
these directions are 

(A i)> 

and the components of acceleration are 

(p - pcji*, 

(iii) Velocity and acceleration in arc-coordinates. 

Another application of the formulae of § 17 is to the determination of the 
components of velocity and acceleration of a point which is moving in any 
way in space, resolved along the tangent, principal normal, and binormal to 
its path. 

Consider 6rst the case of a particle moving in a plane: and take lines 
through a fixed point 0, parallel respectively to the tangent and inward 
normal to the path, as moving axes Ox and Oy, These axes are rotating 
round 0 with angular velocity where ^ is the angle made by the tangent 
to the path with some fixed line in the plane. If v denotes the velocity of 
the point, s the arc of the path described at time ty and p the radius of 
curvature of the path at the point, we have 

__d8 _ ds 

and the angular velocity of the axes can therefore be written in the form vfp. 
Since the components of the velocity parallel to the moving axes are 
(v, 0), it follows from § 17 that the components of the acceleration parallel to 

the same axes are ® ^ • Since 

. dv ^ ds dv dv 
dt~ lids'" ds’ 

it follows that the acceleration of the moving point in the direction of the 
dv 

tangent to its path is and the acceleration in the direction of the inward 

normal is - . 

P 

Now the velocity of a moving point is determined by the knowledge of 
two consecutive positions of the moving point, and the acceleration is therefore 
determined by the knowledge of three consecutive positions; so even if the 
path of the point is not plane, it can for the purpose of determining its 
acceleration a;t any instant be regarded as moving in the osculating plane of 
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its path, since this plane contains three consecutive positions of the point. 
Hence the components of acceleration of the point, in the directions of the 
tangent, principal normal, and binormal to its path, are 

( dv 


(iv) Acceleration along the radius and tangent. 

The acceleration of a point which is in motion in a plane may be expressed 
in the following form * ; let r be the radius vector to the point from a fixed 
origin in the plane, p the perpendicular from the origin on the tangent to the 
path, s the arc of the path described at time t, p the radius of curvature of 
the path at the point, and y or ^ the velocity of the point at time t ; and let 
h denote the product pv. Then the acceleration of the point can be resolved 

into components along the radius vector to the origin and ^ ~ along the 

tangent to the path. 

For the acceleration can be resolved into components vdvjds along the 
tangent and v^fp along the nonnal ; now a vector F directed outwards along 
the radius vector can be resolved into vectors — Fpjr along the inward nonnal 
and Fdr/ds along the tangent, so a vector v^/p along the inward normal can be 

resolved into ^ inwards along the radius vector and ~ along the tangent. 

The acceleration is therefore equivalent to components 
dv rv^ dr , . , . 


along the tangent, 


V 4.__ 

ds pp 


inwards along the radius vector. 


The latter component former can be written 

\ dv"^ dp \ d (yV) h dh 

2 ds p ds* 2p^ ds * p^ ds* 

which establishes Siacci’s result. 

Example 1. Determine the meridian, normal, and transverse components of the accelera- 
tion of a point moving on the surface of the anchor-ring 

x={c+aain6)coH(l>, y = (c+a sin 8in<^, z^a coa$. 

Let P be the point {$, <f>), and let 0 be the centre of the anchor-ring and C the centre 
of the meridian cross-section on which P lies. The i)olar coordinates of C relative to 0 
are (c, <f>), and the polar coordinates of P relative to C are {a, 6, </>) ; so the components 
of acceleration of C relative to 0 are 
dh transverse 

outwards from the axis, i.e. - sin $ along the normal, 
and - cos 0 along the meridian. 

* Dae to Siaooi, Atti deUa R. Aee, di Torino, xnr. p. 750. 
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The components of aooeleration of P relative to C are 

sin ^ cos along the meridian, 

■ 81^ ^ ^ transverse, 

- - a^t ain* $ normal 

Thus finally the components of acceleration of P in space are 

od - (c + a sin d) cos d along the meridian, 

- sin* d - c^* sin d normal, 


and 


^+inrfl a? 


transverse. 


Example 2 . i/ tangeiitial and normal components of the acceleration of a point 
moving in a plane are constant^ shew that the point describes a logarithmic spiral. 

In this case 
dv 

^ 5 ***^’ a 18 a constant, 

so V*3=fM. 

Also - =c, where c is a constant, 

P 

80 < 7 p, where (7 is a constant, 

or < = ^ ^ I where is the angle made by the tangent with a fiied line. 

d<p 

Integrating this equation, we have 

t=Ae^*, 

where A and B are constants : and this is the intrinsic equation of the logarithmic spiral. 


Example 3 . To find the acceleration of a point which describes a logarithmic spiral with 
constant angular velocity about the pole. 

h^r 

By Siacci’s theorem, the comi>onents of acceleration are ^ along the radius vector 

and p ^ along the tangent; but if <e is the constant angular velocity, we have hf=^iar ^ ; 
so the comjKinents of acceleration are 

» V . 2wV® dr 
fV p^ ds' 

Since ~ ^ *^re constant in the spiral, wc see that each of these components of 
^eleration varies directly as the radius vector. 


Miscellaneous Examples. 

1 . If the instantaneous axis of rotation of a body moveable about a fixed point is fixed 
in the body, shew that it is also fixed in 8 i)ace, i.e. the motion is a rotation round a fixed 
axis. 

2 . A point is referred to rectangular axes Oar, Oy revolving about the origin with 
angular velocity »; if there be an acceleration to ar= a, y= 0 , of amount n*c0* x (distance), 
shew that the path relative to the axes can be constructed by taking (i) a point 
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x*n*a/(n>- 1), (ii) a uniform circular motion with angular velocity (n-l)« alxmt this, 
and (iii) a uniform circular motion with angular velocity (n + !)«*» but m the oppoeite 
senae^ about this last. (Coll. Exam.) 


3. The velocity of a point, moving in a plane is the resultant of a velocity v along the 
radius vector to a fixed point and a velocity v' parallel to a fixed line. Prove that the 
corresponding accelerations are 


dv ^ w . . , 

+ — cos A and 
at r 


di/ vv' 
d,t^ r ' 


B being the angle that the radius vector makes with the fixed direction. (Coll. Exam.) 


4. A point moves in a plane, and is referred to Cartesian axes making angles a, fi with 
a fixed line in the plane, where a, are given functions of the time. Shew that the com- 
ponent velocities of the point are 

x — xa cot (/3 — a) — y/3 cosec (/9 - a), y cot (/9 — a) xii cosec (3 — a), 

and obtain expressions for the corap^ment acccleratmns. (( ’oil. Exam.) 


6. A point is moving in a plane: 6 is the logarithm of the ratio of its distances from 
two fixed points in the plane, and is the angle between them : also 2k is the distance 
between the fixed points. Shew that the velocity of the point is 


cosh $ - cos (f> ‘ 


(Coll. Exam.) 


6. If in two different descriptions of a curve by a moving point, the product of the 
velocities at corresponding places in the two descriptions is constant, shew that the 
accelerations at corresponding places in the two descriptions are as the squares of the 
velocities, and that their directions make equal angles with the normal to the curve, in 
opposite senses. (J. vou Vieth.) 


7. A point is moving in a parabola of latus rectum 4a, and when its distance from the 
focus is r, the velocity is v ; shew that its acceleration is compounded of aoceleration.s R 
and Ny along the radius vector and normal respectively, where 

8. Shew that if the axes of x and y rotate with angular velocities <oi, a >3 respectively, 
and ^ is the angle between them, the component accelerations of the point (jt, y) parallel 
to the axes are 

X - xtai^ - (j:«| -f 2xo»i) ^ ~ (y** + 2y«2) 

y— y6>i* + (j:«i-f cosec 4' + (y^+ 2 y» 3 )oot^. (Coll. Exam.) 

9. The velocity of a point is made up of components u, v in directions making angles 
By <l> with a fixed line. Prove that the components /, /' in these directions of the accelera- 
tion of the point will be given by 

ii - ud cot X ~ cosec x, 

+ codec x + v^ cot x» 

X being the inclination of the two directions. 

Being given that the lines joining a moving point to two fixed points are r, i in length 
and By in inclination to the line joining the two fixed points, determine the acceleration 
of the point in terms of m, « , the rates of increase of d, (Coll. Exam.) 
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10. If By ChQ three fixed points, and the component velocities of a moving point P 
along the directions PAy PBy PC' be «, v, and w; shew that the accelerations in the same 
directions are 


M + uv 


u 


cos A PB\ 

FT ) 


-^UW ( 


1 

PC 


QmAiy\ 

Pa 7’ 


and two similar expressions. 


(Coll. Exam.) 


11. The movement of a plane lamina is given by the angular velocity <a and the com- 
j)onent velocities tt, v of the origin 0 resolved along axes Oxy Oy traced on the lamina. 
Find thfe component velocities of any point {Xy y) of the lamina. Shew that the equations 

at \V+Xa>/ 

lepresent circular loci on the lamina ; one being the locus of those points which are passing 
cusps on their curve loci in space and the other being the locus of the centres of curvature 
of the envelopes in space of tUl straight lines of the lamina. (Coll. Exam.) 


12. Shew that when a point describes a sj)ace-curve, its acceleration can be resolved 
into two components, of which one acts along the radiu.s vector from the projection of a 
fi.\ed point on the osculating plane, and the other along the tangent ; and that these are 
respectively 

^ T1 

P’ 


an<l 


T dT qdq 
p* p* ds ' 


where p is the radius of curvature, q the distance of the fixed point from its projection on 
the osculating plane, r and p are tne distances of this projection from the moving point 
and the tangent, T is an arbitrary function (equal to the product of p and the velocity) and 
.? is the arc. (Siacci.) 


13. A circle, a straight line, and a point lie in one plane, and the position of the point 
is determined by the lengths t of its tangent to the circle and p of its ixiri^endicular to 
the line. Prove that, if the velocity of the j>oint is made up of comiK>nents m, v in the 
directions of these lengths and if their mutual inclination be d, the corai)onent accelerations 
will be 

u~~uv cos BIty v+uv(t. (Coll. Exam.) 

,14. A particle moves in a circular arc. If r, / are the distances of the particle at P 
from the e.xtrernities A, B of a fixed chord, shew that the iwjcelerations along APy BP are 
res|>ectively 

dv , w\ . y dv' vv' . , , 

„.+^(r_rcoaa), and - + _-(r -rcosa), 

where v, d are the velocities in the directions of r, r', and o is the angle A PB. 

A point describes a semicircle under accelerations directed to the extremities of % 
diameter, which are at any point inversely as the radii vectores r, r' to the extremities of 
the diameter. Shew that the accelerations^aro 

4a* r* 

2 » 747r » 

\vhci*e a is the radius of the circle and V the velocity of the point parallel to the diameter. 

(Coll. Exam.) 
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16. The motion of a rigid body in two dimensions is defined by the velocity v) of 
one of its points C and its angular velocity Determine the coordinates relative to (7 of 
the point I of zero velocity, and shew that the direction of motion of any other point P is 
perpendicular to PI 

Find the coordinates of the point J of zero acceleration, and express the acceleration of 
P in terms of its coordinates relative to J. (Coll. Kxani.) 


16. A point on a plane is moving with constant velocity V relative to it, the plane at 
the same time turning round a fixed axis i>erpendicular to it with angular velocity a>. Shew 
that the path of the point is given by the equation 


V6 

— = — «*+ - cos ' 

O) o> 


a 
r ’ 


r and 6 being referred to fixed axes, and a l)eing the shortest distance of the point from the 
axis of rotation. (Coll. Exam.) 


17. The acceleration of a moving point Q is represented .at any instant by wa, where o) 
is a fixed point and a describes uniformly a circle whose centre is w. Prove that the 
velocity of Q at any instant is re])resented by Dp, where D is a fixed i>oint and p describes 
a circle uniformly; and determine the path described by Q. 

(Camb. Math. Tripos, Part I, 1902.) 


-p2 y2 2* 

18. A jwint moves along the curve of intersection of the ellipsoid -f- -^ = 1 and 

0“ c‘ 

1 « ip P 

the hyperboloid of on'' sheet velocity at the point where 

Ci“ “ A 0* •“ A C“ “■ A 

^2 yi 2^ 

the curve meets the hyperboloid of two sheets - 5 ^ — + — =1 is 

6^— /i — ^ 


h 


( m(m-X) P 




where A is constant. Prove that the resolved part of the acceleration of the i)oint along 
the nonnal to the ellipsoid is 


/Pabc 

(a* - p) (62 - /i) (c2 - ^) * 


(Coll. Exam.) 


19. A rigid l)ody is rolling without sliding on a plane, and at any insbint its angular 
velocity ha.s components w,, <*>2 along the tiingent to the lines of curvature at the point 
of contact, and 0)3 along the normal : shew that the point of the body wliich is at the point 
of contact has component accelerations 

--/? 3 a>i<U 3 , — /J,ft>2<«>3, Pi0»2^ 

where R^y are the principal radii of curvature of the surface of the body at the point 
of contact. ^Coll. Exam.) 
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THE EQUATIONS OF MOTION 

19. The ideas of rest and motion. 

In the previous chapter we have frequently used the terms “ fixed " and 
“moving” as applied to systems. So long as we are occupied with purely 
kinematical considerations, it is unnecessary to enter into the ultimate 
significance of these words ; all that is meant is, that we consider the 
displacement of the “ moving ” systems, so far as it affects their configuration 
with respect to the systems which are called “ fixed,” leaving on one side the 
question of what is meant by absolute “ fixity.” 

When however we come to consider the motion of bodies as due to specific 
causes, this question can no longer be disregarded. 

In popular language the word “fixed” is generally used of terrestrial 
objects to denote invariable position relative to the surface of the earth at 
the place considered. But the earth is rotating on its axis, and at the same 
time revolving round the Sun, while the Sun in turn, accompanied by all 
the planets, is moving with a large velocity along some not very accurately 
known direction in space. It seems hopeless therefore to attempt to find 
anything which can be really considered to be “at rest.” 

In the nineteenth century it was supposed that the aether of space (the 
vehicle of light and of electric and magnetic actions) was (apart from small 
vibratory motions) stagnant, and so was capable of providing a basis for 
absolute fixity. But this doctrine has been subverted by the modern Principle 
* 0 / Relativity* , which asserts that even in the domain of electromagnetic 
^phenomena it is impossible to distinguish absolute rest from a state of uniform 
translatory motion common to all the members of a system. 

Accordingly in dynamics, although when we speak of the motion of bodies 
we always imply that there is some set of axes, or frame of reference as it may 
be called, with reference to which the motion is regarded as taking place, and 
to which we apply the conventional word “ fixed,” yet it must not be supposed 
that absolute fixity has thereby been discovered. When we are considering 

* Of. Whittaker’s Hintory of the Theoriei of Aether and Electricity, oh. xii. (London, 1910) ; 
or Conway’s Relativity (London, 1915). 
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the motion of terrestrial bodies at some place on the earth's surface, we shall 
take the frame of reference to be fixed with reference to the earth, and it is 
then found that the laws which will presently be given are sufficient to 
explain the phenomena with a sufficient degree of accuracy ; in other words, 
the earth’s motion does not exercise a sufficient disturbing influence to make 
it necessary to allow for its effects in the majority of cases of the motion of 
terrestrial bodies. 

It is also necessary to consider the meaning to be attached to the word 
“ time,” which in the previous chapter stood merely for any parameter 
varying continuously with the configuration of the systems considered. The 
Principle of Relativity reveals the great difficulties that attend any attempt 
to elucidate the idea of time : in particular, it is by no means easy to define 
simultaneity^ i.e. to explain what is meant by saying that two events at 
different points of space happen “ at the same time.” However, a system of 
time -measurement which is intelligible from the point of view of ordinary 
instrumental work, and which is sufficient for our present purpose, is the 
following : we suppose that the angle through which the earth has rotated on 
its axis (measured with reference to the fixed stars, whose small motions we 
can for this purpose neglect), in the interval between two events, measures 
the time elapsed between the events in question. This angular measure can 
be converted into the ordinary measure in terms of mean solar hours, minutes, 
and seconds at the rate of 360 degrees to 24 x 365^/366^ hours. 

20 . The laws which determine motion *. 

Considering now the motion of terrestrial objects, and taking the earth as 
the frame of reference, it is natural to begin by investigating the motion of a 
very small material body, or particle as we shall call it, when moving in vacuo 
and entirely unconnected with surrounding objects. The paths described by 
such a particle under various circumstances of projection may be observed, 
and the methods of the preceding chapter enable us, from the knowledge 
thus acquired, to calculate the acceleration of the particle at any point of any 
particular observed path. It is found that for all the paths the acceleration 
is of constant amount, and is always directed vertically downwards. This 
acceleration is known as gravity, and is generally denoted by the letter g ; its 
amount is, in Great Britain, about 981 centimetres per second per second. 

The knowledge of this experimental fact is theoretically sufficient to 
enable us to calculate the path of any free terrestrial particle in vacuo, when 
the circumstances of its projection are known : the actual calculation will not 
be given here, as it belongs more properly to a later chapter. 

The case of motion which is next in simplicity is that of two particles 
which are connected together by an extremely light inextensible thread, and 

* The laws of motion are due to Newton : Principia, p. 12 (ed. 1687). 
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are free to move in vacuo at the earth’s surface. So long as the thread is 
slack, each particle moves with the acceleration gravity, just as if the other 
were not present. But when the thread is taut, the two particles influence 
each other’s motion. We can now as before observe the path of one of the 
particles, and hence calculate the acceleration by which at any instant its 
motion is being modified. We thereby arrive at the experimental fact, that 
this acceleratimi can be represented at any instant by the resultant of two 
vectors, of which one represents the acceleration g and the other is directed 
along the instantaneous position of the thread. 

The influence of one particle on the motion of the other consists there- 
fore in superposing on the acceleration due to gravity another acceleration, 
which acts along the line joining the particles and which is compounded 
with gravity according to the vectorial law of composition of accelerations. 
Denoting the particles by A and B, we can at any instant calculate, from the 
observed paths, the magnitudes of the accelerations /, and f thus exerted by 
on ii and by A on B respectively ; and this calculation immediately yields 
the result that the ratio of f to f does not vary throughout the motion. On 
investigating the motions which result from various modes of projection, at 
various temperatures etc., we are led to the conclusion that this ratio is an 
invariable physical constant of the pair of bodies A and B*, 

On consideration of the motion of more complex systems it is found 
that the experimental laws just stated can be generalised so as to form 
a complete basis for all dynamics, whether terrestrial or cosmic. This 
genendised statement is as follows : If any set of mutually connected particles 
are in motion, the acceleration with which any one particle moves is the 
resultant of the acceleration rvith which it would move if jwrfectly free, and 
acceleraiiom directed along the lines joining it to the other particles which 
constrain its motion. Moreover, to the several particles A, B, G, numbers 
ni i, 7/1/1, me , ... can be assigned, such that the acceleration along AB due to the 
influence of B an A is to the acceleration along BA due to the influence of 
A on B in the ratio m^.m^. The ratios of these numbers m^, m ^, ... are 
irrUdriable physical constants of the particles. 

' ^ The evidence for the truth of this statement is to be found in the universal 
d%reement of the calculations ba.sed on it, such as those given later in this 
book, with the results of observation. 

It will be noticed that only the ratios of the numbers m^, mjf, me, ... are 
determined by the law ; it is convenient to take some definite particle A as 
a standard, calling it the unit of mass, and then to call the numbers 
••• ^ke masses of the other particles mg, me, .... 

* The r»tio is in fact^ equal tu the ratio of the weight of Zf to the weight of A ; the ratio 6f 
the weightH of two terrestrial bodies, as observed at the same place on the earth’s surface, is a 
peikcfiy definite quantity, and does not vary with the place of observation. 
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The mass of the compound particle formed by uniting two or more particles 
is found to be equal to the sum of the masses of the separate particles. 
Owing to this additive property of mass, we can speak of the mass of a finite 
body of any size or shape ; and it will be convenient to take as our unit of 
mass the mass of the y^th part of a certain piece of platinum known as the 
standard kilogramme \ this unit will be called a gramme^ and the number 
representing the ratio of the mass of any other body to this unit mass is 
called the mass of the body in grammes, 

21. Force, 

We have seen that in every case of the interaction of two particles A and 
B, the mutual influence consists of an acceleration fj^ on A and an acceleration 
f^ on By these accelerations being vectors directed along AB and BA respec- 
tively, and being inversely proportional to the masses m^i and It follows 
that the vector quantity m^fA is equal to the vector quantity but has 

the reverse direction. The vector is called the force exerted by the 

particle B on the particle A ; and similarly the vector ninfs is called the force 
exerted by the particle A on the particle B. 

With this terminology, the law of the mutual action of a connected 
system of particles can be stated in the form : the forces exerted on each other 
by every pair of connected particles are equal and opposite. This is often 
called the Law of Action and Reaction. 

If the various forces which act on a particle as a result of its connexion 
with other particles are compounded according to the vectorial law, the 
resultant force gives the total influence exerted by them on the particle A ; 
this force divided by is the acceleration induced in A by the other 
particles ; and the resultant of this acceleration and the acceleration which the 
particle A would have if entirely free (due to such causes as gravitation) is 
the actual acceleration with which the particle A moves. 

In general, if an acceleration represented by a vector f is induced in 
a particle of mass m by any agency, the vector mf is called the force* due to 
this cause acting on the particle ; and the resultant of all the forces due to 
various agencies is called the total force acting on the particle. It follows 
that if {Xy Yy Z) are the components parallel to fixed rectangular axes of the 
total force acting on the particle at any instant, and (x, y, s) are the com- 
ponents of the acceleration with which its path is being described at that 
instant, then we have the equations 

mx = Xy my - F, mH = Z, 

Two other terms which are frequently used may conveniently be defined 
at this point. 

* Force is the vis matrix of Newton’s Principiay i, def. 8. 
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The product of the number which represents the magnitude of the com- 
ponent of a given force perpendicular to a given line L and the number 
which represents the perpendicular distance of the line of action of the force 
from the line L is called the mom^t of the force about the line L. 

If the three components (Z, F, Z) of the force acting on a single free 
particle are given functions of the coordinates (oc, y, z) of the particle, they 
are said to define a field of force. 

22. Wtyrk. 

Consider now any system of particles, whose motion is either quite free or 
restricted by given connexions between the particles, or constraints due to 
other particles which are not regarded as forming part of the system. Let m 
be the mass of any one of the particles, whose coordinates referred to fixed 
rectangular axes in any selected configuration of the system are {x^ y, - 2 ) ; and 
let (Z, F, Z) be the components, parallel to the axes, of the total force 
acting on the particle in this configuration. 

Let (a? -f- &r, y -f- be the coordinates of any point very near to 
the point (x, y, z), such that the displacement of the particle m from one 
point to the other does not violate any of the constraints (for instance, if m is 
constrained to move on a given surface, the two points must both be situated 
on the surface). Then the quantity 

XBx+YBy + ZBz 

is called the work* done on the particle m by the forces acting on it in the 
infinitesimal displacement from the position {x, y, z) to the position 

{x -f Sa;, y + By, z + Bz). 

This expression can evidently be interpreted physically as being the 
product of the distance through which the particle is displaced and the com- 
ponent of the force (Z, F, Z) along the direction of this displacement. 

Since forces obey the vectorial law of composition, the sum of the com- 
ponents in a given direction of any number of forces acting together on a 
particle is equal to the component in this direction of their resultant: and 
hence the work done by a force which acts on a particle in a given displace- 
merit is equal to the sum of the quantities of work done in the same displacement 
by any set of forces into which this force can be resolved. 

Suppose now that in the course of a motion of the system, the particle m 
is gradually displaced from any position (which we can call its initial position) 
to some other position at a finite distance from the first (which we can call 
its final position). The work done on the particle by the forces which act on 

* Newton defined the Actio AgentU as the prodoot of the yelocity into the component of force 
along the direction of motion ; it is evidently the time*flQX of the work done. Of. Principia, i. 
p. Vi (ed. 1687). 
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it during this finite displacement is defined to be the sum of the quantities 
of work done in the successive infinitesimal displacements by which we can 
regard the finite displacement as achieved. The work done in a finite dis- 
placement is therefore represented by the integral 

where the integration is taken between the initial and final positions along 
the arc s described in space by the particle during displacement. 

These definitions can now be extended to the whole set of particles which 
form the system considered ; the system being initially in any given con- 
figuration, we consider any mode of displacing the various particles of the 
system which is not inconsistent with the connexions and constraints; the 
sum of the quantities of work performed on all the particles of the system in 
the displacement is called the total work done on the system in the displace- 
ment by the forces which act on it. 

23. Forces which do no work. 

There are certain classes of forces which frequently occur in d 3 mamical 
systems, and which are characterised by the feature that during the motion 
they do no work on the system. 

Among these may be mentioned 

1 ° The reactions of fixed smooth surfaces: the term smooth implies 
that the reaction is normal to the surface, and therefore in each infinitesimal 
displacement the point of application of the reaction is displaced in a direction 
perpendicular to the reaction, so that no work is done. 

2°. The reactions of fixed perfectly rough surfaces : the term perfectly 
rough implies that the motion of any body in contact with the surface is one 
of pure rolling without sliding, and therefore the point of application of the 
reaction is (to the first order of small quantities) not displaced in each 
infinitesimal displacement, so that no work is done. 

3®. The mutual reaction of two particles which are rigidly connected 
together: for if (iCi, y,, ^,) and 3 / 2 * ^ 2 ) are the coordinates of the particles, 
and {X, Y, Z) are the components of the force exerted by the first particle on 
the second, so that {—X,—Y,-Z) are the components of the force exerted 
by the second particle on the first, the total work done by these forces in 
an arbitrary displacement is 

X - 5a:,) + y {hjz - 5y,) + Z (Szg - Bzj). 

But since the distance between the particles is invariable, we have 
8 {(a^ - «,)• + (y, - + («, - 4,)“} = 0, 

or (*,-«,) (Sa^ - 8®,) + (y, - (8y, - 8y,) + (*, - «,) {Bz, - 8^,) = 0, 
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and since the force acts in the direction of the line joining the particles, we 
have 

X : Y : Z ss — a?,) : (y^ — y,) : (z^ ~ Zi), 

Combining the last two equations, we have 

X (Sxi — Sxi) + Y (Sy* — Syi) + Z — Bzi) = 0, 

and therefore no work is done in the aggregate by the mutual forces between 
the particles. 

4°. A rigid body is regarded from the dynamical point of view as an 
aggregate of particles, so connected together that their mutual distances are 
invariable. It follows from 3® that the reactions between the particles which 
are called into play in order that this condition may be satisfied (or r)iolecular 
forces sts they are called, to distinguish them from extei'nal forces such as 
gravity) do, in the aggregate, no work in any displacement of the body. 

5°. The reactions at a fixed pivot about which a body of the system can 
turn, or at a fixed hinge, or at a joint between two bodies of the system, are 
similarly seen to belong to the category of forces which do no work. 

In estimating the total work done by the forces acting on a dynamical 
system in any displacement of the system, we can therefore neglect all forces 
of the above-mentioned types. 

24 . The coordinates of a dynamical system. 

Any material system is regarded from the dynamical point of view as 
constituted of a number of particles, subject to interconnexions and con- 
straints of various kinds; a rigid body being regarded as a collection of 
particles, which are kept at invariable distances from each other by means 
of suitable internal reactions. 

When the constitution of such a system (i.e. the shape, size, and mass of 
the various parts of which it is composed, and the constraints which act on 
them) is given, its configuration at any time can be specified in terms of a 
pertain number of quantities which vary when the configuration is altered, 
and which will be called the coordinates of the system; thus, the position of a 
single free particle in space is completely defined by its three rectangular 
coordinates {x, y, z) with reference to some fixed set of axes ; the position of 
a single particle which is constrained to move in a fixed narrow tube, which has 
the form of a twisted curve in space, is completely specified by one coordinate, 
namely the distance s measured along the arc of the tube to the particle from 
some fixed point in the tube which is taken as origin ; the position of u rigid 
boily, one of whose points is fixed, is completely determined by three co- 
ordinates, namely the three Eulerian angles i/r of § 10 ; the position of 
two particles which are connected by a taut inextensible string can be defined 
by five coordinates, namely the three rectangular coordinates of one of the 
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particles and two of the direction-cosines of the string (since when these five 
quantities are known, the position of the second particle is uniquely deter- 
mined) ; and so on. 

Example. State the number of independent coordinates required to specify the 
configuration at any instant of a rigid bodv which is constrained to move in contact with 
a given fixed smooth surface. 

We shall generally denote by a the number of coordinates required to 
specify the configuration of a system, and shall suppose the systems con- 
sidered to be such that n is finite. The coordinates will generally be denoted 
by ^ 2 i • •• Qn> the system contains moving constraints (e.g. if it consists 
of a particle which is constrained to be in contact with a surface which in 
turn is made to rotate with constant angular velocity round a fixed axis), 
it may be necessary to specify the time t in addition to the coordinates 
(I'll ••• 5'fu in order to define completely a configuration of the system. 

The quantities (^i, . . . % are frequently called the velocities corresponding 

to the coordinates ^i, ^ 2 , ... 

A heavy flexible string, free to move in space, is an example of a dynamical system 
which is excluded by the limitation that » is to be finite ; for the configuration of the 
string cannot be expressed in terms of a finite number of parameters. 

25. Holonomic and non-holonomic systems. 

It is now necessary to call attention to a distinction between two kinds 
of dynamical systems, which is of great importance in the analytical discussion 
of their motion : this distinction may be illustrated by a simple example. 

If we consider the motion of a sphere of given radius, which is constrained 
to move in contact with a given fixed plane, which we can take as the plane 
of xy, the configuration of the sphere at any instant is completely specified 
by five coordinates, namely the two rectangular coordinates (Xy y) of the 
centre of the sphere and the three Eulerian angles 0, <^, of § 10, which 
specify the orientation of the sphere about its centre. The sphere can take 
up any position whatever, so long as it is in contact with the plane ; the five 
coordinates {x, y. By yjr) can therefore have any arbitrary values. 

If now the plane is smooth, the displacement from any position, defined 
by the coordinates (x, y, B, (f>, ^), to any adjacent position, defined by the 
coordinates (x -hSx, y -f Sy, B-hSB, <(> + Bcf), 4- Byjr), where Bx, 8y, BB, 80, 8-0 
are arbitrary independent infinitesimal quantities, is a possible displacement, 
i.e. the sphere can perform it without violating the constraints of the system. 
But if the plane is perfectly rough, this is no longer the case when Bx, 8y, BBy 
80, 8‘0 are arbitrary; for now the condition that the displacement of the 
point of contact is zero (to the first order of small quantities) must be 
satisfied, and this implies that the quantities Bx, 8y, BBy 80, Byjr are no 
longer independent, but are mutually connected (in fact, they tnust be such 

3 


w. D. 
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as to satisfy two non-integrable linear equations) ; so that in the case of the 
sphet'e on the perfectly rough plane^ a displacement represented by arbitrary 
infinitesimal changes in the coordinates is not necessarily a possible dis- 
placement 

A dynamical system for which a displacement represented by arbitrary 
infinitesimal changes in the coordinates is in general a possible displacement 
(as in the case of the sphere on the smooth plane) is said to be holonomic ; 
when this condition is not satisfied (as in the case of the sphere on the rough 
plane) the system is said to be non-holonomic. 

If (§qf I, 8 ^ 2 , ... Bqn) are arbitrary infinitesimal increments of the coordinates 
in a dynamical system, these will define a possible displacement if the system 
is holonomic, while for non-holonomic systems a certain number, say m, of 
equations must be satisfied between them in order that they may correspond 
to a possible displacement. The number (n - m) is called the number of 
degrees of freedom of the system. Holonomic systems are therefore charac- 
terisefl by the fact that the number of degrees of fireedom is equal to the 
number of independent coordinates required to specify the configuration 
of the system. 

26. Lagrange's form of the eqmtions of motion of a holonomic system*. 

We shall now consider the motion of a holonomic system with n degrees 
of freedom. Let {q^ ... ^n) be the coordinates which specify the con- 

figuration of the system at the time t 

Let mi typify the mass of one of the particles of the system, and let 
{xi,yi, be its coordinates, referred to some fixed set of rectangular axes. 
These coordinates of individual particles are (from our knowledge of the 
constitution of the system) known functions of the coordinates 9 i, g*, ... of 
the system, and possibly of t also ; let this dependence be expressed by the 
equations 

f\ (ji, •••) 5n> 

= t). 

Let (A», Fi, Zi) be the components of the total force (external and 
molecular) acting on the particle mi ; then the equations of motion of this 
particle are 

miXi = Xu ruiyi = Yu mi 'Zi « Zu 

Multiply these equations by 

^ 

dq/ dq/ dqr' 

* Lagrange, Micanique Analytique (1788), Seoonde Partie, Section iv. The equationa were 
firtt suggested in qne of bis earlier papers, MitetlL Taurin. ii. (1780). 



25, 26] 


The Equatiom of Motion 


respectively, add them, and sum for all the particles of the system. We 
thus have 

where the symbol S denotes summation over all the particles of the system ; 
this can be either an integration (if the particles are united into rigid bodies) 
or a summation over a discrete aggregate of particles. 

But we have 


Hr ^ dt) dq/ 


.. dfi 0i?i 
so X{ ^ s® Xi ^r-r 

dqr dqr 


dt V * dqj dt XdqJ 

dt V ‘ dqJ \dqidqr ^ dq^dqr dqndqr dtdqj 

d /. dxi\ . dxi 

^dtr^r) 


dt 

and therefore we have 






“ 14 ^ ~ ^ f "“I; 

Now the quantity 

^ Sm (i^i* + y<* + i<*) 

represents the sum of the masses of the particles of the system, each 

multiplied by half the square of its velocity; this is called the Kinetic 
Energy of the system* From our knowledge of the constitution of the 
system, the kinetic energy can be calculated f as a function of 

?i» 9 ' 2 » ••• 9n> ill ?ii ••• 9n» ^ ) 

we shall denote it by 

^(ii) i*» ••• in> q\t q^t ••• qnt 0» 

and shall suppose that T is a known function of its arguments. Since 

* The mass of a particle multiplied by the square of ite Telocity was oaUed the vu viva by 
Leibnita {Acta erud., 1696). 

t The methods of performing this calculation for rigid bodies are given in Ohapter V, 


3—2 
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and ii and ii are likewise linear functions of q„ jt. ••• ?•> ®®® that 7 is a 

quadratic function of ?„ ... j.; if the functions /, f ^ do not involve the 
time explicitly (as is generally the case if there are no moving constraints 
in the system), the quantities jl, i are homogeneous linear functions of 
?i. 9 ». »“d then T is a homogeneous quadratic function of j,, 9 ,, ... 9 ». 

From the definition it follows that the kinetic energy of a system is essentially 
positive ; T is therefore a positive dejiniu quadratic form in j„ }„ ... j,, and so satisfies 
the conditions that its discriminant and the principal minors of every order of its 
discriminant are positive. 

We have thus derived from the equations of motion the equation 


d ^ 

dt [dgrJ Sqr 



and the expression on the left-hand side of this equation does not involve the 
individual particles of the system, except in so far as they contribute to the 
kinetic energy T. We have now to see if the right-hand side of the equation 
can also be brought to a form in which the individuality of the separate 


particles is lost. 

For this purpose, consider that displacement of the system in which the 
coordinate (jr is changed to while the coordinates 


qif ... qr-it ••• 

and the time (so far as this is required for the specification of the ‘system) are 
unaltered. Since the system is holonomic, this can be effected without 
violating the constraints. In this displacement, the coordinates of the 
particle rwj are changed to 

. 3/< v- .. . 


d/i s 

«i + £- 

oq. 






and therefore the total work done in the displacement by all the forces which 
act on the particles of the system is 


^ / XT 9yi , y d<pt 
. \ ^qr dqr OqrJ 

Now of the forces which act on the system, there are several kinds which 
do no work. Among these are, as was seen in § 23, 

1 ®. The molecular forces which act between the particles of the rigid 
bodies contained in the system : 


2®. The pressures of connecting-rods of invariable length, the reactions 
at fixed pivots, and the tensions of taut inextensible strings : 

3®. The reactions of any fixed smooth surfaces or curves with which 
bodies of the system are constrained to remain in contact ; or of perfectly 
1 ‘ough surfaces, so far as these can enter into holonomic systems : 
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4®. The reactions of any smooth surfaces or curves with which bodies 
of the system are constrained to remain in contact, when these surfaces or 
curves are forced to move in some prescribed manner ; for the displacement 
considered above is made on the supposition that t, so far as it is required for 
the specification of the system, is not varied, i.e. that such surfaces or curves 
are not moved during the displacement ; so that this case reduces to the 
preceding. 

The forces acting on the system, other than these which do no work, are 
called the pxtemal forces. It follows that the quantity 

is the work done by the external forces in the displacement which concsponds 
to a change of qr to qr + Bqr, the other coordinates being unaltered. This is 
a quantity which (from our knowledge of the constitution of the system, and 
of the forces at work) is a known function of qi, q^, ... qn, t; we shall denote 
it by 

Qriqiyq^y-qn.t) Bqr> 


We have therefore 


d /dj\ 9^ _ ^ 

This equation is true for all values of r from 1 to n inclusive; we thus 
have n ordinary differential equations of the second order, in which 9 ,, q^, ... qn 
are the dependent variables and t is the independent variable ; as the number 
of differential equations is equal to the number of dependent variables, the 
equations are theoretically sufficient to determine the motion when the 
initial circumstances are given. We have now arrived at a result which may 
be thus stated : 

Let T denote the kinetic energy of a dynamical system, and let 
Qi^qi + + ... + Qn^qn 

denote the work done by the external forces in an arbitrary displacement 
{bqi, ... hq^), 80 that T, Q,, Qa. ••• Qn from onr knowledge of the 
constitution of the system, known functions of 9 ,, ... g„, q^, q^, ... t: 

then the equations which determine the motion of the system may be wHtten 

dt V 0 gr/ 9gr 

These are known as Lagrange s equations of motion. It will be observed 
that the unknown reactions (e.g. of the constraints) do not enter into these 
equations. The determination of these reactions forms a separate branch of 
mechanics, which is known as Kineto-statics* : so we can say that in Lagrange s 
equations the kineto-atatical relations of the problem are altogethei' eliminated. 

* Of. Heun, Deutsche Math. Ver. ix. (Heft 2) (1900), p. 1. 


(r=l. 2,...n)- 
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27 . Conservative forces : the Kinetic Potential. 

Certain fields of force have the property that the work done by the forces 
of the field in a displacement of a dynamical system from one configuration 
to another depends only on the initial and final configurations of the system, 
being the same whatever be the sequence of infinitesimal displacements by 
which the finite displacement is effected. 

Gravity is a conspicuous eiample of a field of force of this character ; the work done 
by gravity in the motion of a particle of mass m from one position at a height A to 
another position at a height k above the earth’s surface is mg{h — k\ and this does not 
depend in any way on the path by which the particle is moved from one position to the 
other. 


Fields of force of this type are said to be conservative. 

Let the configuration of any dynamical system be specified by n 
coordinates ... qn. Choose some configuration of the system, say 

that for which 

= (r=l, 2, ...n), 

as a standard configuration ; then if the external forces acting on the system 
are conservative, the work done by these forces in a displacement of the 
system from the configuration (9,, 9*, ... qn) to the standard configuration is a 
definite function of 91, 9^, ... qn, not depending on the mode of displacement. 
Let this function be denoted by V(qj, 9,, ... 9^); it is called the Potential 
Energy* of the system in the configuration (91, 9,, ... 9n). In this case the 
work done by the external forces in an arbitrary displacement 

iga, ... ^qn) 

is evidently eqdal to the infinitesimal decrease in the function V, corresponding 
to the displacement, i.e. is equal to the quantity 


ar. dV. dV. 


Lagrange's equations of motion therefore take the form 


dt \dqj dqr dqr ’ 


(r=l, 2, ...n). 


If we introduce a new function L of the variables 9i, 9a, ... 9n, ... U 

defined by the equation 

L^T-Y, 


then Lagrange’s equations can be written 

d / ax \ ax 
dt \a9 J dqr 


0 , 


(r= 1, 2, ... n). 


• The Potentiabfunotlon wae introduced by Lagrenge in 1778 {Oeuvret, vi. p. 886). The 
name Potential is due to Green (1828). 
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The function L is called the Kinetic Potential^ or Lagrangian function ; 
this single function completely specifies, so far as dynamical investigations 
are concerned, a holonomic system for which the forces are conservative. 

28. The eocplicit form of Lagrange s equations. 

We shall now shew how the second derivatives of the coordinates with 
respect to the time can be found explicitly from Lagrange’s equations. 

Let the configuration of the dynamical system considered be specified by 
coordinates q^, q^, ... qn ] we shall suppose that the configuration can be 
completely specified in terms of these coordinates alone, without so that 
the kinetic energy of the system is a homogeneous quadratic function of 
?if 9a. As was seen in § 26, this is always the case when the 

constraints are independent of the time, but not in general when the 
constraints have forced motions (as for instance in the case of a particle 
constrained to move on a wire which is made to rotate in a given way). 

Suppose then that the kinetic energy is 

S '^akiqkqi, 

k=l 1-1 

where = a^-, and where the coefficients are Known functions of 


9i» Qi* ••• 

The Lagrangian equations of motion for the system are 
d/dT\ dT ^ 


dt KdqJ dqr 




n w » r/ Yn~ 

or la„<i. + l 1 qiqm = Qr, = 2, 

, = 1 i=:l tn^l L ^ _ 

where the symbol P , which is called a ChristoffeVs syinbol* , denotes the 


f _j_ 


expression 


2 \dq,n dqi dqr J * 

These equations, being linear in the accelerations, can be solved for the 
quantities q,. In fact, let D denote the determinant 

1 C(ii Clj2 <*13 • • • Gtin I’ 


a^i ^2J 


* It was introduced by Christoffel, Journal f Hr Math. lxx. (1869), and is of importance in the 
theory of quadratic differential forms. 
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and let A„ be the minor of a„ in this determinant. Multiply the n equations 
of the above system by 4 ,,. A,., ...An,, respectively, and add them; re- 

njembering that the quantity S Ar^a„, is zero when s is different from i/, and 

r**I 

has the value D when s is equal to v, we have 

» j» n r/ ^“1 n 

Dq.+ V V s Ar,r^ S Ar,Q,. 

1-1 r=l L ^ J r=l 

or 9; = - ^ 2 2 i 2 

/«r m = l r»l L ^ J ^ r^l 

This equation is true for all values of v from 1 to n inclusive; and 
these n equations^ in which 9,, 9,, ... % are given explicitly as functions of 
^1. ••• 9ii. ^1, ^n. can be regarded as replacing Lagrange s equations 

of motion. 

29 . Motion of a system which is constrained to rotate uniformly round an 
axis. 

In many dynamical systems, some part of the system is compelled by an 
external agency to revolve with constant angular velocity » round a given 
fjxed axis ; the motion of a bead on a wire which is made to rotate in this 
way is a simple example. There is, as we have seen, no objection to the 
direct application of Lagrange’s equations to such cases, provided the system 
is holonomic; but it is often more convenient to use a theorem which we 
shall now obtain, and which reduces the consideration of systems of this kind 
to that of systems in which no forced rotation about the given axis takes 
plac<!. 

Suppose that, independently of the prescribed motion round the axis, the 
system has n degrees of freedom, so that if the given axjs is taken as axis of 
z, and any plane through this axis and turning with the prescribed angular 
velocity is taken as the plane from which the azimuth 4 > measured, the 
cylindrical coordinates of any particle m of the system can be expressed in 
terms of n coordinates 9,, 93, these expressions not involving the time t 

Then if the kinetic energy of the system in the actual motion be T, and if the 

work done by the external forces in an arbitrary infinitesimal displacement 

be QiS?i + Qj892+... + Q»Si/n, where Q., .... Q» will be supposed to 

depend only on the coordinates 9,, 9,, ..., and if the kinetic energy of 

the system when the forced angular velocity is replaced by zero be denoted 
by T,, we have 

T = li* -f -h r* 

T, - J f’ -f 

Now the quantity will be a function of 9,, 9,, ..., 9^, which is 

determined by our knowledge of the constitution of the system : denote it by 
W. The quantity will also be a known function of 9,, 9*, ..., 9^, 
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?i. •••• ?n. being linear in j,, it will be zero if, when a> is zero, the 

motion of every particle has no component in the direction of <{> increasing ; 
while if n is equal to unity, so that there is only one coordinate q, it will be 
the perfect differential with respect to ^ of a function of q : these are the two 
cases of most frequent occurrence, and we shall include them both by as- 

d Y 

suming that is of the form , where F is a given function of the 

coordinates qi^ q^, ..., qn- 


We have therefore 




and the Lagrangian equations 

dt\dqj dqr 

can be written in the form 


(r = 1, 2, ..., n) 


or 


dt\dqr) dtvdqj 

fill] _ 

dt \dqr) 


d /m 

■ \dqj' 


dt \dq, 

dZ ^9 

dqr dqr 


n 

"V*' 




(r=l, 2,...,n) 
(r = l, 2, ..., n). 


These equations shew that, subject to the assumption already mentioned, 
the motion is the same as if the prescribed angidar velocity were zero^ and 
the potential energy were to contain an additional term —jSinr*®*. In this 
way, by modifying the potential energy, we are enabled to pass from a 
system which is constrained to rotate about the given axis to a system for 
which this rotation does not take place. The term centrifugal forces is 
sometimes used of the imaginary forces introduced in this way to represent 
the effect of the enforced rotation. 


30. The Lagrangian equations for quasi-coordinates. 

In the form of Lagrange’s equations given in § 26, the variables are n 
coordinates qi, q^, qn, and the time t; the knowledge of these quantities, 

together with a knowledge of the constitution of the system, is sufficient to 
determine the position of any particle in any configuration of the system, 

which may be expressed by saying that qi, q^, qn are trvs coordinates of 

the system. We shall now find the fonn which is taken by the equations 
when the variables used are no longer restricted to be true coordinates of 
the system*. 

Consider a system defined by n true coordinates q^, q^ the 
kinetic energy being T and the work done by the external forces in a 

Particular oases of the theorem of this article were known to Lagrange and Euler: the 
general form of the equations is due to Boltzmahn (JVien. Sitzung$bniehtet 1903) and Hamel 
{ZeiUchri/t fUr Math. u. Phys. 1904). 
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displacement (8y,, tq, being Qi&y, + Qthq, + ... + Qh^»< 

Lagrangian equations of motion of the system are 


d ^dT\ _ dT 

dt \dqj dq. 


Q. 


(*= 1,2 «)...(!). 


Let <■>,, o>,, ..., fi>n he n independent linear combinations of the velocities 
9i> •••) 9n. defined by the relations 


®r=«irgi +02/^2+ ... +anrgn (^ * 2 n)..,(2), 


where a,i, On, Onn are given functions of and let c^tt,, df-Tr,, 

dwn be n linear combinations of the differentials dq^, dq^ dq^, defined 

by the relations 

dwr^a^rdqx + a^dq* + ... (»*= 1 , 2 , «), 

where the coefficients a are the same as in the previous set of equations. 
These last equations would be immediately integrable if the relations 
were satisfied for all values of k, r, and m, and in that case variables 

dqm oq^ 

TTf would exist which would be true coordinates; we shall not however 
suppose the equations to be necessarily integrable, so that ^tti, dir^ 

will not necessarily be the differentials of coordinates tt,, ttj,, tt,* ; we shall 
call the quantities dir,, dir^, ...» d7r« differentials of quasi-coordinates. 

Suppose that the relations (2), when solved for 9,, q.^ gn» give the 
equations 

On ■■ >9*1 <»i + + ... 4 - ^mnOlfn. (k = 1, 2, . . . , u). . .(3). 

Multipl3ring the Lagrangian equations (1) by fftr ^nr, respectively, 

and adding, we obtain the equation 


Now is the work done by the external forces on the system in an 

K 

arbitraiy displacement, so 2i3,rQi^r is the work done in a displacement 


in which all the quantities 5^ are zero except If therefore the work 

done by the external forces on the system in an arbitrary infinitesimal dis- 


placement (fiwi, Sr, &»■#) is n,3ir, + 11,^1 + ... + HnSirfl, we have 




(d ^ 

(de [dqj dq^ 


Ur. 


By means of equations ( 3 ) we can eliminate q^, qt, from the 

function T, so that T becomes a function of cd^, ..., a>n, 9s, .... 9n (we 

suppose for simplicity that t is not contained explicitly in T ) ; let this form 
of T be denoted by f. 


dT ^df 
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and therefore 


2/9., 


d fdf\^^dT da., dT 

i.l'N -V 


■n,. 


*dt \dw,J it dfOg dt 0g,) 

But is zero or unity according as r is different from, or equal 

K 

to, 8: so we have 


1 


da..dT - dT 
dt da>, .^"dq.~ '' 


We also have 


0?. 0?. ^ 7 0“« d<j,~dq.^ da, dq. 


ar 


, dT dq. 


dT 


Now S , or S ;r - , would represent .r — if ttt were a true 

. oq. ^Cq. dlTr OTTr 

dT 

coordinate ; we shall denote it by the symbol ^ whether TTr is a true 

OTTr 

coordinate or not. Also the expression 

depends only on the connexion between the true coordinates and the dif- 
ferentials of the quasi-coordinates, and is independent of the nature or 
motion of the dynamical system considered : we shall denote this expression 
by 7r«/. We have therefore 

'g-S-"' 

These n egilattons are the equations of motion expressed in terms of the 

quasi'COordinates ; when the quasi-coordinates are true coordinates, the 

3(1 3flm 

quantities yr$i are all zero, since the conditions are satisfied, and 

the equations reduce to the ordinary Lagrangian equations 


i l>l] Jl.n, 

dt [dTTr^ dlTr 




EjcampU, A rigid body is free to turn about one of its points 0, which is fixed, so 
that the coordinates of the body can be taken to be the three Eulerian angles /9, 
which (§ 10) specify the position of axes Oxyi^ fixed in the body and moving with it, with 
reference to axes OXYZ fixed in sj»ace. Let an arbitrary displacement (^d, dipt dyp) of the 
body be equivalent to the resultant of small rotations 5»ri, dn^t ^"“3 round Ox, Oty 
respectively, so that dir,, dir,, dns can he taken as the differentials of quasi-coordinatee : 

be the components about the axes 0.cyz of the angular velocity of the body 
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at any instant, so that rfiri, rftrj, dn^ are the differentials of quasi-coordinates corre- 
sponding respectively to the velocities «>i, a>), a>3. Shew that the equations of motion of 
the body are 


fd 

(cf\ 


dT 

dT^ 

Hi, 

dt 


0»3 5 h 0)2 


^ITi 

d 

(df\ 

af 

df 

_ af ^ 

n,. 

dt 


0>1 + 0)3 

^0)1 

drr^ 

2 

(df\ 


af 

df 

ns, 

\dt 

W " 


a^j 

"aw," 


where f is the kinetic energy of the body, expressed in terms of a>st «*3» i'i 

III, Ilj, Ha are the moments about the axes Ox, Oy, Oz, respectively, of the external forces 

u ^ . A , dfd<l> dfdyl, 

acting on the body ; and j- atanda for ^ g_ + g- . 

dT 

It will appear later that 7 depends only on wi, «>s, 0)3, so the terms are zero. 


31. Forces derivable from a potential-function which involves the 
velocities. 


In certain cases the conception of a potential-energy function can be 
extended to dynamical systems in which the acting forces depend not only 
on the position but on the velocities and accelerations of the bodies. 


For consider a dynamical system whose configuration is specified by 
coordinates q,, q^, q^, and suppose that the work done by the external 

forces in an arbitrary displacement {hq,, Bq^, Bqn) is 


••• + Qn^Qn- 


Then if Qr can be expressed in the form 


Qr = - 


Sqr dt \dqr) 


(r = 1, 2 n). 


where Fis a given function of j,, j,, .... the Lagrtingian equa- 

tions of motion are 


d (dT\ d /aF\ 

dtxdqj dqr dqr dt\dqr) 




and if a kinetic potential L be defined by the equation 

V, 

the equations take the customary form 


d /0Zr\ 
dt [dqj 



(r«l, 2, 


n). 


The function V can be regarded as a generalised potential energy 
function. An example of such a system is furnished by the motion of a 
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particle subject to Weber’s electrodynamic law of attraction* to a fixed 
pointy the force per unit mass acting on the particle being 


1 / f* — 2rr\ 


where r is the distance of the particle from the centre of force : in this case 
the function V is defined by the equation 


\{^4) 


Example. If the forces •••» Qn '^f » dynamical system which is specified by 

coordinates 92 * •••> ?« <i®rivable from a generalised jx)tential-fnnction K, so that 


_0J 


(r=l, 2, 


shew that Qiy Q^y §11 must be linear functions of q^y ...,<?«» satisfying the n(2?i -1) 
relations 

a jfc dqi ’ 

dQid^k 

\dqi ’ 

dt \dqk ^9»/ ’ 

On the general oonditions for the existence of a kinetic potential of forces, reference 
may be made to 

Helmholtz, Journal filr Math.y Vol. c. (18BC5). 

Mayer, Leipzig, Berichtty Vol. xLviii. (1896). 

Hirsch, Math, Anncderiy Vol. l. (1898). 

32. Initial motions. 

The differential equations of motion of a dynamical system cannot in 
g^eneral be solved in. a finite foini in terms of known functions. It is how- 

ever always possible (except in the vicinity of certain singularities which 

need not l)e considered liere) to solve a set of differential eijuations by 

series, i.e. to obtain for the dependent variables qi, q^, qn expressions of 
the type 

=* «! 4- 1 4* Cl + . . . , 

=* 0, 4- 6, i 4“ Cj + (4 ^ 4- . . . , 

‘ 4* 4* . . . , 

the coeflScients a, 6, ... can in fact be obtained by substituting these series in 
the differential equations, and equating to zero the coefficients of the various 


• W. Weber, AnnaUn d. Phyt. lxxiii. (1848), p. 193. Cf. Whittaker's History of the Theories 
of Aether and Electricity, pp. 296 — 281. 
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powers of t ; the expansions will converge in general for values of t within 
some definite circle of convergence in the <-plane. 

It is plain that these series will give any information which may be 
required about the initial chtiracter of the motion {t being measured from the 
commencement of the motion), since is the initial value of hi is the 
initial value of qi, and so on. This method of discussing the initial motion 
of a system is illustrated by the following example. 


Example. Consider the motion of a particle of unit mass, which is free to move in a 
plane and initially at rest, and which is acted on by a field of force whose components 
parallel to fixed rectangular axes at any point {x, y) are (A', Y ) ; and let it be required to 
determine the initial radius of curvature of the path. 


Let y + »7) be the coordinate of any point adjacent to the initial point (x^ y\ 

so that rf may be regarded as small quantities ; then the equations of motion are 




•• V / \ 1 1 ^ y) . ^ ^ C^» y) 

-1= r (X. y)+ f ^ + • 


If therefore we assume for ^ and the expansions 

(it ia not uc^^essary to include terms of lower order than /», since the q.uantities r/, ^ 

are initially zero), and substitute in these differential equations, wo find, on comparing 
the coefficients of various powers of the relations 

«=4X(x,y), 6=0, r®^'), 

*=o. 

The path of the particle near the point (ar, y) is therefore given by the series 










khere u.denotes the quantity 

Now if the coordinates ^ and 17 of any curve are expressed in terms of a parameter m, 
the radius of curvature at the point u is known to be 



dv^ ^ du^ du 


so the raidius of curvature corresponding to the zero value of u, for the cur\'e given by the 
above expressions, is 









and tiiis it the tequired radius of curvature of the path of the particle at the initial point. 
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38 . Similarity in dynamical aysteim*. 

If any system of connected particles and rigid bodies is given, it is 
possible to construct another system exactly similar to it, but on a different 
scale. If now the masses and forces in the two systems, which we can call 
the pattern and model respectively, bear certain ratios to each other, the 
workings of the two systems will be similar, though possibly at speeds which 
are not the same but bear a constant ratio to each other. 

To find the relation between the various ratios involved, let the linear 
dimensions of the model and pattern be in the ratio x :\, let the masses of 
corresponding particles be in the ratio y : 1, let the rates of working be in the 
ratio ^ : 1, so that the times elapsed between corresponding phases are in the 
ratio 1 : z, and let the forces be in the ratio w :\. Then for each particle we 
have an equation of motion of the form 

nix = X ; 

so if m is altered in the ratio y : 1, ^ is altered in the ratio xz'^ : 1, and X is 
altered in the ratio : 1, we must have 

w =* xyz^, 

and this is the required relation between the numbers x, y, z, w. 

Ejcampl^. If the forces acting are those due to gravity, we have and conse- 

quently .ra-= 1, so that the rates of working are inversely as the square roots of the linear 
dimensions. 

If the forces acting are the mutual gravitations of the particles, every particle 
attracting every other particle with a force proportional to the product of the masses and 
the inverse square of the distance, we have so that the rates of working are in 

the ratio yi : x^. 

34 . Motion with reversed forces. 

A special case of similarity is that in which the ratio w has the value — 1 , 

We have seen that the motion of any dynamical system which is subjected 


the positions of the particles, is expressed by the Lagrangian equations 



where the kinetic energy T is a homogeneous quadratic function of the 
velocities 9,, g,, qn, involving the coordinates 9,, 9n, in any way, 

and Q is a function of 91, 93, ..., 9n <>nly. 

Introduce a new independent variable defined by the equation ^ 

T « if, where i = V — 1, 

and let accents denote dififerentiations with regard to r. Then since 

* Newtoo, Prinetpia^ Book 11 . Sect. 7, Prop. 82. 
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^ homogeneous of degree — 2 in dt, the above equations 

^ »• 

where ® is the same function of 9/, q^y ..., q^y q^ that T is of 


A (^\ 

dr / 


^i> •••» ?n» <l\t <lti •••> ^n- 

But if T (instead of <) be now’ interpreted as denoting the time, these last 
equations are the equations of motion of the same system when subjected to 
the same forces reversed in direction. Moreover, if oti, 0^, ffn, A. •••. 

are the initial values of 9,, 9^, 9^, 91, 9^, 9^, respectively, in any 

particular case of the motion of the original system, then fli, flj, «ni ”’^A> 

— ifity .... -iA will be the corresponding quantities in the transformed 

problem. We thus have the theorem that in any dynamical »ystem subjected 
to constraints independent of the time and to forces which depend only on the 
position of the particles y the integrals of the equations of motion are still real 
if t he replace 6y V — and the initial velocities A» A> A 1A> 

— V— lA, lA respectively; and the expressions thus obtained repre- 

sent the motion which the same system would have if with the same initial 
conditions, it were acted on by the same forces reversed in direction. 


35. Impulsive motion. 

In certain cases (e.g. in the collision of rigid bodies) the velocities of the 
particles in a dynamical system are changed so rapidly that the time occupied 
in the process may, for analytical purposes, be altogether neglected. 

The laws which govern the impulsive motion of a system bear a close 
analogy to those which apply in the case of motion under finite forces : they 
can be formulated in the following way*. 

The number which represents the mass of a particle, multiplied by the 

vector which represents its velocity at any instant, is a vector quantity 

(localised in a line through the particle) which is called the momentum of 


tbe psrticle at that iDataotf; the tb componb parallel to rectanplar 

axes Oxyz of the momentum pf a particle of mass m at the point (x, y, z) are 
therefore {mx, my, mz). If any number of particles form a d3mamical system, 

the sum of the components in any given direction of the momenta of the 
particles is called the component in that direction of the momentum of the 
system. The impulsive changes of velocity in the various particles of a 
connected system can be regarded as the result of sudden communications 
of momentum to the particles. 

The effect of an agency which causes impulsive motion in the system 

* They were involved in the discovery of the laws of impact in 1668 by Wallis and Wren, 
PHI. Tram. No. 48, pp. 864, 867. 

t Momentum is the quantitat motm of Newton’s Principia, Book i. Def. 2. The idea can be 
traced back to Descartes. 
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will be measured by the momentum which it would communicate to a single 
free particle. If therefore (u^, w®) are the components of velocity of a 

particle of mass w, referred to fixed axes in space, before the impulsive 
communication of momentum to the particle, and if (w, v, w) are the com- 
ponents of velocity of the particle after the impulse, then the vector quantity 
(localised in a line through the particle) whose components are 
wi (w — m{v — Vo), m (iv — 

represents the impulse acting on the particle. 

For the discussion of the impulsive motion of a connected system of 
particles, it is clearly necessaiy to have some experimental law analogous to 
the law of Action and Reaction of finite forces ; such a law is contained in 
the statement that the total impulse acting on a particle of a connected 
system is equal to the resultant of the external impulse on the particle (i.e. the 
impulse communicated by agencies external to the system, measured by the 
momentum which the particle would acquire if free) together toith impulses 
directed along the lines which join this particle to the other particles which 
constrain its motion; and the mutually induced impulses between two connected 
particles are equal in magnitude and opposite in sign. 

If we regard the components of an impulse as the time-integrals of the 
components of an ordinary finite force which is very large but acts only for 
a very short time, the law just stated agrees with the law of Action and 
Reaction for finite forces. 

Change of kinetic energy due to impuUes. 

The change in kinetic energy of a dynamical system whose particles are acted on by a 
given set of impulses may be determined in the following way. 

Let an impulse /, directed along a line whose direction-cosines referred to fixed axes of 
reference are (A, ^ v), be communicated to a particle of mass w, changing its velocity 
from Vq, in a direction whose direction-oosines are (Xo, ifo> ^o)> to v, in a direction whose 
direction-cosines are (X, J/, The eqi.ations of impulsive motion are 



i (vX4-t>oA)). and J Vo 

and adding, we have 

• i WlVo* = i + i/ju + il^r) + J /vo (ZqX + ifo/4 + ^0*')- 

The change in kinetic energy of the particle is therefore equal to the product of the 
impulse and the mean of the components, before and after the impulse, of the velocity of 
the particle in the direction of the impulse. 

Now consider any dynamical system of connected particles and rigid bodies, to which 
given impulses are communicated ; applying this result to each particle of the system, and 
summing, we ^ that the change in the kinetic energy of the syttem is equal to the sum of the 
tmpvleet applied to it, each multiplied by the mean of the 6omponents, before and after the 
communication of the impulte, of the velocity of its point of application in the direction of the 
xmpvlee. In this result we can clearly neglect the impulsive forces between the molecules 
of any rigid body of the system. 

w. D. 
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36. The Lagrangian equations of impulsive motion. 

The equations of impulsive motion of a dynamical system can be 
expressed in a form* analogous to the Lagrangian equations of motion for 
finite forces, in the following way. 

Let (Xt, Vi, Zi) be the components of the total impulse (external and 
molecular) applied to a particle of the system, situated at the point 
{^i, yu ^i)- The equations of impulsive motion of the particle are 

m, (i, - iio) = ^ 1 , wij {y» ~ y<,) = F,-, (i< - = Zi , 

where (ii,, i,o) and (ii, i») denote the components of velocity of the 
particle before and after the application of the impulse. 

If 9i. 9ii - M qn denote the n independent coordinates in terms of which 
the configuration of the system can be expressed, we have therefore 



where the summation is extended over all the particles of the system. 


Now in forming the summation on the right-hand side of this equation, 
it is seen as in § 26 that the molecular impulses between particles of the 
system can be omitted : the quantity 



cqr oqr dqr ' 


can therefore readily be found when the external impulses are known: we 
shall denote it by the symbol Qr. We have consequently 



But i\8 in § 26 we have 


and similarly 


dxi dii . dxi d . 




where q^ and qr denote the velocities of the coordinate q^ before and after 
the impulse respectively. Thus if 


Pat to Ltfrstige, Me, Anal. (9* M.), ii. p. 188. 
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denotes the kinetic energy of the system after the impulse, the above 
equation can be written in the form 


dT^ 

Sir 



where 


/ST\ 


dT 

denotes the quantity corresponding to ^ , but relating to the 

OQr 


instant before the impulse. 

Similar equations can be found for the rest of the coordinates 5'i, 
and thus we obtain the set of n equations 


dqr 



(r « 1, 2, 


which are known as the Lagrangian equations of impulsive motion. 




These are algebraical equations for the determination of ^i, in 

terms of they are not differential equations like the Lagrangian 

equations of motion for finite forces, since the second derivates of the 
coordinates with respect to the time do not enter. 


Miscellaneous Examples. 


1. Two rigid bodies moving in space are constrained only by a taut inextensible stnng 
joining a given point of one body to a given point of the other, and one of the bodies is 
constrained to roll without sliding on a given fixed surface. How many degrees of freedom 
has the system, and how many independent coordinates are required to specify its con- 
figuration ? 


2. A point is referred to curvilinear coordinates a, 6, c, and the square of its 


velocity is 


2 Ta A d* + jSi* -f- Cc* -f 2/fe -I- 2(7^ -f 2£rd J. 


Shew that p, r, the component accelerations in the directions of the tangents to the 
coordinate lines, are given by three equations of the type 


(ColLEiam.) 


3. A particle which is free to move in space is initially at rest at the origin, and is in 
a field of force whose components (X, F, Z) at euiy point (a?, y, *) are given by the expansions 
X-B a +&V+ quadratic and higher terms in x, y, x ; 

Y = cX’k‘ quadratic and higher terms in or, y, x ; 
dir* + cubic and higher terms in JF, y, X. 

Find the radii of curvature and torsion of the orbit at the origin. 


4—2 



CHAPTER III 

PRINCIPLES AVAILABLE FOR THE INTEGRATION 

37. PrMems which are soluble by quadratures. 

The determination of the motion of a holonomic dynamical system with 
a finite number of degrees of freedom has in the preceding chapter been 
shewn to depend on the solution of a set of ordinary differential equations. 
If n denotes the number of degrees of freedom, and •.*. ^n) are the 

coordinates specifying the configuration of the system at the time t, then 
the set of equations consists of n differential equations, each of the second 
order, with ...» as dependent variables and t as independent variable. 
This set of equations is said to be of order 2n, the order being defined to 
be the sum of the orders of the highest derivates of the dependent vari- 
ables occurring in the equations. It is a well-known result of the theory 
of ordinary differential equations that the number of arbitrary constants of 
integration in the solution of a set of differential equations is equal to 
the order of the system ; whence it follows that there are 2n constarUs of 
integration in the general solution of a holonomic dynamical problem with 
n degrees of freedom. 

Now any given set of differential equations of order k can be reduced 

the form 

^ = (r=l, 2 k), 

'Where Zi, Ag, Z* are known functions of their arguments, by taking as 
nW variables (x^y ..., x^) the original dependent variables together with 
their derivates up to (but not including) the highest derivates occurring in 
the original set of equations. Thus e.g. the set of equations 

^ = Qi (?1. 9. , 9i, 9.), ^ “ Q. (9i. 9«. 9i> 9«). 

(where and are any functions of the arguments indicated) which is of 
wder 4, can be reduced to the set 

dxi dxf dxt f. . . 

rfr " rfT “ *•’ 
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by taking 
The form 




dXr 


— Xj- (^Xi i ... f Xitf t) 




may therefore be regarded as the typical form for a set of differential 
equations of order k. 

If a function /(a?,, x^, ...,Xk, t) is such that ^ is zero when (x^, x^, xt) 

are any functions of t whatever which satisfy these differential equations, the 
equation 

f(xi,Xz, ..., xt,t)=t Constant 


is called an integral of the system. The condition that a given function / 
may furnish an integral of the system is easily found; for the equation 
d^kdt = 0 gives 




X — X 1 A 


and this relation must be identically satisfied in order that the equation 

/(xj, a:,, a?jfc, <) = Constant 

may be an integral of the system of differential equations. 

Sometimes the function / itself (as distinct from the equation /= constant) is called an 
integral of the system. 


The complete solution of the set of differential equations of order k is 
furnished by k integrals 

fr{Xx, X^, .... Xk, 0=«r. (r= 1, 2 , ..., k\ 

where a,, a,, .... a* are arbitrary constants, provided these integrals are 

distincty i.e. no one of them is algebraically deducible from the others. For 

let the values of a:,, a;,, a:*, obtained from these equations as functions of 

ty tt], Og, ..., a*, be 

Xr = <f>r{aiy tta, t), (r = 1, 2, ..., A;); 

then if (a;,, xt) are a,ny particular set of functions of t which satisfy 
the differential equations, it follows from what has been said above that 
giving to the arbitrary constants Qr suitable constant values we can make 
the equations 

Jr i ^\ » ^2» • • • » 0 ~ “ I* 2, . . . , 

true for this particular set of functions (a:,, .rg, ..., and therefore this set 
of functions (a’l, x^, ..., xjg) will be included among the functions defined by 
the equations Xr — <l>r. The solution of a dynamical problem with n degrees 
of freedom may therefore be regarded as equivalent to the determination of 
2n integrals of a set of differential equations of order 2w. 
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Thus the differential equation 
which ia of the second order^ poasesaea the two integrals 

whore Oi and 04 are arbitrary constants. On solving these equations for q and we have 

j}«a|4sin (i+o,), 

(y=aii cos (i -1-0,), 

and these equations constitute the solution of the differential equation. 

The more elementary division of dynamics, with which this and the 
immediately succeeding chapters are concerned, is occupied with the dis 
cussion of those dynamical problems which can be solved completely in 
terms of the known elementary functions or the indefinite integrals of such 
functions. These are generally referred to as prchlems soluble by quadratures. 
The problems of dynamics are not in general soluble by quadratures ; and in 
those cases in which a solution by quadratures can be effected, there must 
always be some special reason for it, — in fact the kinetic potential of the 
problem must have some special character. The object of the present 
chapter is to discuss those peculiarities of the kinetic potential which are 
most frequently found in problems soluble by quadratures, and which in fact 
are the ultimate explanation of the solubility. 


38 . Systems with ignorahle coordinates. 

We have seen (§ 27 ) that the motion of a conservative holonomic 
dynamical system with n degrees of freedom, for which the coordinates are 
9 ii 9n and the kinetic potential is L, is determined by the differential 

equations 


d f'dlj\ ^Ii 


dl 


mJ 


dqr 


- 0 . 


(r-l, 2, 


The quantity ^ 
coordinate qr. 


is generally called the momentum corresponding to the 


It may happen that some of the coordinates, say 9,, 9,, .... 91^, are not 
explicitly contained in L, although the corresponding velocities 91, 9f, 
are so contained. Coordinates of this kind are said to be ignorahle or cyclic ; 
it will appear in the following chapters that the presence of ignorabfe 
coordinates is the most frequently-occurring reason for the solubility of 
particular problems by quadratures. 

The Lagrangian equations of motion which correspond to the k ignorable 
coordinates are 


d fdiA 
dt [dqj 


“ 0 , 


(r«l, 2, k), 
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and on integration, these can be written 

= .(r-1,2 h), 

dqr 


where /8,, A. •••» A ar® constants of integration. These last equations are 
evidently k integrals of the system. 

We shall now shew how these k integrals can be utilised to reduce the 
order of the set of Lagrangian differential equations of motion*. 

* dL 

Let R denote the function L- ^ By means of the k equations 

r=l 

‘>. 

we can express the k quantities g,, 9*, which are the velocities cor- 

responding to the ignorable coordinates, in terms of 

9*4-1 » 9*+*» •••> •**> 9»»> ^i> •••» 

we shall suppose that in this way the function R is expressed in terms of the 
latter set of quantities. 


Now let S/ denote the increment produced in any function / of the quan- 
tities ..., 9n, 9i» 4 n {or of the quantities 9*+,, 9*^,, ..., 

9*4-1, 9n, fiu •••» fik) by arbitrary infinitesimal changes 89*4.*, 

^1, •••, ill its arguments. Then we have 




by the definition of R. But 

and 


r»=*+l<79r r«iv^r r=4 + l^r 


Since 

We have therefore 




Si2. 






and since the infinitesimal quantities occurring on the right-hand side of this 
equation are arbitrary and independent, the equation is equivalent to the 


The transformxtioii whioh follows is reallj a case of the Hamiltoniap transformation, which 
is difcnssed in Chapter X; it was however first separately given by Routh in 1876, and somewhat 
Uter by Helmholtz. 
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system of equations 


dqr “ dq, ’ 
dqr dqr' 

dR 


{r = k + \, k + 2 , .... n), 
(r = A:+l, k+ 2 , .... n), 
(r= 1, 2, k). 


Substituting these results in the Lagrangian equations of motion, we 


«). 

Now jB is a function only of the variables 9*4.2, ...» qn, 9*+!, --m 9n» 
and the constants fiu A, •••, i^ir: so this is a new Lagrangian system of 
equations, which we can regard as defining a new dynamical problem with 
only (fi - k) degrees of freedom, the new coordinates being 9*+,, 9*4.,, ...» 9'n» 
and the new kinetic potential being K When the variables 9*4.,, 9*4.*, 9n 
have been obtained in terms of t by solving this new dynamical problem, the 
remainder of the original coordinates, namely 91, 9s, 9*, can be obtained 

from the equations 

2 , k). 

Hence a dynamical problem vnth n degrees of freedom, which has k ignorable 
coordinates, can be reduced to a dynamical problem which has only (n — k) 
degrees of freedom. This process is called the ignoration of coordinaies. 

The essential basis of the ignoration of coordinates is in the theorem that when the 
kinetic potential does not contain one of the coordinates qr explicitly, although it involves 
the corresponding velocity q^, an integral of the motion can be at once written down, 
or 

'namelT rT-sCOnstant. Tbw is a particular caae of a much more general theorem which 

will be given later, to the effect that when a dynamical system admits a known infinitesimal 
contact-transformation, an integral of the system can be immediately obtained. 


If the original problem relates to the motion of a conservative dynamical 

system in which the c'^nstraints are independent of the time, we have seen 
that its kinetic potential L consists of a part (the kinetic energy) which is 
a homogeneous quadratic function of 9,, 9:, 9n, and which involves 

qt+u • ••> in any way, together with a part (the potential energy with 
sign reversed) which involves 9*4.,, 9*4.3, 9„ only. But in the new 

dynamical system which is obtained after the ignoration of coordinates, the 
kinetic potential R cannot be divided into two parts in this way : in fact, R 
will in general contain terms linear in the velocities. And more generally 
when (as happens very frequently in the more advanced parts of Dynamics) 
the solution of one set of Lagrangian differential equations is made to depend 
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on that of another set of Lagrangian differential equations with a smaller 
number of coordinates, the kinetic potential of this new system is not 
necessarily divisible into two groups of terms corresponding to a kinetic and 
a potential energy. We shall sometimes use the word natural to denote those 
systems of Lagrangian equations for which the kinetic potential contains 
only terms of degrees 2 and 0 in the velocities, and non-naiural to denote 
those systems for which this condition is not satisfied. 

As an example of the ignoration of coordinates, consider a dynamical system with two 
degrees of freedom, for which the kinetic energy is 




and the potential energy is 

where a, 6, c, d are given constants. 

It is evident that is an ignorable coordinate, since it does not appear explicitly in T 
or V. 

The kinetic potential of the system is 

and the integral corresponding to the ignorable coordinate is 

a + 

where /3 is a constant, whose value is determined by the initial circumstances of the motion. 

The kinetic potential of the new dynamical system obtained by ignoring the coordinate 
qi is 

-ijj* - c - oJ?,* - (<»+ 6?.’), 

and the problem is now reduced to the solution of the single equation 


dm JR. 

dt \3 j ’ 

or ?2+(2d+6^«)^,=0. 

As this is a linear differential equation with constant coefficients, its solution can be 

itnmediately written down : it is 

A sin {(2d + 6^^)i t -f #}, 

where A and t are constants of integration, to be determined by the initial circumstances 
of the motion. This equation gives the required expression of the coordinate in terms 
of the time : the value of qi in terms of t can then be deduced from the equation 


which gives 


?I=|S j {a+bqt^dt, 


g^,in3{(SW+6/3‘)i( + ,}, 


and so completes the solution of the system. 
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39. Speeial eases of xgnoralion; integrals of momentum and angular 
momentum. 

We shall now consider specially the two commonest types of ignorable 
coordinates in d 3 niamical problems. 

(i) Systems 'possessing an integral of momentum. 

Let the coordinates of a conservative holonomic dynamicftl system with 
n degrees of freedom be qn\ and let T be the kinetic energy of the 

system, and V the potential energy, so that the equations of motion of the 
system are 

d/dT\ dT^ dV . . 

dt\dqr/ dqr dqr' 

Suppose that one of the coordinates, say q^, is ignorable, and moreover is 
such that an alteration of the value of q^ by a quantity /, the remaining 
coordinates q^, q^, qn being unaltered, corresponds to a simple translation 
of the whole system through a distance I parallel to a certain fixed direction 
in space ; we shall take this to be the direction of the a:-axis in a system of 
fixed rectangular axes of coordinates. 

Since q^ is an ignorable coordinate, we have the integral 
^ =* Constant, 

and we shall now discuss the physical meaning of this equation. 

We have 

where the summation is extended over all the particles of the system, 

= Swviv, since in this case = 1, ^ = 0, = 0. 

h h h 

Now represents (§ 36) the component parallel to the ay-axis of 

the momentum of the system of particles m<, and consequently this is the 

dT 

physical meaning of the quantity ^ in the present case. 


The integral 


^ = Constant 

dqi 


can therefore be interpreted thus: When a dynamical system can he 
translated as if rigid in a given directum without violating the constraints^ 
and the potential energy is thereby unaltered (the way in which the kinetic 
energy depends on the velocities is obviously unaltered by this translation, so 
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the corresponding coordinate is ignorable), then the component parallel to this 
direction of the momentum of the system is constarU. 

This result is called the law of conservation of momentum^, and systems 
to which it applies are said to possess an integral of momentum, 

(ii) Systems possessing an integral of angular momentum. 

Again taking a system with coordinates g,, and kinetic and 

potential energies T and V respectively, let us now suppose that the 
coordinate is ignorable, and moreover is such that an alteration of by 
a quantity a, the other coordinates remaining unchanged, corresponds to 
a simple rotation of the whole system through an angle o round a given 
fixed line in space: we shall take this line as the axis of £: in a system 
of fixed rectangular axes of coordinates. 

Since is an ignorable cooniinate, wC have the integral 

0r ^ 

^ = Constant (1), 

and we have to determine the physical interpretation of this equation. 

We have as before 


dT _ /. dxi . . dzi\ 


where the sumnmbion is extended over all the particles of the system. But 
if we write 

Xi = ri cos iji = ri sin <f>i, 

we have d<f>i « dq ^ , 

so = 




and therefore 


^ = 2mi(-ir<yi + y<a?f) 


Now if r denote the distance of any particle of mass m from a given 
straight line at any instant, and if <0 denote the angular velocity of the 
particle about the line, the product is called the angular mornentum 
of the particle about the line. 

^t 0 be any point, and let P, jP be two consecutive positions of the 
moving particle, the interval of time between them being dt Then the 

^hii hM been evolved gradually from the observation of Newton, Princtpto, Book i. introd. 
to Beet. XI., that if any number of bodies are acted on only by their mutual attrmotions. their 
common centre of gravity wUl either be at rest, or move uniformly in a straight line. 
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angular momentum about any line OK through 0 is clearly the limiting 
value of the ratio 

^ X Twice the area of the projection of the triangle OPF on 
a plane perpendicular to OK, 

so if (/, m, n) are the direction-cosines of OK and if (X, /i, v) are the direction- 
cosines of the normal to the triangle OPF, we see that the angular 
momentum about OK is equal to the product of {l\ -»• vifi + nv) into the 
angular momentum about the normal to the plane OPF, It is evident from 
this that if the angular momenta of a particle about any three rectangular 
axes Oxyz at any time are X, respectively, then the angular momentum 
about any line through 0 whose direction-cosines referred to these axes are 
(I, m, n) is i/it + mA, + nA, ; we may express this by saying that angular 
momenta aScntt axes through a point are compounded according to the vectorial 
law. 

The angular momentum of a dynamical system about a given axis is 
defined to be the sum of the angular momenta of the separate particles of 
the system about the given axis ; in particular, the angular momentum of 
a system of particles typified by a particle of mass m, whose coordinates are 
(^1. ?/». Zi), about the axis of z is where 

% 

X, = Vi cos yi — r< sin 

and the summation is extended over all the particles of the system ; this 
expression for the angular momentum of a system can be written in the form 

(y<x< - iiyi),. 
i 

and on comparing this with equation (2) we have the result that the angular 

dT 

momentum of the system considered, about the axis of z, is ^ . 

dg, 

■'The equation (1) implies therefore that the angular momentum of the 

system about the axis of z is constant : and we have the following result : 
Wfien a dynamical system can be rotated as if rigid round a given axis loith- 

'du^mlating the constraints, and the potential energy is ther^ unaltered, the 

angular momentum of the system about this axis is constant. 

This result is known as the theorem of conservation of angular 
momentum*. 

Example. A Hystern of n free particles is in motion under the influence of their 
mutual forces of attraction, these forces being derived from h kinetic potential V, which 
contains the coordutaies and cum|K)nentH of velocity of the particles, so that the equations 
of motion of the particles are 

* Keplec'fl law, that the ladiufl from the auii tu a planet sweeps out equal areas in equal tiroes, 
was extended by Newton to all cases of motion under a central force : from this the general 
theorem of conservation of angular momentum hae gradually developed. 
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shew that these equations possess the integrals 

2 ^ = Constant, 

2 ( 


/ . 


: Constant, 


2 {mfif + = Constant, 

( dV dV) 

2 jm,. iyX - ^rifr) + !/r = Constant, 

f . . .s sri ^ 

2 |w,. (Zj. Xf - Xr tr) + ^ “ -^r ^ | = Constant, 

( dV] 

2 |wi, {Xryr-yr^r) + ^r^^-yr^Jj =Constant, 

which may be regarded as generalisations of the integrals of momentum and angular 
momentum. (I^vyO 


40 . The general theorem of angular rrwmentum. 

The integral of angular momentum is a special case of a more general 
result, which may be obtained in the following way. 

Consider a dynamical system formed of any number of free or connected 

and interacting particles : if they are subjected to any constraints other than 
the mutual reactions of the particles, we shall suppose the forces due to these 
constraints to be counted among the external forces. 

Take any line fixed in space, and choose one of the coordinates' which 
specify the configuration of the system (say g,) to be such that a change in 
9 i, unaccompanied by any change in the other coordinates, implies a simple 

rotation of the system as if rigid round the given line, through an angle equal 

to the change in q^. We suppose the constraints to be such that this is a 
possible displacement of the system. 

The Lagrangian equation for the coordinate is 


and this reduces to 


dt \dqj 


dq, 


■Q,. 




since the value of q^ (as distinguished from g,) cannot have any effect on 

dT dT 

the kinetic energy, and therefore -5- must be zero. Now -«-r is the angular 

oqi oqi 

momentum of the system about the given line; and is the work done 
on the system by the external forces in a small displacement 8g,, i.e. a small 
rotation of the system about the given line through an angle 8g„ from which 
it is easily seen that Q, is the moment of the external forces about the given 
line. We have therefore the result that the rate of change of the angular 
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momentum of a dynamical system about any fixed line is equal to the moment 
of the external farces about this line. The law of conservation of angular 
momentum obviously follows from this when the moment of the external 
forces is zero. 

Similarly we can shew that the rate of change of the momentum of a 
dynamical system parallel to any fixed direction is equal to the component 
parallel to this line, of the total external forces acting on the system. 

For impulsive motion it is easy to establish the following analogous 
results: 

The impulsive increment of the component of momentum of a system in any 
fixed direction is equal to the component in this direction of the total external 
impulses applied to the system. 

The impulsive increment of the angtdar momentum of a system round any 
axis is equal to the moment round that axis of the external impulses applied to 

the system. 


41. The Energy equation. 

We shall now introduce an integral which plays a great part in d 3 mamical 
investigationa, and indeed in all physical questions. 

In a conservative dynamical system let 9i> ...» 9n be the coordinates 

and let L be the kinetic potential : we shall suppose that the constraints 
are independent of the time, so that /« is a given function of the variables 
^ 1 , qtt •••» qn. ii, 4*, •••. only, not involving t explicitly. We shall not, at 
first, restrict L by any further conditions, so that the discussion will apply 

to the non-natural systems obtained after ignoration of coordinates, as well as 
to natural systems. 

We have 

dL » az; ^ . dL 





Jategnting, we have 

where A is a constant 



This equation is an integral of the system, and is called the integral of 
energy or law of conservation of energy^. 


* Qalilso WM aeqo^tad with the fsot that the veloeitj of a partiele lUaing down an inelioed 
plane from rrot dep^ only on the vertical height throoi^ which it hac deceended. From this 
elementary partieolar case the principle was gradually evolved by Hoygene, Newton, John 
and Daniel BernooUi, and Lagrange. 
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We have seen that in natural systems, in which the constraints do not 
involve the time, the kinetic potential L can be written in the form T — F, 
where T (the kinetic energy of the system) is homogeneous and of degree 2 
in the velocities, while F is a function of the coordinates only. In this case, 
therefore, the integral of energy becomes 


r»l 


n 

r«l 

B 2r - r+ F, since T is homogeneous of degree 2 in g,, 




It follows that in conservative natural ey stems y the sum of the kinetic and 
potential energies is constant This constant value h is called the toUd energy 
of the system. 

This latter result can also be obtained directly from the elementary 
equations of motion. For from the equations of motion of a single particle, 

* ^<1 niipi ■■ Fi, nti^i * Ziy 

we have 

{xiXi + * 2 + F»y< 4* ZiZi), 

i i 

where the summation is extended over all the particles of the system, or 
d.^imi («<* 4 * yi* 4 - i**) =* 2 {Xdx 4 - Vdy Zdz), 

i i 

SO that the increment of the kinetic energy of the system, in any infinitesimal 

part of its path, is equal to the work done by the forces acting on the system 
in this part of the path, and therefore is equal to the decre^ise in the potential 
energy of the system. The sum of the kinetic and potential energies of the 

system is therefore constant 


The equation of energy 

d,\m(i*-^f+P)=Xiix+Ydy+Zdt 

(where for simplicity we suppose the system to consist of a single particle) is true not 

only when (^, y, m) denote coordinates referred to any fixed axes, but also when they 
denote ooordinates referred to axes which are moving with any motion of translation 

in a fixed direction with constant velocity. 

For let ((, i;, f ) denote the ooordinates of the particle referred to axes fixed in space 
and parallel to the moving axes Oxyzy so that 

where a, 6, c are the constant components of velocity of the origin 0 of the moving axes. 
Then the result already pmved is that 

<^.im(^*4-.;*4-f»)--Ydf4* Vdfi^ZdCy 

or i. ^in{(Jc-\-a)*+(y+b)*-^(i-^cy)mX{dx-j-adt)-^y{dy-^bdt)-^Z(dt+cdt)f 
or d.}m(i^4-y*4‘ji’)4’<f A(ix4‘ rd’y+^flfc4‘(«^4*6F+cZ)dr. 



64 


Principles available for the integration [oh. in 


Now we have 

cf . ta (air + iy + ci) «= m (ar + iy +<») 

■a wi (a^* dt 

>^{aX^hY-\-cZ)dt, 

and therefore 

ci. Jm(ir^+3^+4*)*Xrf4?+ Ydy-^ZdZy 
which establishes the theorem. 

It may be noted that from this result the three equations of motion of the particle 
can be derived, by taking etc., and subtracting the equation of energy in the 

coordinates (.tr, y, z) from the equation of energy in the coordinates (^, ij, f ). 


42. Reduction of a dynamical problem to a problem with fewer degrees of 

freedom^ by means of the energy-equation. 

When a conservative dynamical system has only one degree of freedom, 
the integral of energy is alone sufficient to give the solution by quadratures. 
For if q be the coordinate, the integral of energy 

q —L^h 

is a relation between q and q ; if therefore q be found explicitly in terms of q 
from this equation, so that it takes the form 

9 =/(?). 


we can integrate again and obtain the equation 

dq 


-I 


'/( 9 ) 


+ constant, 


which constitutes the solution of the problem. 


When the system has more than one degree of freedom, the integral of 

energy is not in itself sufficient for the solution ; but we shall now shew that 
it can be used for the same purpose as the integrals corresponding to ignor- 

able coordinates were used, namely to reduce the system to another dynamical 

system with a smaller number of degrees of freedom*. 


In the function L, replace the quantities jg* ji. •••» by q^q^', q^q^, ..., 



by 9s'. •••. 9n'. 9i. 9a, •••, 9n). Then differentiating the equation 


jai •••» ?n» ?i) Jsi •••> (jii » 9i) 


•••» ?n> 92 ) •• ) 9n)i 


we have 


dL 

dqr 


g qr an 

^9» r»2 9** ^9»’ 

g (r=1.2,3....,n) 


( 1 ). 

( 2 ). 

( 8 ). 


• WhitUker, Meu, of Math. xxx. (1900). 
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Equations ( 1 ) and ( 2 ) give 

d£ 

Now in the integral of energy 


?? sa 4. 2 

9^1 9^1 r=2 


.(4). 


V • 3^ r I 
^ 9 r aT -i = A. 

r»l oqr 

repliuje qr by for all values of r from 2 to n inclusive, and then from this 
equation obtain as a function of the quantities q^, qn, 9i, 9a, . . . , 9n) ; 
and by using this expression for 91, express the function 

I 

r-l 39 r 9 » 

in terms of (9/, 5,', 9/, 9,, 92, 9n). Let the function thus obtained 

be denoted by L ; then from (4) we see that L' is the same as ^r-:- , but 

^ 9 * 

differently expressed. 

Differentiating the equation of energy, which by (4) may be written in 
the form 

9i — il « A, 

05, 

and regarding it as a relation which implicitly determines 9, as a function of 

the variables (q,, q,', ...,q„',qi,q qn), we have 


9 i 


. 3^ §21 ^ 30 _ • 3»n 

dq,' dq, dqr dq,dqr 

• ^ 

dq,* dqr dqr dq^dq. 


•( 6 ), 

.( 6 ). 


But differentiating the equation 




dn 

3 ?.’ 


rejanled ai u Mtj m fc ?atMe!(j,', j/, lu^ 


w ^ a>n m dq, 

dqr 32,39/ 39,* 39/ 

( 7 ). 

dL'^ m mdq, 

dqr dqidqr dq^^ dqr 

(8). 

Comparing equations ( 5 ) and ( 7 ), we have 


dL' ^ 1 an 

3 n), 

dqr'^qi dqr' 

and comparing equations ( 6 ) and ( 8 ), we have 



dL' 1 an 
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Combining these with equations (2) and ( 3 ), we have 

, dJl lU 

dqr dqr' ^ 

Substituting from these equations in the Lagrangian equattions of motion, 


we obtain the system 





d / 3 i'\ 

dt\dqr') 

n 

0 

(r- 2 , 3 «), 

or finally 





dqi [dq/J 

II 

0 

li 


Now these may be regarded as the equations of motion of a new dynamical 
system in which L is the kinetic potential ^ (q^, 9,, 9n) t>he coordinates, 

and qi plays the part of the time as the independent variable. The new system 
will, like the systems obtained by ignoration of coordinates, be in general 
non-natural, i.e. L' will not consist solely of terms of degrees 2 and 0 in the 
velocities q^, . . . , ^^0 j account of its possession of the Lagrangian 

form, most of the theorems relating to dynamical systems will be applicable 
to it. The integral of energy thus enables us to reduce a given dynamical 
system with n degrees of freedom to another dynamical system with only (n - 1) 
degrees of freedom. 

The new dynamical system will not in general possess an integral of 
energy, since the independent variable occurs explicitly in the new kinetic 
potential L. But if is an ignorable coordinate in the original system, 
then will not occur explicitly in any stage of the above process, and there- 
fore will not occur explicitly in L\ From this it follows that the new system 
will also possess an integral of energy, namely 

2 9 r 5—# — L = constant, 

r*2 

and this can in its turn be used to reduce further the number of degrees of 
freedom of the system. 

ilie preceding theorems shew that any conservative dynamical system with 
n degrees of freedom and (n~l) ignorable coordinates can be completely 
ititegrated by quadratures ; we can proceed either (a) by first performing the 
process of ignoration of the coordinates, so arriving at a system with only one 
degree of freedom, which possesses an integral of energy and can therefore be 
solved in the manner indicated at the beginning of the present article ; or 
(j8) we can first use the integral of energy to lower the number of degrees of 
freedom by unity, then use the integral of energy of the new system to lower 
the number of degrees of freedom again by unity, and so on, obtaining finally 
a system with one degree of freedom which again can be solved in the manner 
indicated. 
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ExamflU. The kinetic potential of a dynamical system is 

^ “ t/ (?*) ? i* + i ?!* “ {qii- 

Shew that the relation between the variables and is given by the differential 
equation 

where where L is defined by the equation 

Shew that the non-natural dynamical system represented by the last differential 
equation possesses an integral of energy, and hence solve the system by quadratures. 


43. Separation of the variables ; dynamical systems of Liouvilles type* 

A class of dynamical equations which are obviously soluble by quadratures 
is constituted by the equations of those systems for which the kinetic energy 
is of the form 

y “ i Wl (9i) q* + i». (?.) g»’ + ■ . • + (9n) 9n’. 

and the potential energy is of the form 

7 = W, {q^) + ( j,) + . . . + W, (jn), 

where w*, Vn, w;i, are arbitrary functions of their respective 

arguments ; so that the kinetic potential breaks up into a sum of parts, each 
of which involves only one of the variables. 

For in this case the Lagrangian equations of motion art 

^ l»r (9r) • 9rl - i »/ (jr) jr’ - “ w/ (9r). (r - 1 , 2, . . . , 

or Vr (g,) g, + i Vr (qr) g,* = - Wr' (g.), (r » 1 , 2, . . . , n). 

These equations can be immediately integrated, and give 


ivr{qr)^qr*'^Wr(qr)^Cr, (r=:l, 2, 

where c,, c,, .... Cn are constants of integration; these equations can be 
further* integrated, since the variables qr and t are separable, and we thus 
obtain 



Vriqr) 

2€r-2Wr(qr) 





(r = l, 2, ...,n), 


where 71, 7*, ..., 7n are new constants of integration. These last equations 
constitute the solution of the problem. 

An important extension of this class of dynamical systems was made by 
Liouville*, who shewed that all dynamical problems for which the kinetic 
and potential energies can respectively be put in the forms 

^ “ i l“i (gi) + «t (gt) + . . . + «n (g,)} 1», (g.) g,* + », (g,) g,‘ + . . . + (g,) g,’] , 

y ^ “b (y») 4- , . . -f Wn (qn) 

can be solved by quadratures. 


* Jowmal de Uath. siv. (1849), p. 857. 


5—2 
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For by taking 

^‘Jvr{q,)dqr = qr', (r = 1 , 2 n), 

where g/, are new variables, we can replace all the functions 

(^i)» ^2 • • • > (^n) by unity ; we shall suppose this done, so that the 

kinetic and potential energies take the form 

y= + ... 

F == ^ (w, (q,) + W .2 (^a) + • • • + Wn (gn)), 
where u stands for the expression 

Wi(^i) + U2(9i)+ ••• H- Wn(9n). 

The Lagrangian equation for the coordinate is 
dt[dqj dqi dq,' 

Multiplying this equation throughout by 2 uq^y we have 

(«‘9.’) - «9. 3 ^ (9.“ + 9.’ + • • • + 9n’) = - 2«9. • 

But from the integral of energy of the system, we have 

i + ^9* + 9n’) = h- V, 

where h ia a constant. The equation for the coordinate g, can therefore 
be written in the form 

= 2,j.^p-y)ui 
= 291 (/‘“i ( 9 i) - Wi ( 9 i)J 

= 2 j^(AM.(g,)-«'i(9.)l- 

Integrating, we have 

iu'qt’ = Am, (qt) - w, (g,) + 7,, 

where 7, is a constant of integration. We obtain similar equations for each 
of the coordinates (9,, q,, ..., qn); the corresponding constants (71, 73, 7n) 

must satisfy the relation 

7 i + 7 a+ ••• 

in virtue of the integral of energy of the system. 
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These equations give 

{Aui (g,) - w, (?,) + 7,}“* <ig, = (Au, (g,) - w, (g*) + 7 j}“* rfg, = . . . 

“ (A«„ (g„) - w„ (gn) + 7 «} <^ti . 

and this set of equations, which can be immediately integrated since the 
variables are separated, furnishes the solution of the system. 

For further investigations on this subject cf. Stackel, Math. Ann. \lii. (IbD.'i), p. 545, 
Hadainard, BvU. des Sc. Math. xxxv. (1911), p. 196, Hurgatti, Horn. Acc. L liwd. (5) \x. 
(1911), p. 108, aud Vrkljan, Zeitschr.f. Phy», lix. (1930), p. 718, Lxv. (1930), p. 28C>. 


Miscellaneous Examples. 


1. If the components ( JT, Y) of the force acting on a particle of unit mass at the 
point (jr, y) in a plane do not involve the time f, shew that by elimination of t from the 
difierential equations the solution of the problem is made to depend on the differential 
equation of the third order 

dar I 

dx^ 


U2Ar=0. 


2. A system of free particles is in motion, and their potential energy, which depends 
only on their coordinates, is unaltered when the system in any configuration is translated 
as if rigid through any distance in any direction. What integrals of the motion can 
at once be written down? 


3. In a dynamical system with two degrees of freedom the kinetic enei^y is 




and the potential energy is 

where o, 6, c, rf are constants. Show that the value of in terms of the time is given 
an equation of the form 

where A, A, and are constants. 

4. The kinetic potential of a dynamical system is 

where a, 6, c are given constants : shew that is given in terms of t bv the equation 

7i = P(f+#), 

whore < is an arbitrary constant and fff denotes a Weierstrassian elliptic function. 


by 


5. Prove that in a system with ignontble coordinates the kinetic energy is the sum 
of a quadratic function T' of the velocities of the non-ignored coordinates and a quadratic 
function A of the cyclic momenta. 

In the case where there are three coordinates .r, y, tp and one cooixfinate 0 is ignored 
investigate the equations of motion of the type 

d /dr\ dr aA 8F . . f d /^n a /d^\) . 
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where V is the potential energy^ ^ is the oyolio momentun), and the differential coefficients 
of 0 with respect to Si and y are calculated from the linear equation by which k is 
expressed in terms of y, (Camb. Math. Tripos, 1904.) 

6. The kiuetic potential of a dynamical system with two degrees of freedom is 

By using the integral of energy, shew that the solution depends on the solution of the 
problem for which the kinetic potential is 



and by nsing the integral of energy of this latter system, shew that the relation between 
ot and a* is of the form 

P (^1 +0 - J - 1), 

where e and € are constants of integration, and f denotes the Weierstrassian elliptic 
function. 

7. The kinetic energy of a dynamical system is 
and the potential energy is 

ITer— i— 

Shew (by use of Liouville’s theorem, or otherwise) that the relation between gi 
and gt is 

a*yi* + 2abgi q^cony^ sin* y, 
where 0 , 6, y are constants of integration. 

8. The kinetic energy of a particle whose rectangular coordinates are (x, y) is J (i* + 
and its poten^’-^ energy is 

^+^+7+7+<^(^+y‘)> 

where ( J, A\ B, B', C) are constants and where (r, r') are the distances of the particle 
from the points whose coordinates are (c, 0) and (-c, 0), where c is a constant. Shew 
that when the quantities + taken as new variables, the system is 

* of Liouville’s type, and hence obtain its solution. 

., 9 . The obsmtion that “a cat always falls on its feet” suggested the problem; 

A cy^em, whose state at any instant is completely specified by the position and velocity 
of c«udi element, is initially without velocity in free space in vacuo. Can it at a subsequent 
imUot resume its initial configuration hvi with a different orientation in space ? 

*'Shew that if the system is not conservative, or if the forces are derived from a potential 
which is not one-valued, the reply is affirmative : but if the system is conservative with a 
one-valued potential, the reply is negative. 

(Cf. Painlev4, Comptes Rendus^ oxxxix. (1904), p. 1170.) 



CHAPTEB IV 


THE SOLUBLE PROBLEMS OF PARTICLE DYNAMICS 


44 . The particle with one degree of freedom : the pendulum. 

As examples of the methods described in the foregoing chapters, we shall 
now discuss those cases of the motion of a single particle which can be solved 
by quadratures. 

We shall consider first the motion of a particle of mass m, which is free 
to move in the interior of a given fixed smooth tube of small bore, under 
the action of forces which depend only on the position of the particle in the 
tube. The tube can in the most general case be supposed to have the form 
of a twisted curve in space. 

Let 8 be the distance of the particle at time t from some fixed point of 
the tube, measured along the arc of the curve formed by the tube: and let 
/(«) be the component of the external forces acting on the particle, in the 
direction of the tangent to the tube. 

The kinetic energy of the particle is 

A m8^, 

and its potential energy is evidently 

-f/m 

Jit 

where is a constant. The equation of energy is therefore 

/(s)ds+c, 

where c is a constant. , 


Integrating this equation, we have 

where I is another constant of integration. This equation represents the 
solution of the problem, since it is an integial relation between s and t, 
involving two constants of integration. 
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The two constants c and I can be physically interpreted in terms of the 
initial circumstances of the particle’s motion ; thus if the particle starts at 
time from the point with velocity u, then on substituting these 
values in the equation of energy, we have 

and on substituting the same values in the final equation connecting $ and 
we have I 

The most &mous problem of this type is that of the simph pendulum ; 
in this case the tube is supposed to be in the form of a circle of radius a 
whose plane is vertical, and the only external force acting on the particle is 
gravity*. Using 0 to denote the angle made with the downward vertical by 
the radius vector from the centre of the circle to the particle, we have 

and /(«)■* sin tf; 

so the equation of energy is 

» 2^ cos ^ + constant » — 4^ sin* ^0 + constant 
Suppose that when the particle is at the lowest point of the circle, the 
quantity has the value A. Then this last equation can be written 
a*0* — — 4j)fa sin* ^ 0. 

Taking sin^^'^y. this becomes 

Now in the pendulum-problem there are two distinct types of motion, 
namely the “ oecillatory,” in which the particle swings to and fro about the 
lowest point of the circle, and the circulating,'’ in which the velocity of the 
particle is Urge enough to carry it over the highest point of the circle, so 
that it moves round and round the circle, always in the same sense. We 

$ball consider these cases separatelj. 

(i) In tke oecillatory type of motion, since tk particle comes to rest 

before attaining the highest point of the circle, y must be zero for some value 
of y less than unity, and therefore h/2a must be less than unity. Writing 

A* 2ait*, 

where A is a new positive constant less than unity, the equation becomes 

In actusl pcndolnint, the tube is replaoed by a risid bar eonneeliiig tbs particle to the 
centre of the eiiele, wbieh senres the same pnrpose of constraining the particle to describe 
the eirele. 

The isoohronism of small oscillations of the pendulum was discovered by Galileo in 1689, 
and the formula for the period was given by Huygens in 1678. Oscillations of Suite amplitude 
were Srst studied by Euler in 1786. 
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the solution of this is* 



where fo is an arbitrary constant. 

This equation represents the solution of the pendulum-problem in the 
oscillatory case : the two arbitrary constants of the solution are ^ and ky and 
these must be determined from the initial conditions. From the known 
properties of the elliptic function sn, we see that the motion is periodic, its 
period (i.e. the interval of time between two consecutive occasions on which 
the pendulum is in the same configuration with the same velocity) being 

4 Ky where 

Jo 

(ii) Next, suppose that the motion is of the circulating type ; in this 
case h is greater than 2a, so if we write 2a = hl^y the quantity k will be less 
than unity. 

The differential equation now becomes 
the solution of which is 

and in this and k are the two constants which must be determined in 
accordance with the initial conditions. 

(iii) Lastly, let h be equal to 2a, so that the particle just reaches the 

vertex of the circle. The equation now becomes 



the solution of which is 

y = tanh|y^^(e 

It was remarked by Appellf that an insight into the meaning of the imaginary period 
of the elliptic functions which occur in the solution of the pendulum-problem is afforded 
by the theorem of § 34. For we have seen that if the particle is set free with no initial 
velocity at a point of the circle which is at a vertical height k above the lowest point, 
the motion is given by 

y~km (<-<o). *} . where 1*=^ . 

• Of. Whittaker and Watson, Modem Analytit, § 22*11. 
t Comptei Rendut, iftiyu. (187S). 
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and therefore by § 34, if, with the same initial conditions, gravity were supposed to act 
upwardiy the motion would be given by 


If- ten |t ^ I (r-r«), . 


But the period of this motion is the same as if the initial position were at a height 
(2a - A), gravity acting downwards : and the solution of this is 


where A^«l - A*. 


y-*'«n|N/^(T-To),i'}, 

The latter motion has a real period 4 K ' ; and therefore the function 

must have a period 4 K\ so the function sn (m, k) must have a period AiK' The 
double periodicity of the elliptic function sn is thus inferred from dynamical considerations. 

Example. A particle of unit mass moves on an epicycloid, traced by a point on the 
circumference of a circle of radius 6 which rolls on a fixed circle of radius a. The particle 
is acted on by a repulsive force pr directed from the centre of the fixed circle, where r is 
the distance from this centre. Shew that the motion is periodic, its period being 

f(a4-26)»-a«)^ 


2ir 


f(a+26)*-a*l4 

I pa* r 


[This result is most easily obtained when the equation of the epicycloid is taken in 
the form 

j being the arc measured from the vertex of the epicycloid.] 


45. Afofton in a moving tube. 

We shall now discuss some cases of the motion of a particle which is free 
to move in a given smooth tube, when the tube is itself constrained to move 
4 n a given manner. 

.(i) T\Ae roteiing umfmly, 

Oppose first that the tube is constrained to rotate with uniform velocity 
<u about a fixed axis in space. We shall suppose that the particle is of unit 
as this involves no real loss of generality. 

We shall moreover suppose that the field of external force acting on the 
particle is derivable from a potential-energy function which is symmetrical 
with respect to the fixed axis, and so can be expressed in terms of the 
cylindrical coordinates z and r, where z is measured parallel to the fixed 
axis and r is the perpendicular distance from the fixed axis ; for a particle 
in the tube, this potential energy can therefore be expressed in tenns of 
the arc $ : we shall denote it by V (s), and the equation of the tube will be 
written in the form 


r^rngit). 
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By § 29, the motion of the particle is the same as if the prescribed angular 
velocity <$> were zero, and the potential energy were to contain an additional 
term Hence we can at once write down the equation of energy in 

the form 

where c is a constant. 

Integrating again, we have 

t **J [2c 4- 0 )* {5r(«)l* — 2F(5)]“ic?« + constant, 

and this relation between t and 8 represents the solution of the problem 

Example 1. If the rotating tube is plane, and the particle can describe it with 
constant velocity when the fixed axis is vertical and in the plane of the tube, and the 
field of force is that due to gravity, shew that the tube must be in the form of a parabola 
with its axis vertical and vertex downwards. 

Example 2. A particle moves under gravity in a circular tube of radius a which 
rotates uniformly about a fixed vertical axis inclined at an angle a to its plane ; if ^ be 

tlie angular dist^iiu-r' <»f the particle from tlie lowest |)oint of the circle, shew that a solution 

exists given by 

. ow^oosa ^ f /aooea.^ . J 

where the function f is formed with the roots 

, ow^coeo . dw^coso ow^coso 

and to is s constant 

(ii) TiJibe moving with constant acceleration parallel to a fixed direction. 

Consider now the motion of a particle in a straight tube, inclined at an 
angle o to the horizontal, which is constrained to move in its own vertical 
plane with constant horizontal acceleration /. 

Taking the axis of x horizontal and that of y vertically upwards, with the 

origin at the initial position of the particle, we have for the kinetic energy 

where a?=«ycota + ^/i*, 

80 T « ^ (y cot a + ^)* -f 

as cosec* 0 + y cot a .yil + J/V, 
and the potential energy is 

V'^syy. 

The equation of motion 

dV 


d fdT 
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gives therefore 

d 

^ (y cosec*a +yi cot a) = - y, 

or y*(— y— /cota)8in*a. 

Integrating, we have, supposing the particle to be initially at rest, 
y * J<*(“y8ina— /cos a) sin a, 
and therefore a? = J <• (- y cos a +/ sin a) sin a. 

These equations constitute the solution of the problem : it will be observed 
that in this system the kinetic energy involves the time explicitly, so no 
integral of energy exists. 


46. Motion of two interacting free particles. 

We shall next consider the motion of two particles, of masses tn, and m, 
respectively, which ai-e free to move in space under the influence of mutual 
forces of attraction or repulsion, acting in the line joining the particles and 
dependent on their distance from each other. 

The system has six degrees of freedom, since the three rectangular coordi- 
nates of either particle can have any values whatever. We shall take, as the 
six coordinates defining the position of the system, the coordinates (X, F, Z) 
of the centre of gravity of the particles, referred to any fixed axes, and the 
coordinates («, y, e) of the particle m, referred to moving axes whose origin is 
at the particle mi and which are parallel to the fixed axes. 


The coordinates of tw,, referred to the fixed axes, are 


(2 '-— Y 

\ wi, -fwi,’ wii + fn,’ 

and those of m,, referred to the fixed axes, are 

\ iWi + m, wii -f 


z— V 

m, + wi,/ 



The kinetic energy of the system is therefore 


or 


- ay * *”■ (^- ay 

r- i (m, + P + P) + i + /I). 


The potential energy of the system depends only on the position of the 
particles relative to each other, so can be expressed in terms of («, y, $) : let 
it be F {x, y, z). 
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The Lagrangian equations of motion of the system are 

s= 0, = 0, Z =s 0, 

wiima .. ^ dV ni^rrL^ .. dV dV 

TWi + dx* lUi 4* Wig ^ dy ' ^ dz ' 

The first three of these equations shew that the centre of gravity moves in 
a straight line with uniform velocity, and the other three equations shew that 
the motion of ?n, relative to mi is the same as if m, were fixed and m^ were 

attracted to nii with the force derived from the potential energy 

Example. If two free particles move in space under any law of mutual attraction, 
shew that the tangents to their paths meet an arbitrary fixed plane in two points, the 
line joining which passes through a fixed point. (Mehmke.) 

47. Central forces in general : Hamilton s theorem. 

The last article shews that the problem of two interacting free particles 
is reducible to the problem of the motion of a single free particle acted on by 
a force directed towards or from a fixed centre. This is known as the problem 
of central forces. There is clearly no loss of generality if we suppose the 
mass of the particle to be unity. 

If the particle be projected in any way, it will always remain in the plane 
which passes through the centre of force and the initial direction of projec- 
tion : for at no time does any force act to remove it from this plane. We can 
therefore define the position of the particle by polar coordinates (r, 6) in this 
plane, the centre of force being the origin. Let P denote the acceleration 
directed to the centre of force. We shall not suppose for the present that P 
is necessarily a function of r alone. 

The kinetic energy of the particle is 

and the work done by the force in ai; arbitrary infinitesimal displacement 
(5r, he) is 

-nr. 

The Lagrangian equations of motion of the particle are therefore 

jr-r^«=-P, 

la 

The latter equation gives on integration 

= A, where A is a constant ; 

this is the integral corresponding to the ignorable coordinate and can be 
physically interpreted as the integral of angular momentum of the particle 
about the centre of force. 

* Newton, Principia^ Book Seet 11. 
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To find the differential equation of the path described (which is generally 
called the orbit or trajectory)^ we eliminate dt from the first equation by using 
the relation 

dt‘ r* d6 ’ 

we thus obtain the equation 


or, writing u for 1/r, 


h d fh dr\ h* p 


d*u 




This is the differential equation of the orbit*, in polar coordinates ; its 
integration will introduce two new arbitrary constants in addition to the 
constant A, and a fourth arbitrary constant will occur in the determination of 
t by the equation 




+ constant. 


The differential equation of the orbit in (r, p) coordinates, (where p 
denotes the perpendicular from the centre of force on the tangent to the 
orbit), is often of use: it may be obtained directly firom Siacci’s theorem 
(§ 18)> which (since h is now constant) giv^ at once 

P ^ 


or 


^ fdr’ 


which is the differential equation of the orbit. 

Sinoe where v is the velocity in the orbit, we have from this equation 

r 

which may be written in the form 

where g is the chord of curvature of the orbit through the centre of force. 

We firequently require to know the law of force which must act towards a 
given point in order that a given curve may be described ; this is given at once 
the equation 

d^\ 


P - 


/ d*tt\ 


if the equation of the curve is given in polar coordinates ; while if the equa- 
tion is given in (r, p) coordinates, the foroe is given by the equation 

* This is substantLilly given in Newton’s Principia, Book i. M 9 and 8, and in Olairaot’s 
TMorii d4 la Lttnt (1766) ; and in the above fonn in Whewell’i Dynamiei (1838). 
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If the equation of the curve is given in rectangular coordinates, we pro- 
ceed as follows : 

Take the centre of force as origin, and let /(a:, y)«0 be the equation of 
the given curve. The equation of angular momentum is 

xy — yx = h. 

Differentiating the equation of the curve, we have 

/* • ^ +fy . y = where /, stands for ^ . 

ox 

From these two equations we obtain 

¥* 

Differentiating again, we have 

„ W ^ ^ hfy ^ / fl/y \ _ hfy ^ ( hfy \ 

“ * a* ^ay ” «/. + yfy ' dx U/, + yfj xf, + y/i ’ ay ' 

Performing the differentiations, this gives 

X SB ~ ftfyy) 

+ yfyf 


But the required force is P, where x * 


P - ; and therefore we have 
r 


Wx + yfyY 

this equation gives the required central force. 

The most important case of this result is that in which the curve 
f(x, y)»0 is 'a conic, 

2/ {x, y) = -f 2hxy + 6y* + ^gx 2/y 4* c « 0. 

In this case we find at once that the expression 
/«/y’-2/x,M+/w/.’ 
has, for points on the conic, the constant value 


while the quantity 
has the value 


~ (a6c + 2/y/4 - af* - 6y* - cA*), 
¥ 

^i^yiy 


and so is a constant multiple of the perpendicular from the point (a;, y)on the 
polar of the origin with respect to the conic. We thus obtain, for the force 
under which a given conic con be described, an elegant expression due to 
Hamilton*, namely that the force acting on the particle in the position (x, y) 


* Pros. Hoy. Irish Acad. 1S4S. 
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voriM direcUy as the radius from the centre of force to the point (a?, y), and 
inversely as the cube of the perpendicular from (x, y) on the polar of the centre 
of force. 

The two following theorems, the proof of which is left to the student, may together be 
regarded as the converse of Hamilton’s theorem. 

(i) If a particle moves under the action of a force directed to a fixed point, varying 
directly as the distance from the fixed point and inversely as the cube of the distance 
from a given straight line, the orbit is always a conic. 

(ii) If a particle moves under the action of a force directed to the origin, of 
magnitude 

where (x, y) are rectangular coordinates and fi, a, /3, y are constants, the orbits are comes 
which touch the lines 

ax*+2/3ay+yy*-0. 

Darboux {Comptei HendtUy Lxxxiv. p. 936) has shewn that these two laws of force are 
the only laws for which the orbits are always conics, if the force depends only on the 
position of the particle, Suchar {Naav. Ann* vi. p. 532) has found other laws of force, 
which involve the components of velocity of the particle. 


Example 1. If a conic be described under the force p given by Hamilton’s theorem, 

shew that the periodic time is where po is the perpendicular from the centre of 

the conic on the polar of the centre of force. (Qlaisher.) 


Example 2. Shew that if the force be 

K 

(ifx*+2iyay+5y*+/)*' 

a particle will describe a conic having its asymptotes parallel to the lines 

ilx* + 2irxy + 5y* * 0, 

if properly projected. (Qlaisher.) 


48 . The integrable cases of central forces; problems soluble in terms of 
circular and elliptic functions. 

The most important case of motion under central forces is that in which 
the magnitude of the force depends only on the distance r. Denoting the 
^orce by /(r), the differential equation of the orbit is 


Integrating, we have 


d^u 


/(»■) 

W* ■ 




tt*, 


where.!; is a constant : integrating this equation again, we have 
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and this is the equation of the orbit in polar coordinates. When r has been 
found from this equation in terms of the time is given by the integral 


'-if 


-I- constant. 


The problem of motion under central forces is therefore always soluble by 
quadratures when the force is a function of the distance only. 

Example, Shew that the differential equations of motion of a point P are always 
integrable by a simple quadrature when the central force F is of the form 

r^{at^by 

where ^ is a function of $ only, while a and h are arbitrary constants. (Armellini.) 

We shall now discuss the cases in which the quadrature can be effected 
in terms of known functions, the central force being supposed to vary as some 
positive or negative integral power, — say the nth, — of the distance. 

Let us first find those problems for which the integration can be effected 
in terms of circular functions. The above integral for the determination of 6 
can be written in the form 

d = J(a-hbu^-h cu~^~^yi du, 

where a, b, c are constants; except when n- — l, when a logarithm replaces 
the term in If the problem is to be soluble in terms of circular func- 

tions, the polynomial under the radical in the integrand must be at most of the 
second degree ; this gives 

= 0, I, or 2, 

and consequently 

= - 1 , - 2, or — 3. 

The case n = - 1 is however excluded by what has already been said, and 
the case n * 1 is to be added, since in this case the irrationality becomes 
quadratic when u* is taken as a new variable. 

Next, let us find the cases in which the integration can be effected by the 
aid of elliptic functions*. For this it is necessary that the irrationality to be 
integrated should be of the third or fourth degree f in the variable with 
respect to which the integration is taken. But this condition is fulfilled if 
n « 0, - 4, or - 6, when u is taken as the independent variable ; 
n = 3, 6, or - 7, when is taken as the independent variable. 

It follows that the problem of motion under a central force which varies as 
the nth power of the distance is soluble by circular or elliptic functions in the 
cases 

w ■« 6, 3, 1, 0, "" 2, “• 3, ““ 4, — 5, — 7. 

♦ Tbeae oaset ware first investigsted by Leftendre, TMorie dee Fonctiont EUiptiqua (1826) 
tad afterwards by J. F. Stader, C relieve Journal^ zlti. (1868), p. 262. 

t Whittaker and Watson, Modem AnalytU, § 22*7. 

w. D. 


6 
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Example, Shew that the problem is soluble by elliptic functions when n has the 
following fractional values : 

n»-J, -J, -J, -J, -J. 

The general case of fractional values of n is discussed by Nobile, Oiomale di Mat. XLVi. 
(1908), p. 313. 

The cases in which motion under a central force varying as a power of 
the distance is soluble by means of circular functions are of special interest. 
They correspond, as shewn above, to the values 1,-2, - 3 of n ; the case 
n * - 2 will be considered in the next article : the cases n = 1 and n = - 3 
can be treated in the following way. 

(i) 71 =B 1. 

In this case the attractive force is 


f{r)m fir, 

SO the equation of the orbit becomes 

“-ij (it), 


where u* * v, 


or 2(^-7)* arccos 1 , where 7 is a constant of integration, 

(--^r 

U A-J 

or 1 - I + g _ cos (219 - 2y). 

This is the equation of an ellipse (when n>0) or hyperbola (when /*< 0) 
referred to its centre. The orbits are therefore o(mics whose centre is at 
^he centre of force*. 

(ii) n * - 3. 

In this case the attractive force is 

/(»•)“ 5 - 

so the equation of the orbit becomes 

* Newton found that 11 a body move in an eUipee nnder the action of a force directed to the 
centre of the ellipee, the foroe ie directly proportional to the dietanee : Prieeipia^ Book 1 . f S, 
Prop. X. 
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Integrating, we have 

w = -A cos (JcB + €), where A;*« 1 - ^ , when fi < 4*, 

M ss il cosh 4* f), where = ^ — 1, when ^>4* 

LW = il^ + €, when 

where in each case A and e are constants of integration. 

These curves are sometimes known as Cotea* apiraU\ the last is the 
reciprocal spiral*. 

In connexion with fon*e8 varying as the inverse cube of the distance, it may be observed 
that if 

r-/W 

be an orbit described under a central force P{r) to the origin, then the orbit 

where k is any constant, can be described under a central force P(r)4^, where c is 

a constant : the intervals of time between corresponding points, i.e. points for which the 
radius vector has the same value, in the two orbits being the same. 

For, if accented letters refer to the second orbit, we have 


A'* 

If therefore we choose the new constant of momentum A' so that 

h'^hk 

^this equation implies that the intervals of time between corresponding points in the two 

orbits ftre the same, since it can be written ^ have 


which establishes the result. This is sometimes known as NewtofCt theorem of revolving 
orbits. 

The types of central motion corresponding to 
n»6, 3, 0, -4, -5. -7 

lead, as has been shewn, to elliptic integrals : on inverting the integrals, we 
obtain the solution in terms of elliptic functions. As an example we shall 
take the case of n =* - 5. 

* Newton, Principia, Book i, § «, Prop. ix. ; R. Cotes, Hormonia Memuranm, pp. 81, 96. 

e ~2 
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Let be the force towards the centre of attraction; we shalt suppose 
the particle initially projected with a velocity less than that which would be 
acquired by a fall from rest at an infinite distance to the point of projection, 
so that the total energy 

is negative : call this quantity - i 7 . Then the equation of energy 


together with the equation 




=s h 


gives 


\de) 


Introducing in place of r a new variable p defined by the equation 

\i 1 




the differential equation becomes 

The roots of the quadratic 

^ 3 9 2A‘ 

are real when 7 is positive; their sum is *. and the smaller |of them is less 
than - i. Hence if the greater and less of the roote be denoted by ^ and «, 
respectively, and if s. denotes — we have the relations 

«i + «i + e, « 0, 

et>et>et, 

where c is a constant of integration, and the function is formed with the 
*W)t 8 e,, Thus we have 

i 1 


190 




'^2/ A {|>(0 -,)+*}*• 

Now r is real and positive, and, as we see from the equation of energy, 
cannot be greater than So |»(«-.) + J is real and positive and 

has a finite lower limit; but when the function is real 
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and has a finite lower limit for all real values of 0 only when c is real; 
so € is purely real, and by measuring 6 from a suitable initial line we can 
take € to be zero. We have therefore 

1 

A{p(0) + il*’ 

and this is the equation of the orbit in polar coordinates*. 

The time can now be determined from the equation 


or 


2h* U 


dO 


}p{0)-ef 
Performing the integration, we have 


< = - 




2 (Sj — 6i) (Sj — S|) 


m+i 


m 

p{e)-e, 




}■ 


where J’(d) is the Weierstrassian zeta-functionf. This equation determines t. 

Example 1. Shew that the equation of the orbit of a particle which moves under the 
influence of a central attractive force pit* can be written in the form 


r»aBn(K — - , k\, 

V VITP' r 

or else in the form 

-mmkBn(K- ,1— y /tV 

provided A* > \pE > 0, where A is the angular momentum round the origin and E is the 
excess of the total energy over the potential energy at infinity. 

(Cambridge Math. Tripos, Part I, 1894.) 


Example 2. A partiole is attracted to the origin with constant acceleration p ; shew 
that the radius vector, vectorial angle, and time, are given in terms of a real auxiliary 
angle u by equations of the type 


^ j ^ (<>l + W -h + q) <r (a>i - «g8 - fl) 


(Schoute.) 


Among the points of special interest on an orbit are the points at which 
the radius vector, after having increased for some time, begins to decrease : 
or after having decreased for some time, begins to increase. A point 
belonging to the former of these classes is called an apocentre, while points 
of the latter class are called pericentres; both classes are included under the 


* The orbits are discussed and classified by W. D. MacMillan, Amer. Joum. Math. xxx. 
(1908), p. 282. 

t Cf. Whittaker and Watson, Uadirn Amlyeie^ § 20'4. 
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general term apu. At an apee, if the apee is not a singularity of the orbit 
(e.g. a cusp), we have 



which implies that the tangent to the orbit is perpendicular to the radius 
vector. 

The words aphelion and perihelton are generally used instead of apocentre 
and pericentre when the centre of force is supposed to be the Sun. 

Example. A particle moves under an attraction 


to a fixed centre; shew that the angle subtended at the centre of force by two consecutive 
apses is 

ft 

wh^ h is the constant of angular momentum. 

49. Motion under the Newtonian law*. 

The remaining case in which motion under a central force varying as an 
integral power of the distance can be solved in terms of circular functions is 
that in which the force varies as the inverse square of the distance. This 
case is of great importance in Celestial Mechanics, since the mutual attractions 
of the heavenly bodies vary as the inverse squares of their distances apart, in 
accordance with the Newtonian law of universal gravitation. 

(i)" The orbits. 

Consider then the motion of a particle which is acted on by a force 
directed to a fixed point (which we can take as the origin of coordinates), of 

magnitude /iu* where u is the reciprocal of the distance from the fixed point. 
Let the particle, be projected from the point whose polar coordinates are 
(jp, a) with velocity Vq in a direction making an angle 7 with c ; so that the 
i^pgular momentum is 

A * cvj sin 7 . 

The differential equation of the orbit is 

^ ^ ~ " Vc* sin* 7 ’ 

this is a linear differential equation with constant coefficients, and its 
integral is 

u * — - - ( 1 4- e cos (tf - w)l, 
t;a*c*sin*7‘ ' ' 

* l^ewton, Frineifia, Book 1. 1 8 , Props, xi., in., xiii. 
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where e and m are constants of integration. This is the equation, in polar 
coordinates, of a conic whose focus is at the origin, whose eccentricity is 
and whose semi-latus rectum I is given by the equation 

, __ Vc* sin* 7 

the constant w determines the position of the apse-line, and is called the 
perihelion-constant 

The circumstance that the focus of the conic is at the centre of force is in accord with 
Hamilton’s theorem ; for if the centre of force is at the focus of the conic the perpen- 
dicular on the polar of the centre of force is the perpendicular on the directrix, which is 
proportional to r, as by Hamilton’s theorem the force must be proportional to 1/r*. 

To determine the constants e and w in term^ of the initial data c, a, 7, v®, 
we observe that initially 

A 1 dw 1 


substituting these values in the equation of the orbit and the equation 
obtained by differentiating it with respect to 6 , we have 

( v^c sin* 7 = /Lt -f /lie cos (a — w), 

(vo*c sin 7 cos 7 /ie sin (ot - m). 

Solving these equations for e and cr, we obtain 

1 _ 1 . ^0^ 'y _ sin* 7 
® Ti ;; > 


cot (« — «■)* 




•f tan 7. 


cvo* sin 7 cos 7 

The semi-major axis, when the conic is an ellipse, is generally called the 

mean distance of the particle ; denoting it by a, we have 

I 


and substituting the values of I and e* already found, we have 



this equation determines a in terms of the initial data. 

The time occupied in describing the whole cii-cumference of the ellipse, 
which is generally called the periodic time, is 


j X area of ellipse, 
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since h represents twice the rate at which the area is swept out by the radius 
vector ; the periodic time is therefore i where h is the semi-minor axis. 
But we have 

A = VoC sin 7 — V/i/ = 6 ^ » 

so the ^periodic time is 27ryZ® . It jg usual to denote the quantity 
by n ; the periodic time can then be written 

2'jr 

T’ 

n is called the mean motion, being the mean value of $ for a complete period. 

It has been shewn by Bertrand and Koenigs that of all laws of force which give a zero 
force at an infinite distance, the Newtonian law is the only one for which all the orbits are 
algebraic curves, and also the only one for which all the orbits are closed curves. 

ExampU, Shew that if a centre of force repels a particle with a force varying as the 
inverse square of the distance, the orbit is a branch of a hyperbola, described 8''out its 
outer focus. 

(ii) Hie velocity. 

Consider now the case in which the orbit is an ellipse ; the equation 

establishes a connexion between the mean distance a and the velocity and 
radius vector c at the initial point of the path. Since any point of the orbit 
can be taken as initial point, we can write this equation 

Mfhere v is the velocity of the particle at the point whose radius vector is r. 

Similarly if the orbit is a hyperbola, whose serai-major axis is o, we find 






and if the orbit is a parabola, the relation becomes 

r 

It is clear from this that the orbit is an ellipse, parabola, or hyperbola, 
2a 

according as i.e. according as the initial velocity of the particle is 

less than, equal to, or greater than, the velocity which the particle would 
acquire in falling from a position of rest at an infinite distance from the 
centre of force to the initial position. 
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It cto further be shewn that the velocity at any point can be resolved into 
a component ^ peipendicular to the radius vector and a component ^ perpen- 
dicular to the axis of the conic ; each of these components being constant. 


For if 8 be the centre of force, P the position of the moving particle, 
0 the intersection of the normal at P to the conic with the major axis, GL 
the perpendicular on SP from 0,and 8Y the perpendicular on the tangent at 
P from iS>, it is known that the sides of the triangle SPG are respectively 
perpendicular to the velocity and to the components of the velocity in the 
two specified directions; and therefore we have 


Component perpendicular to the radius vector = 


v.SP 

PG 


h.SP _ h 
SY.PG'^ PL 

h 


SG 

and Component perpendicular to the axis = ^ ^ Component perpendicular 

to the radius vector 


which establishes the result stated. 


eji 

h ’ 


Example 1. Shew that in elliptic motion under Newton’s law, the projections, on the 
external bisector of two radii, of the velocities corresponding to these radii, are equal. 
Shew also that the sum of the projections on the inner bisector is equal to the projection 
of a line constant in magnitude and direction. (Cailler.) 

Example 2. Shew that in elliptic motion under Newton’s law, the quantity jTdt, 

where T denotes the kinetic energy, integrated over a complete period, depends only on 
the mean distance and not on the eccentricity. (Grinwia.) 

Example 3. At a certain point in an elliptic orbit described under a force ^/r®, the 
constant is suddenly changed by a small amount. If the eccentricities of the former and 

new orbits are equal, shew that the point is an extremity of the minor axis. 

(iii) Ths anomdies in elliptic motion. 

If a particle is describing an ellipse under a centre of force in the focus S, 
the vectorial angle ASP of the point P at which the particle is situated on 
the ellipse, measured from the apse A which is nearer to the focus, is called 
the true anomaly of the particle and will be denoted by 0\ the eccentric 
angle corresponding to the point P is called the eccentric anomaly of the 
particle, and will be denoted by u : and the quantity nf, where n is the 
mean motion and t is the time of describing the arc AP^ is called the mean 
anomaly of the particle. We shall now find the connexion between the three 

anomalies. 
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The relation between 6 and u is found thus: 

We have 

- = 1 + cos 
r 

and r^a — ex, where x is the rectangular coordinate of P referred 

to the centre of the ellipse as origin, 

or r« a(l - ecos u). 

^Hence (1 -eco8t<)(l + ecos^) = 1 -e*, 

an equation which can also be written in the forms 

‘""r (rrJ 

, . (1 - e*)^ sin B 

and sin u » -pr . 

l-f e cos ^ 

The relation between u and nt can be obtained in the following way : 

We have 

2 2 6 

t ^ X Area ASP ^ ^ . - x Area ASQ, where Q is the point on the auxiliary 
circle corresponding to the point P on the ellipse 

2 

>* {Area — Area jSC 7Q), where C is the centre of the 
ellipse 

2 fa’ a}e . ) 
na’ 1 2 2 j 

«0 ni * w - 6 sin w. 

This is known as Kepler* s equation. 

A Domogram for the solution of this qustion is described bj H. Chretien, Am. Mn(. 

Reims (1907), p. 83. The solution by analytical expansion has been discussed by 

mahy writers, an important recent memoir Iwing that by Levi-Civita, Atti della R. Acc. 
dfi Lincei^ Rendicontiy (5) xiii. (1904), p. 200. 

ll^^astly, the relation between B and can be found as follows : 


We have 


nt * n - « sin u. 


Replacing u by its value in terras of B, this becomes 

. ((l-e*)^in^] e(l-e*)i8intf 

nt - arcsm r - Tp > 3— , 

l+ecost^j l+ecostf 

which is the required relation ; this equation gives the time in terms of the 
vectorial angle of the moving particle. 

A solution of th# problem of caloulaiting the True Anomaly from the Mean Anomaly, 
baaed on a geometri0|l deduction, was found among the unpublished papers of Newton. 
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Example 1. Shew that 

m I 

+ 2 Z - Jr (re) sin fn<, 
r«i r 

where the eymboU J denote Beeeel coeficienU^. 

For we have 

!_ rftt _ 1 

n dt 1 -ecostt 


J_ ^ni) ^ • con mt f^ooamt. d(nt) 

2irJo l-ecostt r=i «• Jo l-ecost4 * 

^ . • cosmi I , • . t 

T„ j« — jo 


by Fourier’s theorem t 


= I + 2 Z (r«) cos mi J. 

r=| 

Integrating, we have the required result. 

Example 2. Shew that 

d=7ii + 2e 8inni + Je*sin 2ni + .... 

Example 3. In hyperbolic motion under the Newtonian law, shew that 

i(«-»-l)4c08id-f(c-l)i8inid>* l + ecos^’ 

and in parabolic motion, shew that 


(^)*<=ten|+Jt-n»|, 


where p is the distance from the focus to the vertex. 


Example 4. In elliptic motion under Newton’s law, shew that the sum of the four 
times (counted from perihelion) to the intersections of a circle with the ellipse is the same 
for all concentric circles, and remains const mt when the centre of the circle moves parallel 

to the major axis. (Oekinghaus.) 


(iv) Lambert's theorem. 

Lambert in 1761 shewed that in elliptic motion under the Newtonian 
law, the time occupied in describing any arc depends only on the major axis, 
the sum of the distances from the centre of force to the initial and final 
points, and the length of the chord joining these points : so that if these 
three elements are given, the time is determinate, whatever be the form 
of the ellipBe§. 

* The name of Beuel is oommonly eonneotcd with this expansion : but it is really dne to 
Iii«range, Oswrei, in. p. 180. 

t Of. Whittaker and Watson, Modem Analytit, Chapter xx. 
t Ibid, Chapter xvn. 

8 Lambert’s original demonstration was geometrical and synthetic: the theorem was proved 
analyiioaUy and generalised by Lagrange in 1778 (Oeuvres de Lugrange^ tf» p. 559). 
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Let u and v! be the eccentric anomalies of the points ; then we have 
n X the required time « u' — e sin w' — (u — s sin u) 

. , ^ . . U'-M tt' + M 

* (tt - u) - 2« sm — ^ cos — ^ . 

Now if c be the length of the chord, and r and r be the radii vectores, 
we have 

r + r' ^ ^ o o ^ + li'-ti 

a 1 — ^ COS w + 1 — « cos li = 2 — 2s cos — ^ — cos — x — , 

a Z L 


and c* « a* (cos u — cos u)* + 6* (sin u - sin w)* 

= 4a*sin^^^-^ ~e*cos* ^^— ^ , 

so 


Hence we have 

r + r' + c 


= 2 - 2 cos 


(tt'-tt / M+uV 

j— ^ + arccos \ e cos * » 


and 


r + r — c o 
=s 2 - 2 cos 


+ arccos | 

+ arccos I 


and therefore^ 


2 arcsin 


1 /r + -4- c\^ u — u 


■ 

I \ a / 


+ arccos \e cos -y- j V , 

/ w + u'\ 

(•««— 2-j* 


+ arccoe 


j - , 1 /r 4- r' — c\i u' — u / u + w'\ 

and 2 arcsin ^ ( o”~/ ~ 2 ” c®® — 2 — / ' 

Thus if quantities a and are defined by the equations 


/r + r'+cy 

8m^ = 


/r + r' - cV 

\ a I 

2 

2 

1 a 1 


""ri 


the last equations give 

Cl'\~ d u + u' 

a-/8"tt'-u, and cos-y-«=eco8— 

^bns finally we have 

tl + B . (K — ^ 

n X the required time — a - — 2 cos ^ ■ sin — 2 - 


This is Lamberi^s theorem. 


: (a - sin a) - (/8 - sin P). 


Example 1. Examine the limiting case when the minor axis of the ellipse vanishes, so 
that the orbit is rectilinear. 


* It will be noticed that owing to the presence of the radicals, Lambert's theorem is not free 
from ambignitj of sign. The reader will be able to determine without difBoulty the interpretation 
of sign oorreeponding to any given position of the initial and final points. 
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JSxampU 8. To obtain tK$ form of Lamberts theorem applicable to parabolic motion. 

If we euppoee the mean distance a to become large, the^angles a and ^ become very 
small, so Lambert’s theorem can be written in the approximate form 

Required time-— 

-©‘um'-m'i 

--ir {(r+r'-Pc)* 
and this is the required form*. 

Example 3. Establish Lambert’s theorem for parabolic motion directly from the formulae 
of parabolic motion. 

60. The mutual tranefarntation of fields of central force and fields of 
parallel force. 

If in the general problem of central forces we suppose the centre of force 
to be at a very great distance the part of the field considered, the lines 
of action of the force in different positions of the particle will be almost 
parallel to each other; and on passing to the limiting case in which the 
centre of force is regarded as being at an infinite distance, we arrive at the 
problem of the motion of a particle under the influence of a force which is 
always parallel to a given fixed direction. 

For the discussion of this problem, take rectangular axes Ox, Oy in the 
plane of the motion, Ox being parallel to the direction of the force ; and let 
X (x) be the magnitude of the force, which will be supposed to be independent 

of the coordinate y. The equations of motion are 

B ^ X (*), y ■■ 0, 

and the motion ia therefore represented by the equations 

t — ay + 6 — J {2jX{x)dx-\‘ c}”* dx-\-l, 

where a, 6, c, I are the constants of integration ; the values of these are 

determined by the circumstances of projection, i.e. by the initial values of 

y. 4 y. 

While the problem of motion in a parallel field of force is a limiting case 
of the problem of motion under central forces, it is not difficult to reduce the 
latter more general problem to the former more special one. 

For if a particle is in motion under a force of magnitude P directed to 

* This result was given by Newton (Principia, Book iii, lemma, x), and later by Euler in liie 
l>eterminatio Orbitae Comtae Anni 1743 (1748), before Lambert published the geueral theorem. 
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a fixed coitre (which we may take as ori];;in of coordinates), the equations 

of motion are 



The angular momentum of the particle round the origin (which is con- 

stant) it scy-yi'.H this be denoted by h. Introduce new coordinates X, F, 

defined by the homographic transformation 


X 


X 



T «* 


y’ 


and let T be a new variable defined by the equation 


Then we have 




(fix 

dfi’ 


0 . 


(fir 

df>' 




These equations shew that a particle whoee coordinates are (Z, F) would, 
if T were interpreted as the time, move as if acted on by a force parallel to 


the axis of Y and of magnitude As the solution of this transfonned 

|m>blem will yield the solution of the original problem, it follows that the 

^fmercU problem of motion under central forces is reducible to the problem of 


mo(um tn a parallel field of force, 

BxampU 1. Shew that the path of a free particle moving under the intluenoe of gravity 
** alone is a parabola with its axis vertical and vertex upwards. 



the com f(s, y)«0 can be described is a constant multiple of 


EmmpUX If a parallel field of force is such that the path described by a free particle 
ia a oonie whatever be the initial conditions, shew that the force varies ss Uie inverse cube 
of thedistanos ftfom some line perpendicular to the direction of the force. 

51s Bomefe theorem. 

We now proceed to discuss the motion of a particle which is simultaneously 
attracted by more than one centre of force. An indefinite number of particular 
cases of motion of this kind can be obtained means of a theorem due to 
Legendre^, but generally known as Bonnets theorem, which may be stated 
thus: 

* Lsgiadia, Eun. is Csk, /m. ii. (1817), p. 888. 
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If a given orbit can he described in each of n given fields of forcSy taken 

separately, the velocities at any point P of the orbit being v,, Vn, 

respectively y then the same orbit can be described in the field of f<yrce which 
is ohtamd hy tuperpmng all these fields, the velocity at the point P bang 

For suppose that in the field of force which is obtained by superposing 

the original fields, an additional normal force R is required in order to make 
th6 particle move on the curve in question ; and let it be projected from 

a point A so that the square of its velocity at A is equal to the sum of the 

squares of its velocities at A in the original fields of force. Then on adding 
the equations of energy corresponding to the original motions, and comparing 

with the equation of energy for the motion in question, we see that the 
kinetic energy of the motion in question is the sum of the kinetic energies 

of the original motions, i.e. that the velocity at any point P is 
Hence, rtssolving along the normal to the orbit, we have 


^ V,* + Vj* + . . . -f V 

ffl 

P 


= F, + Ft + 


...+F„ + R, 


where m is the mass of the particle, p the radius of curvature of the orbit, 
and F,, F,, ..., F„ are the normal components of the original fields of force 
at P. 


But 


P 




K, 


and therefore R is zero ; the given orbit is therefore a free path in the field 

of force which is obtained by superpsing the original fields. 


Example. Shew that an ellipse can he described if forces 
r*+8a’ , r'®-|-8a* 


respectively o/it in the directions of the fod. 

This result follows at onoe from Bonnet’s theorem when it is observed that the given 
forces are equivalent to forces ^ and ^ acting in the directions of the foci, together with 
a force distance acting in the direction of the centre of the ellipse. 


62. Determination of the most general field of force under which a given, 
curve or family of curves can be described. 

Let <f>{x,y)^c 

be the equation of a curve j on varying the constant c, this equation will 
represent a family of curves. We shall now find an expression for the 
most general field of force (Jhe force being supposed to depnd only on the 
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position of the particle on which it acts) for which this family of curves is 
a family of orbits of a particle. 

Let t; denote the velocity of the particle, and (A', 7) the components of 
force per unit mass parallel jbo the coordinate axes. The tangential and 

normal components of acceleration being ^ ^ and ^ respectively, we have 

jr - - ^ ^ (^•+ ^ ^ (.W + W)~^. 

y « - ^ (^.* + ^•)~* + \ % ^x(^x* + 

Substituting for - its value, namely 

4>y^ i>xx ~ ^4>»^y4^xy 


we have 


X as — 
Writing 


(0** + <^y*)* 2 da 


(</>** + 


and replacing ^ by (^**+ V) ^ ~ equation becomes 

X = u{4)t4>„- <f)^y) + i <#>» (<<>x’ + . 

Now u is arbitrary, since it depends on the velocity with which the given 
orbits are described ; and as X and Y are to be functions of the position of 
the particle, we can take u to be an arbitrary function of x and y ; we have 
therefore 

X = U (<f>z^yy *“ ^y^*y) + ~ ^y^)> 

and similarly 

Y — U {fpy^xx ~ 4>x^apy) i (^y **« ^x^y), 

where u is an arbitrary function of x and y. These expressions for the field 
of force under which the curves of the given family are orbits were first given 
xby Dainelli^. 

I’! 

Example 1. SKev that a particle can deeeribe a given curve under any arbitrary foreet 
Px, Pt, directed to given fixed pointe^ provided these foreet eatitfy the relation 




where r^ it the radiut and p^ the perpendmUar on the tangent, from the kth of the given fixed 
pointt, and where p it the radiut of curvature of the given curves 

For the tangential and normal oomponenta of force on the particle are 

T~-lPt^ and N~iPu^-, 
k dv k fk 

* QUrmaU (U Hat. inii. (1880), p. 171. 
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80 from the equation 
we have 


f)r 



Exmaple 2, A particle can describe a given curve under the single action of any one 
of the forces <^i, <^2> •••? acting in given (variable) directions. Shew that the condition to 
be satisfied in order that the same curve may be described under the joint action of forces 
Fi, ^2, acting in the directions of <#>1, <^2) - m respectively, is 

where c* is the chord of curvature of the curve in the direction of (Curtis.) 

Example 3. A point moves in a field of force in two dimensions of which the work 
function is shew that an equipotential curve is a |)OHsible path, provided V satisfy the 
equation 



02 r eVdV 
dx dy 


diV/dVY\ i/dV\^ /dV\hi 

vUOhl(ar) 


(Coll. Exam.) 


63. The problem of two centres of gravitation. 

The equations of motion of a particle moving in a plane under arbitrary 
forces cannot be integrated by (piadratures in the general case. The most 
fiimous of the known soluble problems of this class, other than problems of 
central motion, is the problem of two centres of gravitation, i.e. the problem 
of determining the motion of a free particle in a plane, attracted by two fixed 
Newtonian centres of force in the plane; its integrability was discovered by 
Euler*. 

Let 2c denote the distance between the two centres of force ; and take 
the point midway between them as o ngin, and the line joining them as axis 
of X, so that their coordinates can be taken to be (c, 0) and (— c, 0). The 
potential energy of the particle (whose mass is taken to be unity) is therefore 

V=- ft ((x - c)‘ + y»l - /i' l(x + cf + y-] “ i 
where p and p are constants depending on the strength of the centres of 
attraction. 

Now any ellipse or hyperbola with the two centres of force as foci is a 
possible orbit when either centre of force acts alone, and therefore by Bonnet s 
theorem it is a possible orbit when both centres of force are acting. It 
is therefore natural, in defining the position of the particle, to replace the 
rectangular coordinates {x, y) by elliptic coordinates (f, rj), defined by the 
equations 

.r c cosh f cos ?/, y = c sinh f sin r/. 

* Euler, Mem, dt Berlin, 1760, p. 22S; Nov. Comm. Petrop, x. (1764), p. 207; xi. (1765), 
p. 162: Lagrange, Mem. dt Turin, iv. (1706-9), pp. 118, 215, or Oeuvres, ii. p. 67. 


W. D. 


7 
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The equations f - Constant and r, = Constant then represent respectively 
ellipses and hyperbolas wh-se foci are at the centres of force ; and these are 

a particular family of orbits. 

The potential energy, when expressed in terms of f and ij, becomes 

y_ i , 

c (cosh f - cos 1 }) c (cosh f + cos »;) 
and the kinetic energy T is given by the equations 

= ^ (cosh* f - cos* Ti) (f* + if). 

This problem is evidently of Liouville s type (§ 4 B), and can therefore 
be integrated by the method applicable to this class of questions. The 
Lagrangian equation for the coordinate f is 

dV 

C« A ((cosh* f - cos* 1?) - C* cosh f sinh f f^* + - 0| . 

or 

c* — ((cosh* f - cos* ij)' - 2c* cosh f sinh f (cosh* f - cos* »?) f (f* + v') 

‘ .dV 

- — 2 (cosh* f — cos* *?) f 

or, using the equation of energy r+ F* A, 
c» ^ j(cosh* f - cos’ 1 ?)* Pi 

= - 2 (cosh* f - cos* ’ll ^ + 2 (A - ^) I ^ (cosh’ f - cos* 

= l(fc - V) (cosh’ f - cos’ >j)l 

t 

= 4 ( A (cosh’ { - cos’ Ij) + - (cosh f + cos ij) + ^ (cosh f cos r)) ■ 

» 2 ^ (a cosh* f + cosh f ^ . 

Integrating, we have 

^ (cosh* f - cos’ 1 /)’ I’ = A cosh’ f + cosh f - 7. 

2 

where 7 is a constant of integration. 

Subtracting this from the equation of energy, which can be written 

^ (cosh^f — cos’ *j)* (I* + ^) 

- /i (cosh’ f - cos’ n) + ^ (cosh f + COB 1;) + ^ (cosh f - cos 1;), 
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we have 

(cosh* f - cos* i= - A cos* r) cos rj ’\-y. 

Eliminating dt between these equations, we have 

(rfp 

Acosh^f 4 -^— ^coshf -7 -hcos^r) 

Introducing an auxiliary variable u, we have therefore 
u - cosh*f + - cosh f — 7 I * rff, 

w=/|— A cos*77 — 77 -f 7| dff. 

These are elliptic integrals, and we can therefore express f and rj as elliptic 
functions of the parameter u, say 

These equations determine the orbit of the particle, the elliptic coordinates 
(f, 7)) being expressed in terms of the parameter n*. 


54. Motion on a surface 


We shall next proceed to consider the motion ot a particle which is tree 
to move on a smooth surface, and is acted on by any forces. 

Let (Z, F, Z) be the components, parallel to fixed rectangular axes, of 
the external force on the particle, not including the pressure of the surface : 
let (x, y, z) be the coordinates and v the velocity of the particle, s the arc and 

p the radius of curvature of its path, 'x^ the angle betwee;i the principal 
normal to the path and the normal to the surface, and (X, fi, v) the direction- 
cosines of the line which lies in the tangent-plane to the surface and is 

perpendicular to the path at time t ; the mass of the prticle is taken as unity. 


The acceleration of the particle consists of components vdvjds along the 
tangent to the path and if^lp along the principal normal ; the latter component 
can be resolved into (vYp)sin;)^ along the line whose direction-cosines are 
(X, /i, v) and (vVp) cos x along the normal to the surface. We have therefore 
the equations of motion 


dv yrdx ^dy „dz 
^Js^^Ts^^Ts^^ds 




.(A), 

.(B), 


* Some generalisations of ihe problem of two fixed centres will be fonnd in a paper by 
Hiltebeitel, Amer. Journ. Math, xxxiii. (1911). p. 337. 

+ The earliest investigation of motion on a surface was Galileo’s study of tbe motion of a 
heavy particle on an inclined plane {I)i»coursef, Third Dialogue, 1638). The motion of a heavy 
particle moving in a horizontal circle on a sphere was examined by Huygens (Horolog, otet'//., 
1678). 
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and these, together with the equation of the surface, are suflScient to determine 
the motion ; for the equation of the surface may be regarded as giving z in 
terms of x and y, and by using this value for z we can express all the 
quantities occurring in equations (A) and (B) in terms of Xy y, x, y, x, y: 
equations (A) and (B) thus become a system of differential equations of the 
fourth order for the determination of x and y in terms of t. 

If the forces are conservative, the expression 

- Xdx - Ydy - Zdz 

will be the differential of a potential-energy function V (a;, y, z ) ; equation (A) 
can therefore be integrated, and gives on integration the equation of energy 

+ F {xy y, z) = c, 

where c is a constant. Substituting the value of v* given by this equation 
in (B), we have 

2(c-F)^=. + 

9 

This is (on eliminating z by means of the equation to the surface) a 
differential equation of the second order between x and y, and is in fact the 
differential equation of the orbits on the surface. 

The differential equations of motion on a surface are not integrable by 
quadratures in the general case : there are however two cases in which the 
problem can be formulated in such a way as to utilise results obtained in 
other connexions. 

(i) Motion under no forces. 

When no external forces act on the particle, equation (B) gives ^ » 0, so 
tfie orbit is a geodesic on the surface* ; the integral of energy shews that this 
geodesic is described with constant velocity. 

^ Example. A particle moves under wo forces on the fixed nnooth ruled surface whose line 
of striction is the axis of iy the direction-cotines of the gerwrator at the point z being 

a . , z 

Min a cos - , Bin asm — , cos a, 
m m 

respectivelg. To determine the motion. 

Let V denote the distance of the point on the surface whose ooordinates are {Xy y, a) 
from the line of striction, measured along the generator, and let (0, 0, () be the coordinates 
of the point in which this generator meets the line of striction. Then we have 

4?Fr8inacos~ , y«vsinasin~, assf+vcosa. 
m m 

* This theorem is due to Euler, Meehaniea (17S6), ii. cap. 4. 
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The kinetic energy of the particle is 

= + ^ 8in®a + f *+2Cvco8 . 

We can take v and ( as the two coordinates which define the position of the particle ; it is 
evident that the coordinate C is ignorable, and the corresponding integral is 

dT 

— =*k, where it is a constant, 

or ^“2 1^ f cos a = l. 

The integral of energy is 

T—hy \vhei*e 4 is a constant. 

Eliminating ( between these two integrals, we have 

( V* + m*) = 2kv^ + (2A -> k^) m* cosec* a. 

If V is initially sufficiently large com|)ared with f, the quantity {2h - I**) is positive ; we 
shall suppose this to be the case, and shall write 

(2A - k^) ni^ cosec* a = 2AX*, where \ is a new constant ; 

the equation thus becomes 

v*(y* + m*)=2A(p*+X*). 

The integration of this equation can bo effected by introducing a real auxiliary variable m, 
defined by the equation 

« = I* {(w* + V*) (X* + V*)} ■ ^ dv. 

J ^ 

Writing v = X?n,r“^, this becomes 

ummj {4r (.r + X*) (a: + m*)} “ ^ dx, 

and this is equivalent to the etiuation 

where the rooU <?3 of the function fp (u) are real and are defined by the equations 

(f, -e^ssX*, «3i — «3=w*, + + 

The connexion between the vari.iblcs v and u is therefore expressed by the equation 

v-Xm 

Substituting this value of in the equation which connects v and t, wo have 
(2A)h=^ I - - -du + Constant 

„J{-.«3^.p(u+«»,)}rfM+ConsUnt* 

= - ^3 ?« - C (« + •»!) + Constant. 

* Cf. WhitUker and Watson, Moderti Analyse, § 20*83. 
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This equation expresses the time t in terms of the auxiliary variable u, and thus iu 
Ci>njunctiou with the equation 

»=Xni(|»(u)-«,r*, 
gives the connexion lietween t> and t 

(ii) Motion on a developable surface. 

If the surface on which the particle moves is developable, we can utilise 

the known theorems that the arc s and the quantity — ^ are unaltered by 

developing the surface on a plane: these results, applied to the equations of 
motion given above, shew that if in the motion of a particle on a developable 
surface under any forces ike .mrface is developed on a plane, the particle vnll 
describe the plane carve thus derived from its orbit with the same velocity as 
before, provided the force acting in the plane-rmtion is the same in airwunt 
an(£ direction relative to the curve as the component of force in the tangent- 
plane to the surface in the surface-motion. 

Example 1. A »mooth partxHe ii projected along the iurface of a right circular cone, 
u>hote axit i» rertical and vertex upwardi, with the velocity due to the depth below the vertex. 
Prove that the path traced out on the cone, when developed into a plane, will be of the form 

f^8inf^-«ai (Coll. Exam.) 


For on developing the cone, the problem becomes the same as that of motion in a plane 
under a constant repulsive force from the origin, and with the velocity coro|)atihle with 
rest at the origin. We therefore have the integrals 




where C is a constant, 



where A is a con.stant. 

These equations give 




- say, 

where a is a new constant. 

ijf) if we have 



and therefore 

/rfuy 1 - oV 
\d3) " <Pu ’ 

".'(l-oV)! 




where 

which is c<|ui valent to 

«|sin”*i>, 

the equation 

r^sin 


Example 2. If in the motion of a point P on a develo]>able surface the tangent IP to 
the edge of regression describes areas proportional to the times, shew that the component 

of force |ieq»endicular to IP and m the tangent-plane is 

proportional to , where p is 

the radius of ciu’Viiture of the edge of regression. 

(Hazzidakis.) 
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66 . Motion on a surface of revolution ; cases soluble in term of circular 
and elliptic functions* . 

The most important case of surface-motion which is soluble by quadra- 
tures is the motion of a particle on a smooth surface of revolution, under 
forces derivable from a potential -energy function which is symmetrical with 
respect to the axis of revolution of the surface. 

Let the position of a point in space be detined by cylindrical coordinates 
{z, r, </>), where z is a cooi-dinate measured parallel to the axis of the surface, 
r is the perpendicular distance of the point from this axis, and </> is the 
azimuthal angle made by r with a fixed plane through the axis. The 
equation of the surface will be a relation between z and /*, sav 

r=/(A 

and the potential energy will be a, function Of z and r (it cannot involve 
since it is symmetrical with respect to the axis), which for points on the 
surface can, on replacing r by its- value f{z), be expressed as a function of z 
only, say V (.?); the mass of the particle can be taken as unity. 

The kinetic energy is, by § 18 , 

The coordinate <\> is evidently ignorable; the corresponding integral is 

— r = k, where k is a constant, 

d(j> 

or {f(z)\-(j> = k; 

this equation can bo interpreted as the integral ot angular momentum about 

the axis of the surface. 

The equation of energy is 

= where h is a constant, 

and substituting for <j> in this equation from the preceding, we have 

[{/' Wr + 1 ] ^'’ + + 2 F (.) = 2h ; 

integrating this equation, we have 

<“[[{/' 0)1’+ Constant. 

The relation between t and z is thus given by a (juadrature ; the values 
of r and </) are then obtained from the equation of the surfitce and the 
equation 

i/(z)l^<p = k, 

respectively. 

* The motion of a particle on a surface of revolution whs luvestipated by Newton, Principiu; 
Book 1 . Section 10. 
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Wo shall now discuss the motion on those surfaces for which this quad- 
rature can be effected by means of known functions, when the axis of the 
surface is vertical {z being ineasuied positively upwards) and gravity is the 
only external force, so that 

V(z):^gz. 

(i) The circular cylinder. 

When the surface is the circular cylinder the above integral 

becomes 

and if the origin of cooixiinates is so chosen that 2ha‘^ = we have 
^ as j (— 2gzy^ dzy 

or ^ - )^g (t — 4)*, where U is a constant. 

The equation 

a-tf) = k 

then gives 

k 

</> - </>o * — Ch where </>o is n constant. 


(ii) The sphei'e. 

The case in which the surface Is the sphere 


is called the problem of the spherical pendulum*, and can be realised by 
sup[Xising a heavy particle attached to a fixed point by a light rigid wire 
ciipable of moving freely about the point. 


In this case the quadrature for t becomes 

)i 


f( ^ f 


or 


^ / I^K 2/i — 2gz) (/* — z^) — A:*] ^ dz. 


’ The integral on the right-hand side of this equation is an elliptic 
integral, which we shall now reduce to Weierstrass’ canonical fonn. Denote 
by Zu Zi, Zf the roots of the cubic 

2{h- gz) (A* — «*) - A:® = 0 ; 

since the expression 

2(h-gz){l^-’Z*)-k^ 


* Lflgimnge, Me'canique Analytiqve. The complete solution in terms of (Jacobian) elliptic 
functions was obtained by A. Tissot, JAouvUle't Journal, (1) xvii. (1H52), p. 88: Jacobi’s own 
solution of the problem of a rotating rigid body in terms of elliptic functions had been published 
previously, in 1839. The analysis connected with the spherical pendulum-is essentially that for 
Lame’s equation of order 2. 
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is negative for the values I and - ^ of 2, and positive for very large positive 
values of z and also for the values of z which occur in the problem considered 
(which must necessarily lie between — I and + 1 , since the particle is on the 
sphere) we see that one of the roots (say 2,) is greater than I and the other 
two (say 22 and 2j, where 22 >23) are between I and — Z. The values of 2 in 
the actual motion will lie between 22 and 23, since for them the cubic must 
be positive. 


Write 

h 

9 

where f is a new variable. 

and 

h 

2r=o-+ 

% 9 

(r=.l, 2.3) 


so that gj, ^2) are new constants, which satisfy the relation 

+ + = + + 

and also satisfy the inequalities >e2>e^. 

The relation between t and 2 now becomes 


or ?=?(< + «). 

where « is a constant of integration and the function ^ is formed with the 
coots 61,63,63. 

Now when 6,, 62, 63 are real and in descending order of magnitude, 
|)(w) and p'(m) are both real when u is real, in \yhich CJise |>(w) is greater 
than 61, and also when ti is of the form Wi + a real quantity, where Wj is 
the half-period corresponding to the root 6,; in this latter case, jp(?0 lies 
between 62 and 63. Since in the actual motion 2 lies between 22 and 23, it 
follows that f lies between 63 and 6„ and therefore the constant e must con- 
sist of an imaginary ptirt 0)3 and a real part depending on the instant from 
which time is measured : by a suitable choice of the origin of time, we can 
take this real part of e to be zero, and we then have 

— + — §>(^ + 0)3). 

^9 9 

This equation gives the connexion between 2 and t. We have now to 
determine the azimuth For this we have the equation 


so 


(f) <f>Q SB k 


lit 


f lit 


where is a constant of integration. 



106 The Soluble Problem of Particle Dynamics [ch. iv 


To effect the integration, we taka \ and to be the (imaginary) values of 
t + corresponding to the values I and — i of ^ respectively ; so that \ and fi 
are new constants defined by the equations 


/ _ - — p{\) and — Z - — =r — fp (/i) ; 

3^ ' 3g 


these equations give 




The integral now becomes 


dt 


(jp (t + wj) - jp (X)l Ijp (t + ft),) - jp (/*)) 


_ kg fl dt dt ] 

~~wj Ip (< + ft),)-p(X) ~ p(< + ft>,')-p(/*) 

_ t rl p' (X) dt p' (m) dt ] 

2j|p(< +ft),)-p(\)' p(« + ft),)-p (a))' 

But* we have 


so 

and therefore 


r p ' (X) dt 
p(< + ft),)-p(X) 


= r(* - ^) -?(«+>■)+ 2 r(x). 


^00+^) 

® (T (f.-f a), + X) ’ 


g2i(0 - - f (M} « . 

<7 (i + ^3 + /i) O' (t + 0)3 — X) 

this equation expresses the angle ^ as a function of ty and so completes the 
solution of the problem. 

We see that when t increases by 2®,, <f)i increases by 


Example. When the boh of the spherical ))eiiaulurn is executing periodic oMcilliitions 
between two i)arallel.s on the sphere, shew that one of the points reached on the higher 
parallel, and the ijoi'nt on the lower parallel at which the bob arrives after a half-period, 
have a difference of azimuth which always lies between one and two right angles. 

(Puiseux and Halphen*) 

The problem of the spherical pendulum has been discussed from the standpoint of 
iwriodic solutions by F. R. Moulton, Palermo Rerid. xxxii.. (1911), p. 338. 


(iii) The paraboloid. 

Consider next the problem of motion on the paraboloid, whose equation is 

r = 2a^ z^. 

In this case the qujidrature for t becomes 

t = |(a -V ^2liz — 2gz* — dz. 


Cf. Whittaker and Watson, Alod/rn Ana/j/iis, § 20*58, Ex. 2. 
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To obtain the solution of the problem in terms of elliptic functions, we 
introduce an auxiliary quantity «. defined by the equation 

«=! + ^ di. 

If « and /3 (where a ^ /3) denote the roots of the quadratic 

2A«-2«=-f- = 0, 

4a 

we can write this integral in the form 

" f) + «) (^ - /3) - a)l -i ds. 

Define a new variable f by the equation 

x = -(a + «)?+-“ + ^, 
o 

and let e,.e,, e, be the values of f corresponding to the values of - a, /3, a 
respectively of ^ ; then the integrals become 

■ a ;4 (?-«,)(?- e,) (f - e,)i " i df. 

and It 13 easily proved that the quantities e„ e., e, satisfy the relations 
4“ ^2 -f = 0, > e, > ej . 

The auxiliary quantity v can now be replaced by an auxiliary quantity a, 
defined by the equation 

and then tho inversion of the integral gives 

where e is a constant of integration and the function ^ is formed with the 
roots Cl, Co, Ca, which are given by the equations 

e ^ d- g -f ^ _ - g g - ^ ^ - 2a -f /8 

3(a+g) ’ 3(a + a) ’ 3(g + a) 

As in the actual motion z evidently lies between a and it follows that 
p(w -f c) lies between Cj and Co, and therefore (as we wish u to be real) the 
imaginary part of the constant e must be the half- period ©a ; the real part can 
be taken to be zero, since it depends merely on the lower limit of the integral 
for u. 


h — ag 


We have therefore 

^ — (g -f g) jp (u 4- Wa) 4- 


since a4*p=~ 
9 
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The equation to determine t is 
t 


= |(a + z) dv 

t _ _ {_ f („ + 


and this equation gives t in terms of the auxiliary variable u. 
Lastly, we have to determine the azimuth <f> : for this we have 


kdt kdt 

^ 

4M\g(a + 


«) 


. d», 

, . ^ -a -f a + iS 


and therefore 




— tt *f a + /8 


3(a4-a) 


-c. 


du 


+ 3(a + a) 


^ a(tt + «)*(-2g)^ f p'ffldw 

1: Jp(u + >o,)-f(l)' 

where ^ is a constant of integration, and I is an auxiliary constant defined by 
the equation 

... -a + a + 8 ^ 

f(‘)= d7:rrz\ - «> *> (0> 


3 (a + o) 

The equation can now be written 


(-2(7)^(a+«)^ 


. _ . Itu » [ §>' (1) du 

a{8ff(a+a)i* 2 Jp (u + w,) - jp (i) ’ 

the integral of which is found (as in the problem of the spherical pendulum) 
to be 

.La{8f (a + o)}* ' J 




<r (u -I- ©3 -h 0 ’ 


this equation expresses <f> in terms of the auxiliary variable li, and so completes 
the solution. 


(iv) The cone. 

(Jonsider next the cone, whose equation is 

r^zUn a, 

where a is the semi-vertical angle. 
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Since this is a developable surface, we can apply the theorem of § 54, and 
we see that the orbit of a particle on the cone under gravity becomes, when 
the cone is developed on a plane, the same as the orbit of a particle of unit 
mass in the plane under a force of constant magnitude g cos a acting towards 
a fijfed centre of force (namely the point on the plane which corresponds to 
the vertex of the cone). This (§ 48) is one of the known cases in which the 
problem of central motion can be solved in terms of elliptic functions, and 
this solution furnishes at once the solution of the problem of motion on the 
cone. 

1. Shew that the motion of a particle under gravity on a surface of revolution 
whose axis is vertical can also be solved in terms of elliptic functions when the surface is 
given by any one of the following equations 

9ar2«2(2-3a)*, 

2r*-l-3aV-2ia3=0, 

[r^ — az — (Kobb and St^kel.) 

Example 2. Shew that the same problem can be solved in terms of elliptic functions 
when the surface is 

(x^-f + 2tt® = 8a32 (Salkowski.) 

Example 3. Shew that if an algebraic surface of revolution is such that the equations 
of its geodesics can be expressed in terms of elliptic functions of a parameter, the surface 
must be such that r* and z can be expressed as rational functions of a parameter, i.e. the 
equation of the sunaoe regarded as an equation between and t is the equation of 
a unicursal curve ; where i, r, are the cylindrical coordinates of a point on the 
surface. (Kobb.) 

Example 4. Shew that in the following cases of the motion of a particle on a surface 
of revolution, the trajectories are all closed curves : 

r. When the surface is a sphere, and the force is directed along the tangent to the 
meridian and proportional to cosec^ where 6 is the angular distance from the particle to 
the pole. (The trajectories are in this case sphero-conics having one focus in the pole.) 

2". When the surface is a sphere, and the force is dii'ected along the tangent to the 
meridian and proportional to tan B sec* 6. (The trajectories in this case are sphero-conics 
having the pole as centre*.) 

56 . Joukovskys theorem. 

We shall now shew how to determine the potential -energy function under 
which a given family of curves on a surface can be described as the orbits of 
a particle constrained to move on the surface. 

The three rectangular coordinates of a point on the surface can be expressed 
in terms of two parameters, say u and v, so that an element of arc ds on the 
surface is given in terms of the increments of u and v to which it corresponds 
by an equation of the form 

«■ Edu^ -f 2Fdudv + GdiE, 
where Ef 0 are known functions of v and v, 

* Darboux hat examined the posiibility of other cases, in BuU, de la Soe, Math, de France, v. 
(IW). 
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Let the family of curves which are to be the orbits under the required system 
of forces be defined by an equation 

q (u. v) SB Constant, 

and let 

v) = Constant 

denote the family of curves which is orthogonal to these. 

Then instead of u and v we can take p and q as the two parameters 
which define the position of a point on the surface; let the line-element 
in this system of parameters be expressed by the equation 

ds^ - E'dq* -h 

the term in dqdp being absent, because the curves p = Constant and 
q = Constant cut at right angles : E' and G' being known functions of 
p and q. 

The kinetic energy of a particle which moves on the surface is 
the Lagrangian equations of motion are therefore 



where V denotes the unknown potential-energy function, which it is required 
to determine. 


These equations are to be satisfied by the value g = 0 ; they then become 

dV 
' ag’ 


Idq^' 




Eliminating jf, we have 



Integrating this equation, we have 



where / is an arbitrary function, 
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or 

and therefore 




where g denotes an arbitrary function. 


Now gT- is Ai(/)), the differential parameter^ of the first order of the 


function p \ and thus we have a theorem enunciated by Joukovsky in 1890, 
that if q = Constant is the equation of a family of cwnm on a surface, and 
p = Constant denotes the family of curves orthogonal to these, then the curves 
q = Constant can he freely described by a particle under the influence of forces 
derived from the potential-energy function 




dq, 


where f and g are arbitrary functions, and A, denotes the first differential 
parameter. 


The above equations give 




& 


and hence the equation of energy in the motion is 


iGy-^v^fiq). 


Miscellaneous Examples. 


1. A particle moves under gravity on the smooth cycloid whose equation is 

6 >r 4a sin (p, 

where s denotes the arc and <p the angle made by the tangent to the curve with the 
horizontal : shew that the motion is periodic, the period being in • 


2. A particle moves in a smooth circular tube under the influence of a force diluted 
to a fixed point and proportional to the distance from the iioint. Shew that the motion is 
of the same character as in the pendulum-problem. 


* If the line-element on a surface is given by the equation 
di* = j? dtt* + 2Fdudv + G dv^, 

the first differential parameter of a function <p (m, r) is given by the formula 

The diflerentiel parameter is a (if/orma<ion-c»e«rjinit of the surface, i.e. when a change of 
rerUbles is made from (u, t>) to (u', o'), the differential parameter transforms into the expression 
formed in the same way with the new variables (o', o') and the corresponding now coeOioients 
(i". f". O'). 



112 


The Soluble Problems of Particle Dynamics [oh. 


3. A ijftrticle nioven in a straight line under the action of two centres of repulsive 
force of equal strength ^ each varying as the inverse square of the distance. Shew that, 
if the centres of force are at ^ distance 2c a^iart and the particle starts from rest at 
a distance kc^ where i: < 1, from the middle point of the line joining thorn, it will (Perform 
osoillations of period 

2 f* (t - i* sin* cM. 

Jo 

(Camb. Math. Tripos, Part I, 1899.) 

4. A iiarticle under the action of gravity trave’s in a smooth curved tube, starting 
from re.st at a given point 0 of the tube. If the particle describes every arc OP in 
the same time that would be taken to slide down the con-esponding chord OP, shew that 
the tube has the fonn of a lemniscate. 

5. A jiarticle is projected downwards along the concave side of the curve ax* »0 

with a velocity J (2a^)^ from the origin, the axis of x being horizontal ; shew that the 
vortical component of the velocity is constant. (Nicomedi.) 

6. A particle moves in a smooth tube in the form of the curve r* = 2a*cos2d, under 
the action of two attractive forces, varying inversely as the cube of the distance, towards 
the two points on the initial line which are at a distance a from the pole. Prove that if 

the alisolute force is /x, and the vehxjity at the node 2p^/a, the time of describing one loop 
of the curve is ira*/2^i, (Camb. Math. Tripos, Part I, 1898.) 

7. A |.>article descnl)es a space-curve under the inHuence of a force whose direction 
always intersects a given straight line. Shew that its velocity is inversely pnqKirtional 
to the distance of the particle from the line and to the cosine of the angle which the 
plane through the particle and the line makes with the normal plane to the orbit. 

(Dainelli ; 

8. A heavy particle is constrained to move on a stmight line, which is maxie to 
rotate with constant angular velocity a round a hxed vertical axi.s at given distance from 
it. Shew that the.nmtion is given by the equation 

A lit 

where r is the distance of the jiarticle from a tixed pi»int on the line, a is the angle made 
,l»y the line with the horizontal, and d, B are constants. (H. am Eude.,» 

, 9. A heavy particle is constrained to move on a straight line, which is maile to 
rotate with given variable angular velocity round a fixed honzontal axis. Shew that the 
equation of motion is 

r = + 5 r sin a sin ^ - T# sin* a + ad sin o, 

where a is the angle between the line and the axis of rotation, d the angle made with 
the vertical by the shortest distance a lietween the linc.s, and r the distance of the 
|»article from the intersection of this shortest distance with the moving line. 

(Vollhering.) 

10. A |)articlo slides in a smooth straight tube which is made to rotAte with uniform 
angular velocity a> about a vertical axis : shew that, if the (larticlo starts from relative 
rest from the point where the shortest distance lietween the axis and the tulie miH^ts the 
tube, the distance through which the particle moves along the tube in time t is 

^ cot a cosec a sinh* ( J sin a), 

where a is the inclination of the tube to the vertical. 

(Camb. Math. Triims, Part I, 1899.) 



iv] The Soluble Problems of Partide Dynamics 113 


11. A particle is constrained to move under no external forces in a plane circular tube 
which is constrained to rotate uniformly about any point in its plane. Shew that the 
motion of the particle in the tube is similar to that in the pendulum>problem. 


12. A small bead is strung upon a smooth circular wire of radius a, which is con- 
strained to rotate with uniform angular velocity » about a point on itself. The bead is 
initially at the extremity of the diameter through the centre of rotation, and is projected 
with velocity relative to the wire: shew that the position of the bead at time t 
is given by the equation 

— bat I a (modulus a/b) 


or 


sin <^ = (6/a)8n 


(modulus bla) 


according as a < or >b^ (f) being the angle which the radius vector to the bead makes 
with the diameter of the circle through the centre of rotation. 

(Camb. Math. Tripos, Part I, 1900.) 


13. Shew that the force perpendicular to the asymptote under which the curve 
can be described is proportional to 


14. A particle is acted on by a force whose components (X, F) parallel to fixed axes 
are conjugate functions of the coordinates (or, y). Shew that the problem of its motion is 
always soluble by quadratures. 

15. If (C) be a closed orbit described by a particle under the action of a central force, 
S the centre of force, 0 the centre of gravity of the curve (C), 0 the centre of gravity of 
the curve {€) on the supposition that the density at each point varies inversely as 
the velocity, shew that the |)oints 0, G are collinear and that 2SO»ZSO. 

(Laisant) 


16. Shew that the motion of a particle which is constrained to move in a plane, 
under a consUnt force directed to a point out of the plane, can be expressed by means 
of elliptic functions. 


17. Shew that the curves 

where a, 6, c are arbitrary constants and /" is a given function, can be described under the 
^vme law of central force to the origin. 

18. Shew that when a circle is de.scribed under a central attraction directed t<> 
a point in its circumference, the law of force is the inverse fifth jiower of the distance. 

19. A particle describes the pedal of a circle, taken with respect to any point in 
its plane, under the influence of a centre of force at this point Shew that tlie law 
of force is of the form 

A + B 

where A and B are constants. 

Shew that the law of force is also of this form when the invei-se of an ellipse with 
Pospoct to a focus is described under a centre of force in the focus. (Curtis.) 

8 


W- n. 
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20. Prove that, if when projected from )•*=/?, ^-«0 with a velocity V in a direction 

m?king an angle a with the radius vector the jmth of a particle be /(r, d, /f, F, 8ina) = 0, 

the path with the same initial conditions but und«T the action of an additional central 

force is 
r‘ 

f{r,n6yR, F(M^8in*a+co8*a)^, nsina(7i2sin2a-fcos2a)“^)«0, 

where 

»*°/- v>ItWa - (Coll. Exam.) 


21. A particle of unit mass describes an orbit under an attractive force P to the 
origin and a transveree force T perpendicular to the ra<iius vector. Provo that the 
diflPerential equation of the orbit is given by 

^ ^ 9T -3 

hV~hH^d6' de^~ ■ 

If the attractive force is always zero, and the particle moves in an equiangular spiral 
of angle a. prove that 

T m ^ and A = (^ sin a cos a)^ “ 

(Cainb. Math. Triixis, Part I, 1901.) 

22. A particle, acted on by a central force towards a iKiint 0 varying as the distance, 

is projected from a point P so a.s to pass through a point ^ such that OP is equal to OQ ; 
shew that the least possible velocity of projection is OP (p sin P0§)i, where fi.OP is the 
force i>er unit mass at P. (Oamb. Math. Tripos, Part I, 1901.) 


23. Find a plane curve such that the curve and its i)edal, with regard to some point 
in the plane, can be simultaneously described by particles under central forces to that 
point, in such a manner that the moving particles are always at corresponding points 
of the curve and the i)edal ; and find the law of force for the pe<ial curve. 

(Camb. Math. Tripos, Part I, 1897.) 


24. If f{xy ^) be a homogeneous function of one dimension, then the necessary 
and sufficient condition that the curve /(j^, y)**l be capable of description under accele- 
ration tending to the origin and varying with the distance alone, is that / be subject 
to a condition of the form 


Hence shew that the only curves of this class are necessarily included in the equation 


r(A -l-Psin^+C'cos ^)=sl. 


Proceed to the discussion of the case wherein /(j?, y) is homogeneous and of n 
dimensions. (Coll. Exam.) 


26. An ellipse of centre C is described under the influence of a centre of force 
at a point 0 on the major axis of the ellipse ; shew that 

esin w, 

where 2yr/n is the periodic time, e is the ratio of CO to the semi-major axis, and u is the 
eccentric angle of the point reached by the particle in time t from the vertex. 


26. Two free particles p and M move in a plane under the influence of a central force 
to a fixed point 0. Show that the ratio of the velocity of the particle p at an arbitrary 
point m of its path, to the velocity which is possessed at m by the central projection of M 
on the orbit of p, is equal to the constant ratio of the areas described in unit time by the 
radii Op, Oif, multiplied by the square of a certain function / of the coordinates of m, 
which expresses the ratio of OM, Om, (Dainelli.) 
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27. A particle is moving freely in a paralwla under an attraction to the focus. Shew 

that, if at every instant a point be taken on the tangent through the particle, at distance 
4aco8 Jd/(d4-8in d) from the particle, this point will describe a central orbit about 
the focus, and the rate of description of areas will be the same as in the parabola ; where 
4« is the latus rectum, and 6 the vertical angle of the particle measured from the apse 
line. (Camb. Math. Tripos, Part I, 1896.) 

28. When a periodic comet is at its greatest distance from the sun, its velocity 
receives a small increment Shew that the comet’s least distance from the sun 
will be increased by the quantity 

{a^(l -e)//i(l +e)}^. (Coll. Exam.) 

29. If POP' is a focal chord of an elliptic path described round the sun, shew that 

the time from P' to P through perihelion is equal to the time of falling towards the 
sun from a distance 2a to a distance a (1+ cos a), where a — 2n — {u'-u\ and m'-m is the 
difference of the eccentric anomalies of the |x)int.s P, P'. (Cayley.) 

30. A particle moves in a plane under attractive forces p/rV*, p/r*r'* along the 
radii r, / drawn to two fixed points at distance 2fl? apart. Shew that, if it is projected 
with the velocity due to a fall from rest at infinity, a possible path is a circle with regard 
to which the two fixed centres are inverse points, and that, if the radius of this circle is a, 
the periodic time is 

4ira2p"i(a*+rf^)i. (Coll. Exam.) 

31. A heavy particle is projected horizontally with a velocity v inside a smooth 
sphere at an angular distance a from the vertical diameter drawn downwards : shew that 
it will never fall below or never rise above its initial level according as 

v*> or <a^ sin a tan a. (ColL Exam.) 


32. A particle is projected horizontally with velocity V along the interior of a smooth 
sphere of radius a from a point whose angular distance from the lowest point is a. Shew 
that the highest point of the spherical surface attained is at an angular distance /3 from 
the lowest point, where is the smaller of the values of x given respectively by 
the equations 


(3 cos ^ - 2 cos a) a^+ F* 




(Coll. Exam.) 


33. If the motion of a spherical pendulum of length a be wholly between the levels 
fa, ^ below the point of support, shew that at a time t after passing a point of greatest 
depth, the depth of the bob is . 

Ja{4-an*^V(13sr/14a)} (mod. s/(7/65)) 

and that a horizontal coordinate referred to the point of support as origin is determined 
by the equation 

x~{gxla,) { - Y+f 8n>< V(l^/14o)}, 

which is s case of Lamp’s equation. (ColL Exam.) 

34. Shew that if a conical pendulum is executing small oscillations, the horizontal 
projection of the bob describes an ellipse whose axes turn in the sense of the motion 
with the angular velocity 

where » the angle of greatest deviation from the vertical, that of least deviation, 
I the length of the pendulum, and ^*gravity. (R^sal.) 


8—2 
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35. A particle is coostrained to move on the surfSsoe of a sphere, and is attracted to a 

fixed point M on the surface of the sphere with a force that varies as where 

d is the diameter of the sphere and r is the rectilinear distance from the particle to M. 
If the position of the particle on the sphere be defined by its oolatitude 6 and longitude 0, 
with if as pole, shew that the equations of motion furnish the difi'erential equation 

where a and 6 are constants ; and integrate this equation, shewing that the orbit is 
a sphero-conic. 

36. A particle of mass m moves on the inner surface of a oone of revolution whose 

semi-vertical angle is a, under the action of a repulsive force mp/H from the axis ; the 
angular momentum of the particle about the axis being tn a, shew that the path 

is an arc of a hyperbola whose eccentricity is sec a. 

(Camb. Math. Tripos, Part I, 1897.) 

37. Shew that the necessary central force to the vertex of a circular cone in order 
that the path ou the oone may be a plane section is 

A B 

(Coll. Exam.) 

'IS. A particle of unit mass moves on the inner surface of a paraboloid of revolution, 
latus rectum 4a, under the action of a repulsive force ^ from the axis, where r is the 
distance from the axis ; shew that, if the particle is projected along the surface in a 
direction perpendicular to the axis with velocity it will describe a parabola. 

(Coll. Exam.) 

39. A smooth surface of revolution is formed by rotating the catenary 6«ctan^ 

about its axis of symmetry, and a particle is project along its surface from a point 
distant h from that axis with velocity fb^. The direction of projection is such 

that the component velocity perpendicular to the axis is A/6 and the particle moves in 
ooiitact with the surface, under the influence of a force of attraction A*(r* + 2a*)/f* in the 
direction of the perpendicular r to the axis. Shew that, if gravity be neglected, the 
projection of the path on a plane at right angles to the axis will have a polar equation 

csinh^-o^. (ColL Exam.) 

40. A particle moves on a smooth helicoid, under the action of a force ftr 

per unit mass directed at each point along the generator inwards, r being the distance 
from the axis of x. The particle is projected along the 'surface perpendicularly to the 
generator at a point where the tangent plane makes an angle a with the plane of ay, its 

wlocity of projection being p^a. Shew that the equation of the projection of its path on 
the plane of xy is 

a*/r*» 8ec*o cosh* (^ cos o) — 1. 

(Camb. Math. Tripos, Part 1, 1896.) 

41. Shew that the problem of the motion of a particle under no fOioeo on a ruled 

surface, whose generators cut the line of striction at a constant angle, and for which the 
ratio of the length of the common perpendicular to two adjacent generators to the angle 
between these generators is constant, can be solved by quadratures. ( Astor.) 

42. A particle {x, y, *) whose potential energy is (aF»+iy*4-Ci*) is oonstrained to 
move on the sphere x*+y*+x*-l. Determine the motion. 

(C. Keumaon, Jtmnudfiir Math, vri (1859X 46.) 
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THE DYNAMICAL SPECIFICATION OF BODIES 

87. Definitions, 

Before proceeding to discuss those problems in the d 3 mamics of rigid 
bodies which can be solved by quadratures, it is convenient to introduce and 
calculate a number of constants which can be assigned to a rigid body, and 
which depend on its constitution : it will be found that these constants 
determine the dynamical behaviour of the body. 

Let any rigid body be considered ; and let the particles of which (fix>m 
the dynamical point of view) it is constituted be typified by a particle of 
mass m situated at a point whose coordinates referred to fixed rectangular 
axes are (^, y, z). 

The quantity 2m (y* -f ^), 

where the symbol 2 denotes a summation extended over all the particles of 
the system, is called the moment of inertia of the body about the axis Ox*. 
Similarly the moment of inertia about any other line is defined to be the sum 
of the masses of the particles of the body, each multiplied by the square of 
its perpendicular distance from the line. These summations are evidently in 
the case of ordinary rigid bodies equivalent to integrations ; thus 2m (y* + z*) 

is equivalent to jjj (y* -i- z*) pdxdydz, where p is the density, or mass per 

unit volume, of the body at the point {x, y, z). 

The quantity Imxy 

is called the product of inertia of tiie body about the axes Ox, Oy ; and 
similarly the quantities Xmyz and 'Imzx are the products of inertia about 
the other pairs of axes. 

For the moments and products of inertia with reference to the coordinate 
axes, the notation 

J«2m(y* + x*). R*2m(x* + n (7 = 2m(a:*-hy‘), 

F ■■ 2myx, 0 «■ 'l^nzx, H * 'Imxy 
will be getierally used. 

Two bodies whose moments of inertia about every line in space are equal 
to each other are said to be equimomental. It will be seen later that this 
involves also the equality of the products of inertia of the bodies with respect 
to any pair of orthogonal lines. 

* Ifoatati of intrlis wore flnt intix>diioed hy Hajsens in hii resaarehes on the pendnlnm 
(tforelof, osciU,, 1678). The name ii doe to Eoler. 
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If M denotes the mass of a body and if A; is a quantity such that M1^ is 
equal to the moment of inertia of the body about a given line, the quantity 
h is called the radxuB of gyroJUon of the body about the line. 

In the case of a plane body, the moment of inertia about a line perpen- 
dicular to its plane is often spoken of as the moment of inertia about the 
point in which this line meets the plane. 

68 . Th$ momento of inertia of Bom eitnpU bodies^. 

(i) The rectangle. 

Let it be required to find the moment of inertia of a uniform rectangular 
plate, whose sides are of lengths 2 a and 2 ^ respectively, about a line through 
its centre 0 parallel to the sides of length 2a. Taking this line as axis Ox^ 
and a line through 0 parallel to the other sides as axis Oy, the required 
moment of inertia is 

Imf, or j ( irfdxdg, 

J —hJ —a 

where a is the mass per unit area of the plate, oi the surface-density as it is 
fr^uently called ; evaluating the integral, we have for the required moment 
of inertia 

10 ^ 6 *, or Mass of rectangle x 

The moment of inertia of a uniform rod, about a line through its middle 
point perpendicular to the rod, can be deduced firom this result by regarding 
the rod as the limiting form of a rectangle in which the length of one pair 
of sides is indefinitely small. It follovrs that the moment of inertia in 
question is 

Mass of rod x 

where 2 i is the length of the rod. 

(ii) The rectangular block. 

Consider next a uniform rectangular block whose edges are of lengths 2 a, 
26, 2 c; let it be required to find the moment of inertia about an axis Ox 
passing through the centre 0 and parallel to the edges of length 2 a. This 
moment of inertia is 

+ or j j J p(f + s*)didydx, 

where p is the density. Evaluating the integral, we have for the moment of 
inertia 

( 6 * + <f), or Mass of block x J ( 6 * + c*). 

3 

* For prsetiflal parpoMf 'tht womtiitt of inortU of a bodjr art dettrmintd tiperinentally ; 
tooTtnitiift apparatus is dsseribsd by W. H. Dsfriman, Phil Hag. v. (190S), p. 64S, aoU bj 
W. R. Cassie, Phyi,- <Voc. Proc, xxi. (1909), p. 497. See alto Amsler, Zeit$. ln$tmnieut, xlvi. 
(1996), pp. 16 and 19. 
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(iii) The ellipse and the circle. 

Let it now be required to find the moment of inertia of a uniform elliptic 
plate whose equation is 




about the axis of x. It is 


/:/* 




ay^dydx, where <r is the surface -density. 

Evaluating the integral, we have for the required moment of inertia 
{Trab^tr, or Mass of ellipse x ^b-. 

The moment of inertia of a circle of radius b about a diameter is therefore 
Mass of circle x \b\ 

(iv) The ellipsoid and the sphere. 

The moment of inertia of a uniform solid ellipsoid of density p, whose 
equation is 

about the axis of aj is similarly 

(• 

jp(y‘^-\‘ z^)dxdydz, integrated throughout the ellipsoid. 

To evaluate this integral, write 

where f, rj, f are new variables : the integral becomes 

pa¥c Jjjv'd^d7fd^+ pfJ'hc* jjj^d^drjd^y 
where the integration is now taken throughout a sphere whose equation is 

Since the integrals 

fJl(*d(dydC jJjv^d^dydC, and jjj^^d^drjd^ 
are evidently equal, the required moment of inertia can be written in the 


form 

pabc (6* + c*) jjl^^d(dr)d^, 

or 

irpohc 

or 

rj^irpabc (6* + c*), 

or 

Mass of ellipsoid x J (6* + c®). 
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The moment of inertia of a uniform sphere of radius a about a diameter 
is therefore 

Mass of sphere x |a’. 

(v) The triangle. 

Let it now be required to find the moment of inertia of a uniform 
triangular plate of surface-density <r, with respect to any line in its plane ; 
the position of the line can be specified by the lengths a, y of the per- 
pendiculare drawn to it from the vertices of the triangle. 

Taking (*, y. e) to be the areal coordinates of a point of the plate, the 
perpendicular distance from this point to the given line is iax + dy¥ yz\ and 
the required moment of inertia is therefore 

<r + 7^)* 


where dS denotes an element of area of the plate. 

Now if Y denotes the length of the peri)endicular from the point (a;, y, z) 
on the side c of the triangle, and if X denotes the length intercepted on the 
side c between the vertex A and the foot of this perpendicular, we have 

Y = zh sin A 

and X sin - Fees = perpendicular from {x, y, z) on the side h 
= yc sin A. 

We have therefore 


where A deeotee the .tee ot the ttiuigle. Hence the integml |J j-iS, where 
the integration is extended over the area of the triangle, can be written in 


the form 2A where the integration is extended o'ver all positive 

values of y and z whose sum is less than unity : this is eijual to 



y‘i\-y)dy, 


or iA. By symmetry, the integrals and ff z'dS have the same value, 

and a similar calculation shews that the integrals 




each have the value 
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Substituting these values in the integral v jj (cue + / 3 y + y i^dS, the 
moment of inertia of the triangle about the given line becomes 
J <r A (a* + + 7* + /87 + 70 + a/8), 

or J X Mass of triangle x |(-|^) + } ‘ 

But this expression evidently represents the moment of inertia about the 
given line of three particles situated respectively at the middle points of the 
sides of the triangle, the mass of each particle being one-:third the mass of 
the triangle ; the triangle is therefore equimomental to this set of three 
particles. 

Example. Shew that a uniform solid tetrahedron of mass M is equimomental to a set 
of five particles, four of which are each of mass ^ M and are situated at the veiiioes 
of the tetrahedron, while the fifth particle is at the centre of gravity of the tetrahedron 
and is of mass \M. 

69 . Derivation of the mwnent of inertia about any axis when the moment 
of inertia about a parallel axis through the centre of gravity is known. 

The moments of inertia found in the preceding article were for the most 
part taken with respect to lines specially related to the bodies concerned: 
these results can however be applied to determine the moments of inertia of 
the same bodies with respect to other lines, by means of a theorem which will 
now be given. 

Lety (a;, y, z, i, y, i, y, z) be any polynomial (with no constant term) 
of the second degree in the coordinates and the components of velocity 
and acceleration of a particle of mass m. Let (^, y, z) denote the coordinates 
of the centre of gravity of a body which is formed of such particles, and 
write 

x^x^-xu y«y + yi, z=^z-\-z^. 

If now we substitute these values for x, y, z, respectively, in the function /, 
we obtain the following classes of terms : 

(1) Terms which do not involve a*,, y,, : these terms together evidently 

give 

f(x, y, z, X, y, i, x, y. z). 

(2) Terms which do not involve x,y,z: these terms give 

/(«!» Vu i/u iu K Vu >’l)- 

( 3 ) Terms which ara linear in y,, z^, yu * vrhen the 

expression ltmf(x, y, «, y, i, *, 'i) is formed, the summation being taken 
over all the particles of the body, these terms will vanish in consequence of 
the relations 

%mxi 0, 2/nyi *= 0, 2wui *« 0. 
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We have therefore the equation 

tmf (*, y. *, *, y, f, S, y, i") •• Sm/(«„ y„ i,, 2„ y„ 2,) 

+/(*. 2, X, y, K X. y, *) . Im, 

and consequently the value of the expression Sm/, taken with respect to 
aiiy system of coordinate axes, is equal to its value taken with respect to a 
parallel set of axes through the centre of gravity of the body, together with 
the mass of the body multiplied by the value of the function / at the centre 
of gravity, taken with respect to the original system of axes. 

From this it immetliately follows that the moments and jyroducts of inertia 
of a body with respect to any axes are equal to the corresponding moments and 
products of inertia with respect to a set of parallel axes through the centre of 
gravity of the body, together with the corresponding moments and products 
of inertia, with respect to the original axes, of a particle of mass equal to that 
of the body and placed at the centre of gravity. 

As an example of this result, let it be required to determine the moment of inertia 
of a straight uniform rod of mass M and length I about a line through one extremity 
lierpendicular to the rod. It follows from the last article that the moment of inertia 

about a parallel line through the centre of the rod is | if ; and hence, applying the 
above result, we see that the required moment of inertia is 



or JJf/l 

80. Connexion between moments of inertia with respect to different sets of 
axes through the same origin. 

The result of the last article enables us to find the moments of inertia of 
a given body with respect to any set of axes, when the moments of inertia 
are already known with respect to a set of axes parallel to these. We shall 
now shew how the moments of inertia of a body with respect to any set of 
reptangular axes can be found when the moments of inertia are known with 
respect to another set of rectangular axes having the same origin. 

Let A, B, C, F,G, H he the moments and products of inertia with respect 

a set of axes Oxyz, and let Ox'yz be another set of rectangular axes 
having the same origin 0 ; the direction-cosines of either set of axes with 
respect to the other will be supposed to be given by the scheme 
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If the moments and products of inertia with respect to the axes Ox'y'x^ 
are denoted by A’, B, C, F', O', H’, we have 

+ *'»), where the summation is extended overall the particles of 
the body, 

« 2m - 1 - -f. -I- 4 . 

“ 1^ (V + V) + y* (m,* + m,*) + ^ («,* -f n,*) 4- 2yir (wi^ + m,n,) 

+ 2far (nA + «*/|) + 2«y (Jjtw, + 

= Xm (x* (to,* + n,*) + y* (n,* + 1,*) + 1* (f,* + to,*) - 2TO,»,y« - 2 n,l,tx - 2/, w,ay} 
= Xto [/,* (y» 4. <•) + TO,* (** + **) + n,* (a* + y*) - 2m,n,yx - 2n,f,xx - 2<,m,xy} 

- df,* + fiirt,* + Ca,* - 2#’m,fi, - 2tf «,f, - 2ffi,m, . 

and similarly 

R m Alf + 5m,* + Cn * - 2Fm,n, - - 2ff/,m„ 

C" = 4 - 5m,* 4- - 2/’m,n, - 2(i9^,4 - 

We have also 

* 2my V 

* 2m (^, 0 ? 4 - m,y n^) (l^ 4 . m,y 4 - n,r) 

* V, . Ima^ 4- m,wi, . 2my* + n,n, . 2mj* + (m,n, 4 - m,?*,) . Imy-r 

4- (fi,4 + • Xfnzx 4- 4- /im,) . 

« iy,(5 + 0 - i!) 4 J m,m,(C 4- A - 5) 4- irvi,(il 4* 5 - (7) 

4- (m,n, 4 m,n,) F 4 (ri,4 + « A) (3^ 4- (i,m, 4 /,m,) if, 
or 

- » il/,/, + Jff^TO, + Cn,n, - /’(TO,n, + m,n,) - 0 (l,n, + (.n.) - + f,nH), 

and similarly 

- (?' « Ay, 4 5m, m, 4 - Cw,n, - /’(m,*, 4 - 0 (i,n, 4 /,n,) - 5 (i,m, 4 

-if' - a;,/, 4 5mi»i, 4 Cn,»i, - i’(m,n, 4 m,w,) - 4 /,n,) - H (/,m, 4 /.wiiX 

The quantities A^, 5', C', i*', (?', if' are thus determined ; these results, 
combined with those of the last article, are sufficient to determine the 
moments and products of inertia of a given body with respect to any set of 
rectangular axes when the moments and products of inertia with respect to 
any other set of rectangular axes are known. 

Example, If the origin of coordinates is at the centre of gravity of the i)ody, prove 
that the momenta and products of inertia with respect to three mutually orthogonal 
<uid intersecting lines whose coordinates are 

(fi» *aii a,, X,, Pit r,), (f,, a,, X,, pf, r,), (f,, is,, s,, X,, ft,, •»,) 

are -d'4 Jf(X,*4|i,Hri*) etc, and i’'-Af(XjX|4fi3Mi + »'s*'i)^ (^i^f4Mif‘24>'ir,)^ etc., 
where A\ B\ C*y /^, 0\ W ha\'e the same values as aUive and M is the mass of the 

(Coll. Exam.) 
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61. The principal axes of inertia ; Cauchy's momental ellipsoid. 

If now we consider the quadric surface whose equation is 

it** + By* + Cj* ~ 2Fys — 20sx - 2Hxy * 1, 

where A, B, C, F, 0, H are the moments and products of inertia of a given 
body with respect to the axes of reference Oxys, it follows from the equation 
A'» Bm,*-I- On,* - 2Fm,n, - 2(?n,f| - 2£ffimi, 

that the reciprocal of the square of any radius vector of the quadric is equal 
to the moment of inertia of the body about this radius. The quadric is 
therefore the same whatever be the axes of reference provided the origin 
is unchanged, and consequently its equation referred to any other rectangular 
axes Oxy'z having the same origin is 

d'x'* + By'* + C'2'* - 2rfz' - 2GVa?' - 2H'x^f - 1 ; 
where A\ B\ G\ F\ G\ H‘ are the moments and products of inertia with 
respect to these axes. 

This quadric is called the momenial ellipsoid of the body at the point 0 ; 
ita principal axes are called the principal axes of ineiiia of the body at 0 ; 
the equation of the quadric referred to these axes contains no product*terms, 
and therefore the products of inertia with respect to them are zero: and 
the moments of inertia with respect to these axes are called the principal 
moments of inertia of the body at the point 0^. 

The momental ellipooid is also called the ellipioid of inertia ; ita polar reciprocal with 
regard to ita centre U another ellipeoid, which ia aometimea called the tUipeoid of gyration. 

Example. The height of a solid homogeneoua right circular cone ia half the radius 
of ita base. Shew that ita momental ellipsoid at the vertex ia a sphere. 

62. Calculation of the anguiar momentum of a moving rigid body. 

We shall now shew how the angular momentum of a moving rigid body 
about any line, at any instant of its motion, can be determined. 

* Let M be the mass of the body, («, y, z) the coordinates of its centre of 

gmvity 0, and (u, v, w) the components of velocity of the point 0, at the 
instant resolved along any (fixed or moving) rectangular axes Oxys whose 
origin 0 is fixed; and let (o>], <»|) be the components of the angular 

velocity of the body about 6, resolved along axes Ox^yyS^ parallel to the axes 
Oxys and passing through G. Let m denote a typical particle of the body, 
and let (x, y, s) be its coordinates and (u, v, w) its components of velocity at 
the instant t ; and write 

x^x^xu y-y + yi, 

W-W-f W,, 

* Ths sxiitcBcs o( principal axes was diioosarcd by Eolsr, MSm. de BerL, 1760, 1758, and hf 
J. A. Segoer, Spedmen Th. Turbinum^ 1755. Tbs momental ellipsoid was introdoosd by Gaodiy 
in 1SS7, Kxtre. de math, u p. 08. 
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BO in virtue of the properties of the centre of gravity we have 

2mz,«0; 

moreover since (§ 17) we have 

u, — yi«i, Vi*=a:iCi)|— Wi = 

it follows that 

Smtii « 0, Xmvi ■■ 0, Swwi «= 0. 

If ht denotes the angular momentum of the body about the axis Oz, we 
have therefore 

yu) 

* tm {(a + x^) (r + Vi) - (y + yO (ii -f u,)} 

= %m (xv — yd) -f Sw (a^iV, — yi m,) 

* Jf (iro - p) + 2m (a;,*®,- - y,^,Q)j + yi*®,) 

=a M {xv — Gofi — ^Ci)« 4- 0 a> 5 , 

where A, B,G, F, (?, H are the moments and products of inertia of the body 
with respect to the axes Qx^y^z^. 

Similarly the angular momenta about the axes Ox and Oy respectively 

are _ 

« M zv) + Awi — JSTws— 6wi, 

M {zu — — Hwi -f Ba >2 - Fta^. 

The angular momentum about any other line through the origin can be 
found (§ 39) by resolving these angular momenta along the line in question. 

Corollary, If the body is constrained to turn round one of its points, 
which is fixed in space, it is unnecessary to introduce the centre of gravity. 
For let (ft)„ o»,. «,) be the components of the angular velocity of the My 
about the fixed point with respect to any rectangular axes (fixed or moving) 
which have the fixed point as origin, and let A, B, C, F, G, H denote the 
moments and products of inertia with respect to these axes. The com- 
ponents of velocity (u, v, w) with respect to these axes of a particle in whose 
coordinates are (x, y, z) are (§ 17) 

u z <02 — yfi>s I V *= xcut — za>i , w = y<»i — 

and the angular momentum about the axis of t, which is Im'(xv-yu), can 
therefore be written in the form 

Sw (ir*a>a — xz<0i — yz<»t + y^®s) 

Qf — G«i — F(»>2 + Ga)». 

Similarly the angular momenta of the body about the axes of x and y 
respectively are 


and 


A(o^ — Hwi - Gwj 
— ir«i + - F ws. 
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63. Calculation of the kinetic energy of a moving rigid body. 

The kinetic energy of a rigid body which is in motion can be calculated 
in the same way as the angular momenta. If the general theorem obtained 
in § 59 is applied to the case in which the polynomial f{x, y, z, x, y, i, ir, y, H) 
has the form + we immediately obtain the result that the kinetic 

Clergy of a moving rigid body of mass M is equal to the kinetic energy of a 
particle of mass M which moves with the centre of gravity of the body^ together 
with the kinetic energy of the motion of the body relative to its centre of 
gravity. 

To determine the kinetic energy of the motion of the body relative to its 
centre of gravity (?, take any rectangular axes (whose directions may be fixed 
or moving) having their origin at G \ let (o),, Wg, 0)3) be the components of 
the angular velocity of the body about (r, relative to these axes, and let 
(a?, y, z) denote the coordinates of a typical particle m of the body referred 
to these axes. The components of velocity of the particle parallel to these 
axes, in the motion relative to G, are (§17) 

^ z<t)i — ya>3, X(o^^ — Z(t>x, ya)i — 

and therefore the kinetic energy of the motion relative to the centre of 
gravity is 

i \{Z(i)i - ywa)* + (ajca^ — zwf^ + ( yoij - xw^y], 

or i (-dcDi* + B<Oi* -f Co)3* — 2F(i>i(t)^ ~ 2G(Oi<»)i - 2H(Ox(i>i), 

whei'e Ay B, C, F, Or, H are the moments and products of inertia relative to 
the axes. 

This expression may (by use of §60) be interpreted as half the square 
of the resultant angular velocity of the body in the motion relative to the 
centre of gravity, multiplied by the moment of inertia of the body about 

the instantaneous axis of rotation in this motion. 

Corollary. If one of the points of the body is fixed in space, it is not 
neibtWry to introduce the centre of gravity. For let (m,, o)„ w,) denote the 
oopaponents of angular velocity of the body about the fixed point 0 resolved 
aioDg any rectangular axes (fixed or moving) Oxyz which have the point 0 
as origin, and let (x, y, z) be the coordinates of a typical particle m of the 
body referred to these axes. The components of velocity of the particle 
are (§ 17) 

z<at — ycD|, xwf — zwxt yeux ~ a;cD|, 
and so as before we see that the kinetic energy of the motion is 
i + Bcdj* -f Cctf,* — 2Fa>aa>t — 2(?(S|0>i - 

where A, By C, F, Q, H denote the moments and products of inertia of the 
body with respeet to the axes Oxyz, 
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From this it follows that if one of the coordinate axes — say the axis of x 
— is the instantaneous axis of rotation of the body, the kinetic energy is 
and hence, since the directions of the axes can be arbitrarily chosen, 
the kinetic energy of any body moving about one of its points, which is fixed, 
is i/w*, where I is the moment of inertia of the body about the instantaneous 
axis of rotation, and a> is the angular velocity of the body about this axis. 


Example. A lamina can turn freely about a horizontal axis in its own plane, and the 
axis turns about a fixed vertical line, which it intersects. If 0 be the azimuth of the 
horizontal axis, and y/t the inclination of the plane of the lamina to the vertical, shew that 
the kinetic energy is . , ... 

whore A, By E are the moments and product of inertia of the lamina about the horizontal 
axis and a jierpendicnlar to it af the |>oint of intersection with the vertical. (Coll. Exam.) 


64 Independence of the motion of the centre of gravity and the motion 
relative to it. 

The result of the last article shews that the kinetic energy of a moving 
body can be regarded as consisting of two parts, of which oile depends on thi* 
motion of the centre of gravity and the other is the kinetic energy of the motion 
relative to the centre of gravity. We shall now shew that these two parts of 
the motion of the body can be treated quite independently of each other*. 

Let a rigid body of mass M be in motion under the influence of any 
forces As coordinates defining its position we can take the three rectangular 
coordinates {x, y, z) of its centre of gravity (?, relative to axes fixed in space, 
and the three Eulerian angles {0, <f>y which specify the position, relative 
to axes fixed in direction, of any three orthogonal lines, intersecting in G, 
which are fixed in the body and move with it. The kinetic energy is therefore 


T= J Jf (i:* + ^ + X*) +f(ff. <l>y ir, yjr), 

where /(^, ■^) denotes the kinetic energy of the motion relative 

to G. 

ut isx+ Ydt / + -b me + <PSif> + nf 

denote the work done on the body by the external forces in an arbitrary dis- 
placement (Sxy Syy Ssy S<f>y of thc body. The Lagrangian equations of 
motion are 

Mx ■“ , hfp Y, Ms = Zy 

Ky 

de 






-I-''- 


d 

dt 


(|) 


* Euler, SeiifUia navalUy i. (1749), f 128. 
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The first three of these equations shew that the motion of the centre of 
gravity of the body is the same as that of a particle of mass equal to the whole 
mass of the body, under the influence of forces equivalent to the total external 
forces acting on the body, applied to the particle parallel to their actual 
directions ; since the work done on such a particle in an arbitrary displace- 
ment would evidently be Z + VBy 4- ZBz. 

The second three equations shew that the motion of the body about its 
centre of gravity is the same as if the centre of gravity were fixed and the body 
subjected to the action of the same forces ; for in the motion relative to the 
centre of gravity, the kinetic energy of the body is f{$, <f>, 6, and 

the work done by the forces in an arbitrary displacement is 

BBS + <PBib ^Bf. 

These results are evidently true also for impulsive motion. 

Corollary, If a plane rigid body (e.g. a disc of any shape) is in motion in 
its plane, and if {x, y) are the coordinates of its centre of gravity, M its mass, 
B the angle made by a line fixed in the body with a line fixed in the plane, 
Jfif the moment of inertia of the body about its centre of gravity, and if 
(JT, F) are the total components parallel to the axes of the external forces 
acting on the body, and L the moment of the external forces about the centre 
of gravity, then the kinetic energy is 

and the work done by the external forces in a displacement (&r, By, Bd) is 

XBx^YBy^-LBO, 

and therefore the equations of motion of the body are 

My^Y, 

ExaunpU. Obtain one of the equations of motion of a rigid body in two dimensions in 
the form 

if(p/+rt)-Z, 

whsre if is the mass of the body, / is the acoeleration of its centre of gravity, p is the 
perpendicular from the origin upon this vector, Mk* is the moment of inertia a^ut the 
t^itre of gravity, S is the angle made by a line fixed in the body with a lino fixed in its 
l^iuie, and L is the moment about the origin of the external forces. (Coll. Exam.) 
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Miscellaneous Examples. 


1. A homogeneous right circular cone is of mass M; its semi-vertical angle is ft and 
the length of a elant side is 1. Shew that its moment of inertia about its axis is 

and that its moment of inertia about a line through its vertex perpendicular to its axis is 


and its moment of inertia about 


^if/2(i-|8in2«, 

a generator is 


ii/^2 8in*i3(cos*^-fi). 

2. Shew that the moment of inertia of the area enclosed by the two loops of the 
lemniscate 

r2=a‘^cos2(9 

about the axis of the curve is 


(3fr-8)a2 

48 


X mass of area. 


3. Any number of particles are in one plane; if the masses are iWi, wi 2 » •••» 
distances apart rfjj, the relative descriptions of area and the relative velocities 

fij, prove that 

(2miW2t?,2*)/227n 

are respectively the moment of inertia about the centre of inertia, the angular momentum 
about the centre of inertia, and the kinetic energy relative to the centre of inertia. 

(Coll. Exam.) 


4. Prove that the moment of inertia of a hollow cubical box about an axis through 
the centit; of gravity of the box and perpendicular to one of the faces is 

where M is the mass of the box and 2a the length of an edge. The sides of the box are 
supposed to be thin. (Coll. Exam.) 


6. Shew that the moment of inertia of an anchor-ring about its axis is 

2irpVc (c* + Ja*), 

where a is the radius of the generating circle, c is the distance of its centre from the axis 
of the anchor-ring, and p is the density. 


6. Shew how to find at what point, if any, a given straight line is a principal axis of a 
body, and if there is such a point find the other two principal a.\es through it. 


A uniform square lamina is bounded by the axes of x and y and the lines a;»=2c, y=2f, 
and A comer is cut off it by the line j:/a-|-y/6=»2. Shew that the two principal axes at 
the centre of the square which are in its own plane are inclined to the axis of x at angles 
given by 


a6-2c(a+6)+3c^ 
tan 2S ^ . i\ / ; r o \ • 
(a- 6) (a -I- 6 -2c) 


(Coll. Exam.) 


7. Shew that the envelope of lines in the plane of an area about which that area has a 
constant moment of inertia is a set of confocal ellipses and hyjierbolas. Hence find the 
direction of the principal axes at any point. (ColL Exam.) 

w. D. ^ 
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8. Find the principal moments of inertia at the vertex of a parabolic lamina, latus 
rectum 4o, bounded by a line perpendicular to the axis at a distance A from the vertex. 

Prove that, if 15A>28a, two principal axes at the point on the parabola whose abscissa 
is -a+(a»-4<»A/5 + 3A»/7)i are the tangent and normal. (Coll. Exam.) 

9 Find how the principal axes of inertia are arranged in a plane body. Write down 

the conditions that particles m, at (x„ y,), where .=1, 2 may be ^uimomental to a 

given plate. Shew that the six quantities m,, m„ a;,, y,, yj can be eliminated trom 

these conditions, • i 

If three equal particles are equimomental to a given plate, the area of the tnang e 
formed by them is 3^3/2 times the product of the principal radii of CT^t ion^at the 
centre of gravity. ^ ^ ‘ 

10. A uniform Umina bounded by the ellipse 4»ar*+ay-a»6« has an elliptic hole 
(semi-axes c, d) in it whose major axis lies in the line a;=y, the centre being at a 
^stance r from the origin; prove that if one of the principal axes at the point (ar, y) 
an angle 6 with the axis of x, then 

8a&xy-cd[4 {x j2-- r) (y V2- r)~(c^-cP )j ^ 

[4 (X* -y*) +a* - 6*] ^^[2 {x r)*] 

(Coll. Exam.) 

■ 11. If a system of bodies or particles is moved or deformed in any way, shew that 
the sum of the products of the mass of each particle into the square of its displacement 
is equal to the product of the mass of the system into the square of the projection in any 
oven direction of the displacement of the centre of gravity, together with the sum of the 
^ucts of the masses of the particles into the squaies of the distances through which 
{Z must be moved in order to bring them to their final positions after communicating 
to them a displacement equal to the projection in the given direction of the displacement 
of the centre of gravity. ■’ 

12. The principal moments of inertia of a body at its centre of gravity are (^ «- ^) ■ 
if a smaU mass, whose moments of inertia referred to these axes are {A\ C), be added 

to the body, shew that the moments of inertia of the compound body about its new 
principal axes at its new centre of gravity are 

A+A\ C-¥C\ 

accurately to the first order of small quantities. (Hoppe.) 

■' 13. Shew that the principal axes of a given material system at any point are the 
n^rmab to the three quadrics which pass through the point and belong to a certain 

^onfocal system. , 

If (/ wi, n X /i, r) be the six coordinates of a principal axis and the associated 

Cartesian system’ be the principal axes at the centre of gravity, then shew that 
and therefore all principal axes of a given system belong to a quadratic 

(Coll. Liam.) 

14. A smoothly jointed framework is in the form of a parallelogram formed by 
attaching the ends of a pair of rods of mass m and length 2a to those of a pair of rods of 
mass >«' and length 26 Masses M are attached to each of the four comers. Exprem the 
anguUr momentum of the system about the origin of coordinates, in terms of the 
coordinates (*, y) of the centre of gravity and the angles 0 and <(, between the two pain of 
mde. and the axis of*. (ColL Exam.) 



CHAPTER VI 

THE SOLUBLE PROBLEMS OF RIGID DYNAMICS 

65. The motion of eyeteme rvith one degree of freedom: motion round 
a fixed axiSf etc, 

now proceed to apply the principles which have been developed in 
the foregoing chapters in order to determine the motion of holonomic B3r8temB 
of rigid bodies in those cases which admit of solution by quadratures. 

It is natural to consider first those systems which have only one degree of 
freedom. We have seen (§ 42) that such a system is immediately soluble by 
quadratures when it possesses an integral of energy: and this principle is 
sufficient for the integration in most cases. Sometimes, however (e.g. when 
we are dealing with systems in which one of the surfaces or curves of con- 
straint is forced to move in a given manner), the problem as originally formu- 
lated does not possess an integral of energy, but can be reduced (e.g. by the 
theorem of § 29) to another problem for which the integral of energy holds ; 
when this reduction has been performed, the problem can be integrated as 
before. 

The following examples will illustrate the application of these principles, 
(i) Motion of a rigid body round a fixed axit. 

Tjonsider the motion of a single rigid body which is free to turn about an axis, fixed in 
the body and in epaCe. Let I be the moment of inertia of the body about the axis, so that 
its kinetic energy is \li\ where ^ is the angle made by a moveable plane, passing through 
the axis and fixed in the body, with a plane passing through the axis and fixed in space. 
Let e be the moment round the axis of all the external forces acting on the body, so that 

is the work done by these forces in the infinitesimal displacement which changes 6 to 
The Lagrangian equation of motion 

d/an ar 

thengivei /S*e, 

which is a difierential equation of the seoond order for the determination of B. 

9—2 
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If ibe forces are oonseryatife, and F(d) denotes the potootial eneiior, this equation 
becomes 



which on integration gives the equation of eneigj 

F(d)»6, where c is a oonstant 

Integrating again, we have 

,_/i |{8(c-K))- constant, 

and this relation between $ and I determines the motion, the two constants of integration 
being determined by the initial conditions. 

The most important case is that in which gravity is the only eitemal force, and the 
axis is horizontal. In this case let 0 be the centre of gravity of the body, C the foot of 
the perpendicular drawn from 0 to the axis, and let CO^k. The potential energy is 
Mgk co6 d, where H is the nruma of the bedy and d is the angle made by CO with the 
downward vertical : and the equation of motion is 

d+^^ sin d«0. 

This is the same as the equation of motion of a simple pendulum of length IjUky and 
the motion can therefore be expressed in terms of elliptic functions as in 44, the solution 
being of the form 

in the oscillatory case, and of the form 

UD|>«n ('-<•)> *1 

in the circulating case. The quantity JjMk is called the Ungtk of tk$ equiwaUnt timpU 
pendulum. 

If 0 be a point on the line CO such that OC’^ljMhf the points 0 and C are called 
reHpectivelj the centre of oeeUlatxon and the centre of euepeneian. A cxirioua result in thin 
connexion is that the centre of oecilUuion and the centre of nupeneion are convertible^ 

i»e. if 0 ia the centre of oscillatioD when C is the centre of suspension, then C will be 
the centre of oscillation when 0 is the centre of suspension. To prove this result, we 

faaVe by § 59 

Moment of inertia of the body about Moment of inertia about if. 00* 

• I-M.CO*-^M.OO*y 

and therefore we have 

Moment of inertia of body about 0 ^ Mk*+M {II Mh ~ h)* 

Distance of centre of gravity from 0 I/Mh - A 

• Mk-YM{IIMk^h) 

^I{k, 

If therefore the body were suspended from 0, the equation of motion would still be 

^+^^sind»0, 

which establishes the result It is evident that the period of OeoiUation would be the 
same about either of the points Cand 0, 
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(ii) MUion of a rod on which an imcet it crawling. 

We shall next study the motion of a e^^ght uniform rod, of mass m and length 2a, 
whose extremities can slide on the circumference of a smooth fixed horizontal circle of 
radius e ; an insect of mass equal to thUt of the rod is supposed to crawl along the rod at 
a constant rate v relative to the rod. 

Let $ be the angle made by the rod at time t with some fixed direction, and let x be 
the distance traversed by the insect from the middle point of the rod. The kinetic 

energy of the rod is kinetic energy of the insect is due to 

a component of velocity along the rod and a component of velocity .r^ 

perpendicular to the r^ so the total kinetic energy of the system is 

*{*-(«•- o»)* 

there is no potential energy. 

Since vr, (t being measured from the epoch when x is zero), we have 
r- 1» (c» - 2o«/3) + Jm {» - (c* - a«)i ^}‘ + 

The coordinate d, which is now the only coordinate, is ignorable, and we have therefore 


dT 


constant. 


or m - m (c* - a*)^ {v- (c* - o*)i -constant. 

or Ja*4*e*<*)«constant 

Integrating this equation, we have 

arctan {vC (2c* - Jo*) ” ^}, 

where do and h are constants. This formula determines the position of the rod at any time. 


(iii) Motion of a com on a perfectly rouyh inclined plane. 

Consider now the motion of a homogeneous solid right circular cone, of mass M and 

semi-vertical angle /S, which moves on a perfectly rough plane (i.e. a plane on which only 
rolling without sliding can take place) inclined at an angle o to the horizon. Let I be the 
length of a slant side of the cone, and let d be the angle between the generator which is 
in contact with the plane at time t and the line of greatest slope downwards in the plane. 
Then if x ke the angle made by the axis of the cone with the upward vertical, x is one 
side of a spherical triangle whose vertices represent respectively the normal to the plane, 
the upward vertical, and the axis of the cone ; the other two sides are a and (Jw — ^), the 
angle included by these sides being (w ~ B). We have therefore 

oosx»cosasin^~sinaoos3cosd ; 

but the vertical height of the centre of gravity of the cone above its vertex is J/ cos 3 cos x, 
and the potential energy of the cone is Mg x this height ; if therefore we denote by 1 the 
potential energy of the cone, we have (disregarding a constant term) 

r--|irj^48in a cos* /9 cos d. 
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We have next to calculate the kineitc energy of the cone ; for this the moments of 
inertia the cone about its axis and about a line through the vertex perpendicular to the 
axis are required : these are easily found, (by direct integration, regarding the cone as 
composed of discs perpendicular to its axis) to be ^ iff* sin*3 and JJff*(ooe*/34*}sin*^) 
respectively, and so the moment of inertia about a generator is, by the theorem of § 60 
(since the direction-cosines of the generator can be taken to be sin /3, 0, cos with respect 
to rectangular axes at the vertex, of which the axis of « is the axis of the cone), 

Jiff» (cos*^+l sin* ft sin* 3+ ^ cos* 3, 

or }Jff*sin*i9(cos*/9+i). 

Now all points of that generator which is in contact with the plane are instantaneously 
at rest, since the motion is one of pure rolling, and therefore this generator is the 
instantaneous axis of rotation of the cone. If os denotes the angular velocity of the 
cone about this generator, the kinetic energy of the cone is therefore (§ 63, Corollary) 

}if/*8in*^(oos*i9+))w* 

But (§ 15) we have 

li«dootft 

and substituting this value for «, we have finally for the kinetic energy T of the cone 
the value 

r - 1 «»* ^ (cc®* ^ + 4) 

' The Lagrangian equation of motion 

d nT\ W dV 

becomes therefore in this case 

I if?* cos* /3 (cos* + 1) d + J ifyf 81 n o cos* /9 sin d - 0, 
ffsina . - _ 

This is the same as the equation of motion of a simple pendulum of length 

I ooeec a (ooe* ^ + 1) ; 

the integration can therefore be effected in terms of elliptic functions, as in § 44. 

(iv) Motion of a rod on a rotcUing frame. 

Contkler next the motion of a havy uniform rod, whow ends are constrained to more 
ih horizontal and vertical grooves respectively, when the framework containing the grooves 

ia^ukde to rotate wjth constant angular velocity <a about the line of the vertical groove. 

Let 2d be the length of the rod, M its mass, and 6 its inclination to the vertical, 
^y § 29, the effect of the rotation may be allowed for by adding to the potential energy 
a term 

-J»*p Jjr* sin* ddx, 

where p is the density of the rod and x denotes distance measured from the end of the rod 
which is in the vertical groove ; integrating, this term can be written 

-)jrw*a*sin*d. 

The term in the potential energy due to gravity is 

— Jfyacoed, 

and the total potential energy V is therefore given by the equation 
Vm- Mga cos d - 1 Jfw*a* sin* 6. 



135 


66 ] The Soluble Problem of Rigid DynanUcs 


The horizontal and vertical components of velocity of the centre of gi*avity of the rod 
are a cos d . ^ and a sin d . i, so the part of the kinetic energy due to the motion of the 
centre of gravity is | J/a^ ; and since the moment of inertia of the rod about its centre 
is iMa\ the part of the kinetic energy due to the rotation of the rod about its centre 
is \Ma^\ we have therefore for the total kinetic energy T the equation 

The integral of energy is therefore 

I ifdM* - Mga cos d - 1 sin* B * constant^ 

or, writing coed-j?, 

where c* denotes a constant : this constant must evidently be positive, since ir* and (1 ~ **) 
are positive. We shall suppose for definiteness that « is not very large and that Zgf4a^ 
is less than unity, so that x oscillates between the values 3^/4o«>*±f/tf. 

To integrate this equation, we write* 


= l-4- 




«+ 


8a 12 64a*ft>*^l2 


where { is a new dependent variable. Substituting this value for x in the difierential 
equation, we have 

where the values 


f=«i. {=««. 


ooirespood respectively to the values 








it is easily seen that is zero and that ei>es>e3. 


We have therefore (<+>), where the function ip is formed with the roots e,, Sj, 
and where y denotes a constant. Since and lies between 09 and for 

real values of t (since x lies between .‘^/4aw*- c/w and 3<7/4a«** +«/•), the imaginary part of 

the COnnUnt y muet be the half-period »] ; the real part of 7 can then be taken as sero, 
since it depends only on the choice of the origin of time. We have therefore 


and hence 




C08d«l+' 






3g .w 

"-“12 64a*0>* 12 


this equation detemines d in terms of t 


(v) Motion of a (fitc, one of whom pointi ii forced (0 move in a given manner. 

Consider next the motion of a disc of muss M resting on a perfectly smooth horizontal 
plane, when one of the points A of the disc is constrained to describe a circle of radius c 
in the horizontal plane, with uniform angular velocity •>. 

* Cf. Whittaker and Watson, A Courte of Modem Analytit, § 20*6. 
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Let Q be the centre of gravity of the disc, and let d 6^ bo of length a. The acceleration 
of the point i4 is of magnitude cu\ and is directed along the inward normal to the circle : 
if therefore we impress an acceleration directed along the outward normal to the 
circle, on all the partioles of the body and suppose that A is at rest, we shall obtain the 
motion relative to A. The resultant force acting on the body in this motion relative to A 
is therefore Mcas\ acting at (7 in a direction parallel to the outward normal to the circle. 

Let B and ^ be the angles made with a died direction in the plane by the line AO and 
the outward normal to the circle respectively : then the work done by this force in a small 
displacement M is 

MevM sin (0 - 6) W, 

and the kinetic energy of the body is i where is the moment of inertia of the 
body about the point A. The Lagrangian equation of motion is therefore 

But since we have so if ^ be written for we have 

^;+^*sinf-0. 

This is the same as the equation of motion of a simple pendulum of length ; 

the integration can therefore be performed by means of elliptic functions as in 44. 

(vi) Motion of a diic rolling on a oonttrained diic and linked to it. 

Consider the motion of two equal circular discs, of radius a and mass My with edges 
perfectly rough, which are kept in contact in a vertical plane by means of a link (in the 
form of a uniform bar of mass m) which joins their centres : the centre of one disc is fixed, 
Aod this disc A is constrained to rotate with uniform angular acceleration a ; it is required 
to determine ^he motion of the other disc B and the link. 

Let be the angle which the link makes with the downward vertical at time f, and 
let B be the angle turned through at time t by the disc A. The angular velocity of disc A 
is By and the velocities of the )K>int8 of the discs which are instantaneously in contact are 
therefore each ai. Since the velocity of the centre of the disc B is it follows that the 
angular velocity of the disc B about its centre is 2^-i. Since the moment of inertia of 
each disc about its centre is \ Jfa*, the kinetic energy of the system is 

and i»at^€y wlicre f is a constant. 

The potential energy of the system is 

r* - ay COS0, 

and the Lagrangian equation of motion is 

d fdT\ dT dV 

or ^ {(6^+ 1 m) - Jfd*d) * - (2if + m ) ag sin (fs. 

Since this equation gives 

(6if -f I m) - Ma*a + (2if + m) ay sin 0. 

Integrating, we have 

(3if4- § w) - Ma*a<fs^{iM-^m) ay cos 
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where c is a constant depending on the initial conditions : and as the variables t and are 
separable, this equation can again be integrated by a quadrature: this final integral 
determines the motion. 

Example, If the system is initially at I’est with the bar vertically downwards, shew 
that the bar will reach the horizontal position if 



66. The motion of systems with two degrees of freedom. 

In the dynamics of rigid bodies, as in the d)Tiamic8 of a particle, the 
possibility of solving by quadratures a problem with two degrees of freedom 
generally depends on the presence of an ignorable coordinate. The integral 
corresponding to the ignorable coordinate can often be interpreted physically 
as an integral of momentum or angular momentum. The formation and 
solution of the differential equations is effected by application of the 
principles developed in the preceding chapters : this will be shewn by the 
following illustrative examples. 

(i) Rod pacing through ring. 

Consider, as a first example, the motion of a uniform straight rod which passes through 
a small fixed ring on a horizontal plane, being able to slide through the ring or turn in any 
way about it in the plane. 

Let the distance from the ring to the middle point of the rod at time t be r, and let the 
rod make an angle $ with a fixed line in the plane ; let 2^ be the length of the rod, and Af 
its mass. 

The moment of inertia of the rod about its middle point is and the kinetic energy 
is therefore 

there is no potential energy. 

The coordinate $ is ignorable and the corresponding integ^l is 



or (r* + J ^ — constant. 

The integral of energy is 

^ J ■« consUuit. 

Dividing the second of these integrals by the square of the first, we have 

+ wherecieaoonatent, 

OP ^-f-constant- J (cr*+ Jcf*- l)}“^dr. 

Writing cr**#, this becomes 

constant* j 
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If therefore (P denotes the Weierstrsesian elliptic function with the roots 

es-i{-l-K)t 

which satisfy the relation Si>«t>^ if ^ » sufficiently great initially, we have 

where do is a constant of integration ; 

since t is positive, we have f>(d-do)>«i for real values of d, and consequently the 
constant do is real 

The solution of the problem is therefore contained in the equation 
cr*-|>(d-do)+i-K. 


(ii) One cylinder rotting on another under gravity. 

Let it now be required to determine the motion of a perfectly rough heavy solid 
homogeneous cylinder of mass m and radius r, which rolls inside a hollow cylinder of mass 
M and radius A, which in turn is free to turn about its axis (supposed horizontal). 

Let ^ denote the angle which the plane through the axes of the cylinders at time t 
makes with the downwai^ vertical, and let d be the angle through which the cylinder of 
mass M has turned since some fixed epoch. The angular velocities of the cylinders about 
their axes are easily seen to be d and /2^}/r respectively ; and the moments of 

inertia of the cylinders about their axes are MB? and Jmr* respectively; so the kinetic 
energy T of the f^tem is given by the equation 

while the potential energy is given by the equation 

Vme -mg {R^r)oo9<l>. 

The coordinate d is clearly ignorable; the integral corresponding to it is 

dT 

^-constant, 

od 


or MiP4‘-^mR{{R-r)^-Ri}»k, where is a constant. 

The integral of energy is 

T+ Vemhj where A is a constant, 

ElimioAting 4 between the two integrals, we obtain the equation 






This is the same as the equation of energy of a simple pendulum of length 


2M^m 


(R-r); 


the solution can be effected by means of elliptio Amotions as in § 44 


(iii) Rod moving in a free circular frame. 

We shall fiext (x^ider the motion of a rod, whose ends can slide freely on a smooth 
vertical circular ring, the ring b4ing free to turn about its vertical diameter, which is fixed. 



139 


66 ] The Solvhle Problems of Rigid Dynamics 


Let m be the mass of the rod and 2a its length ; let i/ be the mass of the ring and r 
its radius ; let ^ be the inclination of the rod to the horizontal, and 0 the azimuth of the 
ring referred to some fixed vertical plane, at any time t. 

The moment of inertia of the rod about an axis through the centre of the ring 
perpendicular to its plane is Ja*), and tbe moment of inertia of the rod about the 
vertical diameter of the ring is wj j(r*-a*) sin*^-hJa*coe*5}. The kinetic energy of the 
system is therefore 

(r* - Ja*) 4* J + i sin* ^ - a* sin* ^ + Ja* cos* &). 

The potential energy is 

(r* — a*)i cos d. 

The coordinate is evidently ignorable ; the corresponding integral is 


—as constant, 

a* 


or i/r*^ + (r* sin* ^ - a* sin* ^ + ]^a* cos* S) « i, 

where it is a constant. Substituting the value of <j> found from this equation in the 
integral of energy 

T+ V=A, 


we have 


im(r*- Ja*)rf**sA+ma(r*-a*)i cos^-J ^ r; "^ . — 

* ^ 5 ^ m(r* sin* a* sin* d+J a* cos* 

In this equation the variables $ and t are separable; a further integration will 
therefore give B in terms of f, and so furnish the solution of the problem. 


(iv) ffoop and ring. 

We shall next discuss the motion of a system consisting of a uniform smooth circular 
hoop of radius a, which lies in a smooth horizontal plane, and is so constrained that it can 
only move by rolling on a fixed straight line in that plane, while a small ring whoee mass 
is 1/X that of the hoop slides on it. The hoop is initially at rest, and the ring is projected 
from the point furthest from the fixed line with velocity v. 

Let <f} denote the angle turned through by the hoop after a time t from the commence- 
ment of the motion, and suppose that the diameter of the hoop which passes through the 
ring has then turned through an angle yjr. Taking the ring to be of unit mass, so that the 
mass of the hoop is X, the moment of inertia of the hoop about its centre is Xa*, and this 
centre moves with velocity a^, while the velocity of the ring is compounded of oomponents 
and whose directions are inclined to each other at an angle The kinetic energy 
of the system is therefore 

T- iXa *(/)* + i Xa*(/»* + J (a*<^* + a*^ 4- cos ^r) 

« X (2X 4- 1 ) a*<^* 4- Ja*\^*4' a*<p\/^ cos 
and the potential energy is zero. 

The coordinate </> is evidently ignorable, and the con'esponding integral is 

constant, 

(2X4-l)a*^4-a*\^^cos ^«the initial value of this expression 


or 
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IntegratiDg this equstion, we have 

(2X + 1) ^+8in - ^*the initial value of this expression 


= 0 , 



This equation determines ^ iA terms of 
The equation of energy is 

T"«it8 initial value i* 

and substituting for ^ its value (r/a - cos ^ . iJ^)/(2X-i-l) in this equation, we have 
a* (2X+8in*^) ^-2Xr*, 

so <=*— I (2X+sin*^)i 

V V 2X J 0 

Writing 8in^«c.v, this becomes 

In order to evaluate this integral, we introduce an auxiliary variable u, defined by the 
equation 

u— J (2X+Jt^)“i(l -.**)" 4 

Write J^=2X/(, where { is a new variable ; the last integral becomes 

which ic^ equivalent to 

where the function is formed with the roots 

<»i-J(l+4X), e,-ia-2X), (,,-.-§(l+X); 
these roots are real and satisfy the inequality ei>0t>88> so p(«) is real and greater than 

a] for real values of %. 

Now we have 

or 

Integrating, we haye 

where ( { h ) denotes the Weierstrassian Zeta>fuoction. 

Thus finally the coordinate ^ and the Htm t are expreeeed in terms of an autnliary 
pariable u hy the equations 




•JSKvdt 
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67. /mtio/ motions. 

We have already explained in § 32 the general principles used in finding 

the initial character of the motion of a system which starts from rest at 

a given time. The following examples will serve to illustrate the procedure 

for systems of rigid bodiea 

(i) A partide hangt 6y a ttritig of Uf^th b from a point in the circumference of a ditc 

of twice its mast and of radius a. The disc can turn about it$ oris, which it hormtUcd^ and 
the diameUr through the point of attachment of the tiring it initially horizontal. To find the 
initial path of the partide. 

Let $ denote the angle through which the disc has turned, and ^ the inclination of the 
string to the vertical, at time t from the beginning of the motion : let ni be the mass of the 
particle. The horizontal and (downward) vertical coordinates of the (tarticle with respect 
to the centre of the disc are 

a ooed'H^sin^ and asiDd+6cos0, 
so the square of the particle's velocity is 

4* 6*^* - 2a6 sin (d + 

and the kinetic energy of the system is 

mab sin (d-f 

while the potential energy is 

- my (a sin d 4" 6 cos 4)- 

The Lagrangian equations of motion are 


d m 

r\ ZT 

dv 

dt\di 

V~Z0^ 

ad’ 

d m 

r\ ZT^ 

dV 


P a«“ 



j2«*d- oA cos (d + ^ - flpa cos d — afc sin (d 4* ^ 

I 6*^-a6co6(d4-^)d* 4*y68in0- a^sin (d + 0) d «0. 

Initially the quantities d, 4 ^ ^ equations therefore give initially 

B^gf%a and so the expansion of d begins with a term gt^jAa and that of ^ with a 

term higher than the square of t. Assuming 

4a 

substituting in the above differential equations, and equating powers of r, we can evaluate 
the coefficients d, C, ...*; we thus find 

Now if X and y are the coordinates of the particle referred to horizontal and (downward) 
vertical axes through its initial position, we have 

x-a (1 - cos d) > 6 sin 4* » approximately, 

and y«aBind4*6(oos0- l)«ad-^ , approximately. 
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Elimiiuting ( between these eqnations, we have 

^-30a&r, 

and this is the required approximate equation of the path of the particle in the 
neighbourhood of its initial position. 

(ii) A ring of man m can tlidc frtdy <yn a uniform rod of man M and lengtA So, trAicA 
can htfn about oni ml. Initially iAerodit horiiontaly with the ring at a dutance from 
the fixed end. To find the initial curvature of the path of the ring in tpaoe. 

Let (r, $) denote the pol&r coordinates of the rioig at time referred to the fixed end of 
the rod and a horizontal hiitial line, $ being measured downwards from the initial line. 
For the kinetic and potential energies we have 

~ mrg sin $ - Mag sin $. 

The Lagrangian equations of motion are 

(d/dj\^dj JJ 
|(fr\3^/ dr 

\d/dj\ ^T JV 

de' 

i r-r^-^8ind=0, 

I Ma*B + -f 2mr ^ — Mga cos d - mgr cos d ■■ 0. 

Binoe A ^nd i are initially zero, we can assume expansions of the form 
|r«ro4.a,<*+a3^*-Ha4<^+..., 

63^®+... ; 

enbetituting these expansions in the differential equations, and equating coefficients of 
powers of r, we find 

Oj-O, OgaxO, 

2g(Ma-^mrQ) 

^’"2(4ira*-|-3mro*)’ 

The coordinates of the particle, referred wO horizontal and vertical axes at its initial 
position, are 

j?=rooed-ro and y-rsin^, 
dr approximately x*(a4 - y *roAi^. 

^e curvature of the path is given by the equation 
I , 2x 204 1 

r 

and on substituting the above values of At and 04, we have 

1*. (4a - 3ro) 

p”»ro*(ifa+mro)' 

This is the required initial curvature of the path of the ring. 

Example. Two uniform rods AB^ BCf of masses mi and m|, and lengths a and b 
raspectivdy, are freely hinged at B, and can turn round the point which is fixed. 
Initially, AB \» horizontal and B€ vertical. Shew that, if C he released, the equation of 
the initial path of the point of (riseotion of BO nearer to C can be put in the form 

y* « fiO (1 + 2m|/m|) o&r. 

(Oamb. Math. Tripos, Part 1, 1896.) 
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88 . The niotm of sytUms M degrees of freedm. 

The possibility of solving by quadratures the motion of a system of rigid 

bodies which has three degrees of freedom depends generally (as in the case 

of systems with two degrees of freedom) either on the occurrence of ignorable 

coordinates, giving rise to integrals of momentum and angular momentum, or 

on a disjunction of the kinetic potential into parts which depend on the 

coordinates separately. The following examples illustrate the procedure. 

(i) Motion of a rod in a given field of force. 

Consider the motion of a uniform rod, of mass m and length 2a, which is free to move 
on a smooth table, when each element of the rod is attracted to a fixed line of the table 
with a force proportional to its mass and its distance from the line. 

Let (jr, g) be the coordinates of the middle point of the rod, and 6 its inclination to the 
fixed line. The kinetic energy is 

and the potential energy is 

V I (y + r sin df dr, where p is a constant, 

4a j .a 

or r«=/im(Jy*-|-Ja*8in*^). 

The Lagrangian equations of motion are therefore 

jr=:0, 

y- - pyy 

(2?)+^ sin 2^*0; 

The first two equations give 

x-ct-^d, 
y=/8in (pif + c), 

where c, d, f e are constants of int^ation ; the centre of the rod therefore describes 
a sine curve in the plane. The equation for B is of the pendulum type, and can be 
integrated as in § 44. 

(ii) Motion of a rod and cylinder on a plane. 

We shall next discuss the motion of a system consisting of a smooth solid homogeneous 
circular cylinder, of mass M and radius e, which is moveable on a smooth horixontal plane, 
and a heavy straight rail of mass m and length 2a, placed with its length in contact with 
the cylinder, in a vertical plane perpendicular to the axis of the cylinder and passing 
through the centre of gravity of the cylinder, and with one extremity on the plane. 

Let ^ be the inclination of the rail to the vertical, and x the disUnce traversed on the 
plane by the line of contact of the cylinder and plane, at any time t. The coordinates of 
the centre of the rod referred to horizontal and vertical axes, the origin being the initial 
point of contact of the cylinder and plane, afe easily seen to be 

x-coot^^ - ^^+o8in^ »nd acos^. 

Let be the angle through which the cylinder has turned at time t. The kinetic 
^argy of the system is 
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The poientUl energy is given by the equation 

K»:fN^COe^. 

The coordinates x and ^ are evidently ignorable : the corresponding integrals are 

af 

^-^Moonstant 

(which may be interpreted as the integral of momentum of the system parallel to the axis 
of x) and 

. 

• r-r ■■ constant 

H 

(which may be interpreted as the integral of angular momentum of the cylinder about its 
axis). These integrals can be written 

M |x- Jcoosec*^j - + a cos -constant, 

constant 

Substituting for x and ^ the values obtained from these equations in the integral of 
energy 

7*+ Kwcoustant 

wc have the equation 

^ J a*+ a* sin* |o cos d - J c cosec* ~ ^ 

wliere d is a constant. Tliis equation is again integrable, since the variables t and 0 are 
seiiarable ; in its integrated form it gives the expression of 0 in terms of t : the two 
iniegralM found above then give x and 4> in terms of t. 

69. Moivm of a body abotU a fixed point wider no forces. 

One of the most important problems in the dynamics of systems with 

three degrees of freedom is that of detennining the motion gf a rigid body, 

one of whose points O is fixed, when no external forces are supposed to act*. 
This problem is realised (§ 64) in the motion of a rigid body relative to its 

ptre of gwvity, under the action of any forces whose resultant passes 

through the centre of gravity. 

In this system the angular momentum of the body about every line which 

passes through the fixed point and is fixed in space is constant (§ 40), and 

consequently the line through the fixed point for which this angular momen- 
tum has its greatest value is fixed in space. Let this line, which is called the 
invariable line, be taken as axis OZ, andriet OX and OF be two other axes 
through the fixed point which are perpendicular to OZ ami to each other. 
The angular momenta about the axes OX and OF are zero, for if this were 
not the case the resultant of the angular momenta about OX, OF, OZ would 
give a line about which the angular momentum would be greater than the 

* Euler, Memoirti de Berlin, Aonee 1768. Elliptic (unctions weie applied to the problem 
int by Bueb, Speeimen inanffitraU... (Utrecht, 1884): and the solution was completed by Jacobi, 
Joerml/Br Uetk. xxxix. (1849), p. 398. 
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angular momentum about OZ, which is contrary to hypothesis. It follows 
(§ 39) that the angular momentum about any line through 0 making an 
angle $ with OZ is d cos 0, where d denotes the angular momentum about OZ. 

The position of the body at any time t is sufficiently specified by the 
knowledge of the positions at that time of its three principal axes of inertia 
at the fixed point : let these lines be taken as moving axes Oxyz ; let {$, 0, yjr) 
denote the three Eulerian angles which specify the position of the axes Oxyz 
with reference to the axes OXYZ, let {A, B, C) be the principal moments of 
inertia of the body at 0, supposed arranged in descending order of magnitude, 
and let (a)i, 0 ) 2 , wj) be the three components of angular velocity of the system 
about the axes Ox, Oy, Oz respectively, so that (§§ 10, 62) 

0)1 = - d sin ^ cos 
■ = d sin 6 sin yjr, 

Go)^ — d cos d, 

or (§ 16) 

^ ^ sin — (ji sin ^ cos •>)<■ = - 2 sin cos yjr, 
d 

dcosylr + <f> sin ^ sin a/t = ^ sin 6 sin 

4- </> cos ^ ^ cos 0 . 

These are really three integrals of the differential equations of motion of 

the system (only one arbitrary constant however occurs, namely cl, our special 
set of axes being such as to make the other two constants of integiution 
zero); we can therefore take these instead of the usual Lagrangian differ- 
ential equations of motion in order to determine 0, <f>, yfr. 

Solving for 6, (fi, f, we have 



(A-B)cl . . , . , 

u -= ^ — A ~B^~ ^ 

’ ^ 2 cos* ^ 

as J cos* ^ ^ j cos 0 , 

The integral of energy (which is a consequence of these three equations) 
may be written down at once by use of § 63 ; it is 

A + -Bwg* 4* C/O),* = c, 


where c is a constant : replacing (o^, o), by their values in terms of 0 and yfr, 
this equation can be written in either of the forms 


W. D. 


10 
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or 


A-B . , Ac-d^ A-G 

am* a sin* ^ = 


cos* 6, 


Act^ AC 

Since il > ^ > C, the quantity (cA -d^) or B (A- B) o),* + G (il - C) oi,* is 
positive, and {cG-d^) is negative: the quantity {Bc-d}) may be either 
positive or negative: for definiteness we shall suppose it to be positive. 

The first of the three differential equations may, by use of the last 
equations, be written 

d. .. , f Bc-d\B^C A-G 

•f ■ ■ ,^>v C 08 *y' 




if 

'H- 


.8*^ . 


- EG {-^AcT ~ AC" 

This equation shews that cosi^ is a Jacobian elliptic function* of a linear 
function of t ; and the two preceding equations shew that sin ^ cos and 
sintfsin'^ are the other two Jacobian functions. 

We therefore write 

sin ^ cos = P cn u, sin d ain ^|r = Q an u, cos ^ == P dn w, 

where P, Q, R are constants and m is a linear function of f, say Xi + e ; the 
quantities P, Q, P, X, and the modulus k of the elliptic functions, are then to 
be chosen so as to make the above equations coincide with the equations 

I A:* cn* u = ~ F* + dn* u, 

A*8n*M= 1 — dn*a, 

d 


du 


dn M = — A;* en M cn w. 


The comparison gives 
A{d-^cO) 


«• 


B{d*^cC) 




C {cA — df) 

‘ d^{A^C) ’ 


a- 8 )(j'-t 0 

{B-C)Uo-dfy 


x*= 


(5-0(d-(f) 


ABO 


The equation for k^ shews that k is real, and the equation 
, ,, (^~0(Pc~ d*) 

(P-G)(Ac~(i*) 

shews that (1 - A:*) is positive, i.e. that k<\. The quantities P, Q, P, X are 
also evidently real. 

Now a real quantity a may be defined by the mutually consistent 
equations 

* The theory of elliptic functiong required in thig and the gucceeding problemg will be found 
in Whittaker and Wateon’g Modem Analyeiit Che. xx.— xxu. 


sn ta s i ^ 
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where the theta-functions are defined by the expansions 

^00 (*')»! + 2^ cos 27rv -f* 2^^ cos ^irv -f 2 (f cos Qirv -f . . 
^01 (>') = 1 “■ 2^ cos ^TTV -f- 2^ cos ^TTV — 2 <f COS fiTTI/ -f- . . 

^10 (i') =* 29^ cos Try 4- 2^^ cos 37ry + 2^^ cos 5Try -h . . ., 
^11 {v) = 29^ sin Try — 29^ sin 37ry + 29^ sin 5Try 4- . . ., 


and 9=ac"*^^^^, we have 

1 4- 29 cosh 27 4- 29* cosh 47 4- . . . _ (y\-\ I ■" 
l-29C08h27 4*29*coeh47-...~’^ ' \a{B--G)) 


where 7 stands for iraj^K : from this equation 7 (and consequently a) may 
readily be determined by successive approximation. 

The Eulerian angles 0 and yfr at time t are now given by the equations 


sin cos ^ = 
sin ^ sin ^ = 


cn (X^ 4- e) 
cnia * 

dnia8n(X<4-€) 
cnta ’ 


or (omitting the e) 


^ sn ia dn (Xi -f e) 

I o — • • p 

ten la 




lin sin y/r => 


(iajiK) a., (XtliJC) 

a„(ta/2A’)a„(A«/2/f)’ 


. xm)x{m 

'“'■iS„(«./2r)S.(M/2i0' 

The modulus k of the elliptic functions is known; we can therefore 
determine the parameter 9 of the theta-functions by the equation 

ifc« 2 W 

16 “^82'*“ 1024“^ 

or by the more rapidly convergent series 

9 - i tan*)8 4- ^ tan'®/3 4- ^ tan« 4- 
where cos ^8 « (Jfc')^. K may then be calculated fivm the series 
(2Z/Tr)i - ^00 =» 1 4- 29 4- 29^ 4* 29* 4* , 
wid thus the period 4if/X of the inclinations of the axes Oxyz to the line 
OZ is determined. 


ja-2 
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If now we write and (itXj^K) ** /Lt, we have 


sin ^co8\^ = 


(l- 29C08h2y -f 2^co8 h 47 (cos cos 

(cosh 7 + ^*cosh 87 + . . . ) (1 “ 2^ cos 2/t*< + 2^co8 4/i/ + . . . ) ’ 


sin ^ sin >|r = 


(1 + 2q cosh 27 -h 2^ cosh 47 -f ...)(8in — ^^sin S/it -f ...) 

(cosh 7 + 9* cosh 87 + . . .) (l “* cos 2 jlU + 2q* cos 4»fjLt +...)* 


cos 6 « ( sinh sinh 87 -f . . .) (1 -f 2^ cos 2/i^ 2^* cos 4/i< + . . . ) 
(cosh 7 -t- 9* cosh 87 + . . .) (1 2^ cos 2fd 4- 2^^ cos 4>fit + . . .) 


The quantities 9, /x, 7 may be regarded as the constants which specify the 
motion. 


Example. Suppose that the body is a homogeneous ellipsoid of unit density, whose 
three semi-axes are 

a=l, 6 * 2 , cbsS. 

The three principal moments of inertia are 


d*T^f»ra 6 c( 6 »-|-c»)« 20 - 8 fr, ^* 16 ir, C=^Sir. 

Suppose that the initial velocities of rotation round the principal axes are 

«l = i) «»3*=1- 

The constant of energy is 

c*=d«|^4-5»2* + Ca) 3 *= 13‘3»r, 

and the constant of angular momentum is given by the equation 
d* - AW + BW + OW =- i 56-04^ 


BO (<- 12 - 462 ir, ^c-(f 2 = 121 - 60 ir* Bc-d^ = d^ - cC^48'84n^. 

The modulus of the elliptic functions is given by the equation 


whence we have 


{B-C){Ac-d') ’ 


jf'-l -!:» =0-760, 

1 1 -i^ 


l+B^ 


■H 2 


a 1-^V. 


=0'0171, 


80 



We have also 


80 


l-f29+2^+2}»+... = 1-0342, 
JT- 1-68013, 

AT'- log, 9 r= 2-176. 


X«. 


(B-C)(Ae-d*) 


-JW 


A-0-6046 


0-36M, 


and 




irX 

21 “ 


0*6661. 


AK 2w 

The period of the angles $ and ^ » which haa the value 11*118. 
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In order to express 6 and yfr as trigonometric series in terms of ty we must determine y. 
For this we have 

and therefore if be neglected we have 

1+2$' cosh 2y^M094 
l-2q cosh 2y * 0*9337 ’ 

giving coah2y«2*503, 

and hence 2y =1*568 

and y=0*784. 

The quantity a is then given by the equation 

OR 

.a — — ‘y**0‘8385. 

TT ' 

A limiting case of the general problem is that in which A«j5, so that i reduces to 
zero and the elliptic functions become circular functions. In this case the solution may 
be written 


sin d 008 ^ = 


cosXn 
cosh a 


• /I ' , sin Xn 

sin ^ sin }U- — r“ ) 
cosh a 

cos dwtanha 


where 


_l(A~q(Ac-d^)]>t 


>.{ 


^ A»(7 J 


. , (0(Ac-d^))i 

eo«h„. I£(±l£)l^ 


so the motion is a steady precession about the invariable line 0^, the body rotating also 
about' its own axis of symmetry Oz. 

Another limiting case is that in which <f»=cfi, so that i(r2 = l and the elliptic functions 
degenerate into hyperbolic functions ; this is illustrated by the following examples. 

Example 1. A rigid body is moving about a fixed point under no forces: shew that ij 
(in the notation used above) and if is zero when t is zero, a>j and <03 being initially 

poeitivey then the direction-cosines of the B-axis at time ty referred to the initial directions of 
the principal axeSy are 

a tanh - y sin /x sech Xi cos p sech Xt y tanh ;( + a sin ;x sech x^ 

where 

dt 




dt f{ 

I 


l(A-S)(B-0]i 

U (B-O) 

(C(A-B)) 

1 AC 1 • 

lB(A-Of 

II 

1 


(Camb. Math. Tnpos, Part 1, 1899.) 

To obtain this result, we observe that when Bc^d^y the diflferential equation for the 


coordinate $ becomes 




AC j * 


the integral of which is 


C 06 .d«y 8 ech;(, 



150 


The Soluble Problem jgf Rigid Dywmies [oh. yi 


where y and x Are the quantities above defined. The equation 


then gives 
and the equation 


IF ^ — 37r ^ 

sin^sin^-tanh x, 


gives sin y sin 

These equations shew that the direction-cosines of the ^-axis referred to the axes 
OXYZy which (§ 10) are 

-oos^cos^sin^-sin^oos^) -sin</>cn8^sin^-|-cos<^cos^) sin d sin 
can be written 

- sin /i sech x* cos /i soch x, tanh x- 
But if ttio, «i >30 denote the initial directions of the piincipal axes^ since 

so that Aoii^ad and C^^^ydy we see that the direction-cosine o)so, o> 30 ) referred to 
OXYZy are given by the scheme 


X Y Z 



and hence the direction-cosines of the B-axis, referred to ®io, ©ao, »»» Are 

“ y sin ^ sech x + a tanh X, cos/isechx, asin ;*sechx+y tanh 


Example 2. When d^^cBy shew that the axis Oy describes, on > sphere with the fixed 
point as^centre, a rhumb line with respect to the meridians passing through the invariable 
line. (Coll. Exam.) 

Returning now to the general case, we have to express the third Eulerian 
angle <f> in terms of the time. We have 


Now 


whence 


sin*^ 


^ , cnXi 

cot^ssx’-^ r.,» 

^ dn ta sn 

dn*ta8n* \t 


1 - A:*8n*ia8n*Xf‘ 


This function of t vanishes with ty and has poles when the denominator 
vanishes, i.e. when 

so in one period-parallelogram (2^, 2ilC) it has poles at the points 
XtmiaA- iK' and » — ia + xK\ 




69] 


The Sohible Problmns of Rigid Dynamics 


151 


Near the former of these points, writing Xf = ia 4- iK + e, and retaining 
only the lowest powers of €, we have 

. _ dn* la/A:® snHa 

sin y ^ ^ ial^n^iia + €)j ’ 

dn‘^ ia 

~ Jc^ sn^ ia-\-€k^.2 sn ia cn ia dn ia - sn* ia ’ 
so the residue at this pole of sin* yjr, considered as a function of \t, is 

dnia 1 ((B — C)(Ac - (P)AB]^ 

2/:* sn ia cn ia ’ 2id (A- B)\ C 

Therefore the residue of ^ sin= ^jr at this point (considered as a 

function of X^) is 

1 [ {B-C){Ac-d' ))^ 

2tl ABC J 2r 

and the residue when \tl2K is regarded as the variable is consequently -iX/4i^. 
As we now know the zeros, poles and residues of this function, we can write 
down its expression as a sum of logarithmic derivates of theta-functions : in 
fact, since % (v) has a simple zero at r = = iK'j2K, we have 

i r. ,f'K.t-iu\ ^ ,(\t’¥ia\ ,(ia\\ 

^01 ( ir 


! d i\ 




Xt - m\ 

2K J 


2K 

Xt + la 


and therefore 


= constant . • 


/Xt — ia 

[~jir 


/Xt 4- ia\ 

‘ V 


(2>d \ %:{iaj2 K)\ 

\ A ^ K%,{ial2K)f • 


Now \ ( periodic with respect to the real 

period 2K/X of t, so the exponential on the right-hand side gives the nwau 
motion of <^, i.e. the precessional motion of the system round the invariable 
line. We have 

(,/) = 1 - 2q cos 27ri' 4- 2q^ cos 47rv - . . 

= 47r(/sin 27r»/ - 87rg*sin 47ri/ 4- 

SO the coefficient of t in <f>, i.e. the constant part of <^, or the precession, 
which is 

d X %^'(ia/2K) 

A'^ 2iK ^(ial2K)* 

may be written 

d q sinh 2y — 2q* sinh 47 4- ♦ . . 

A ^ ^ ‘ 1 - 27 cosh 27 4- 27 * cosh 47 - ’ 

in which form it may be calculated readily. 
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Example 1. In the case previously discussed, of an ellipsoid whoso semi-axes are a « 1, 
c *6=3, we have 

2y = 1 *568, sinh 2y « 2*294, oosh %y - 2*603, 

0?*= 12*452»r, i4»20*8ir, /i=0*5661, j=0*0171, 

HO the mean motion of <^, which when j'* is neglected may be written 

ff+4„ 

^ ‘ 1 - 2^ cosh 2y ' 

is 0*6986 + 0*0970, 

or 0*6956. 

Example 2. A uniform circular disc has its centre 0 fixed, and moves under the 
action of no external forces. The disc is given initial angular velocities Q about a diameter 
coinciding with 0^ in space, and n about its axis coinciding with 0( in space. Shew that 
at any subsequent time 

V « 2 arcsin f . sin {(Q* + 4n*)i • i 1 , 

L(Qa + 4n!»)i " J 

«= arccotf 5 — - tan {(Q2-).4n3)i. 

L(Q2 + 4^2)4 “ J 

where x the angle between OC and the axis of the disc Oz and a> is the angle between the 
planes {0( and {Oz. (Coll. Exam.) 

For let OE denote as usual the invariable line, and consider the spherical triangle E{z, 
liliose vert.ices are the intersections of the lines OE, 0{, Oz respectively with a sphere of 
centre 0. In this spherical triangle we have Ezs^By f ^ 2 *=(#>. Moi*eover we have for the 
disc (7=25=2^, so 

A*Q*+ A* (0»+4n») 

hikI ^ = (Q2+4n»)i. 

The equation.^ of motion for 6 and therefore become 

d=0, <^=cI/A = (Q2 + 4n»)i, 

so d»aJ?f^=arccos — ^ — r, 0 = (O’^+4w^)^i. 

(Q*+4/i2;3 

In the spherical triangle E{z.^ we have therefore 

^f*s:Z2 = arccos — — j, (Q* + 4w‘'‘)4^ Z{z^o>^ = 

(Q-4.4n*)5 

and hence 5in-|=siiiZf sin JfZ? * 5 ^ sin {(I22+4n*)^ . J<) 

^ (Q‘‘‘+4«2)4 

and cot <0 = cos E{ tan I {Ez *■ ^ — 7 tan {(Q* + 471'^)^ . | <}, 

(Q»+4n2)* 

which are the required equations. 

70. Poinsofs kinematical representation of the motion; the polhode and 
herpolhode. 

An elegant method of representing kinematically the motion of a body 
about a fixed point under no forces is the following, which is due to Poinsot*. 

Poinsot, Thiurie nouvetU de lu rotation dez corpt^ Paris, 1884. 
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The equation of the inomental ellipsoid of the body at the fixed point, 
referred to the moving axes Oxyz, is 

+ 1 . 

Consider the tangent-plane to the ellipsoid which is perpendicular to the 
invariable line. If p denotes the perpendicular on this tangent-plane from 
the origin, we have (since the direction-cosines of p are AtOi/d, 8(0^1 d, 0(0^1 d) 


c 

d^ 


which is constant. 


Since the perpendicular on the plane is constant in magpitude and 
direction, the plane is fixed in space: so the momental ellipsoid always 
touches a fixed plane. 

Moreover, if {x\ y\ z) are the coordinates of the point of contact of the 
ellipsoid and the plane, we have on identifying the equations 

Axx -f Byy + Czz' = 1 and A<i)^x-\- y + Ca^z =* pd 


the values 


, ft)l _ Wl , ^ 0)8 ft)2 / _ _ ^3 

pd ^ pd Vc ’ pd V ^ 


and hence the radius vector to the point {x, y\ z) is the instantaneous axis 
of rotation of the body. It follows that the body moves cis if it ^uere rigidly 
connected to its momental ellipsoid, and the latter body ^vere to roll about the 
fixed point on a Jixed plane perpendicular to the invariable line, without 
sliding ; the angular velocity being proportional to the radius to the point of 
contact, so that the component of angular velocity about the invariable line is 
constant. 


Example 1. If a body which is iiiovoable about a tixed point is initially at rest and 
then is acted on continually by a couple of constant magnitude and orientation, shew that 
Poinsot’s construction still holds good, but that the component angular velocity aWiut the 
invariable lino is no longer constant but varies directly as the time. (Coll. Exam.) 

For in any interval of time di the addition of angular momentum to the body is Sdt 

about the fixed axis 07 . of the couple ; so that the resultant angular momentum of the 
system at time t is m about OZ. Now the coiniHinents of angular momentum about the 
princijial axes of inertia Oxyz are vlwi, where B, C are the piincipal moments 

of inertia and (oi,, an, w-i) are the components of angular velocity : hence we have 
sin 6 cos Bat^ = Nt sin 6 sin yfr, Ca> 3 * lYt cos 6, 

where $, <t>, yfr are the Eulerian angles which fix the iiosition of the axes Oxyz with 
reference to fixed axes OXVZ. But these equations differ from those which occur in the 
motion of a Iiody under no forces only in the substitution of tdt for dt ; so the motion 
will be the same as in the problem of motion under no forces, except that the velocities are 
multiplied by t ; whence the result follows. 

Krample si. In the motion of « body, one of whose points is fixed, under no forces, 
let a hyperboloid be rigidly connected with the »s)dy, so as to have the principal axes of 
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inertia of the body at the point as axes, and to have the squares of its axes respectively 
proportional to cP- jSc, cP-Cc, where ^4, Care the moments of inertia of the 

body at the fixed point, c is twice its kinetic energy, and d is the resultant angular 
momentum. Shew that the motion of this hyperboloid can be represented by causing it 
to roll without sliding on a circular cylinder, whose axis passes through the fixed jjoint and 
is parallel to the axis of resultant angular momentum. (Siacci.) 

The curve which in Poinsot s construction is traced on the niomental 
ellipsoid by the point of contact with the fixed plane is called the polhode. 
Its equations, referred to the principal moments of inertia, are clearly the 
equation of the ellipsoid together with the equation p « constant, i.e. they 
are 

Ax^ -b By^ + Cz^ — 1, 

Example I. Shew that when .<4 the polhode is a circle. 

Example 2, Taking A'^B'^Cy shew that there are two kinds of polhodes, one kind 
consisting of curves which surround the axis Oz of the momental ellipsoid, and cori'espond 
to cB>cP>cCy while the other kind consists of curves which surround the axis Oxy and 
correspond to cA >d^> cB ; and that the limiting case between these two kinds of polhodes 
is a singular polhode which corresponds to c5-flP=0, and consists of two ellipses which 
j>aaa through the extremities of the mean axis. 

The curve which is traced on the fixed plane by the point of contact with 
the moving ellipsoid is called the herpolhode. 

To find the equation of the herpolhode, let p, x be the polar coordinates 
of the point of contact, when the foot of the perpendicular from the fixed 
point on the fixed plane is taken as pole. If {x, y\ z') denote the coordinates 
of the same point referred to the moving axes Oxyz, we have 

+ y* + = square of radius from point of suspension to point of contact 



‘Substituting for x , y , z their values as given by the equations 
[ X - Q),/\/c = — d sin d COS ■^lAoJCy 

y' = (Wj/Vc = sin ^ sin 

V^' = a)5/\/c= dcos^/CVc, 

we have 

" I 

Replacing d and yfr by their values in terms of t, this becomes 

(cA-d’)(d'-cC)( (B-0)(A-B)d^l 

p - cd^Aw — pii)--!] } 

_icA-d‘)(d*-cC) p{t)-p(l + a>) 
ed*AO !>(()-«. ’ 
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where o) denotes the half-period corresponding to the root this equation 
expresses the radius vector of the herpolhode in terms of the time. 

We have next to find the vectorial angle x terms of t. For this we 
observe that ^/cp*xld is six times the volume of the tetrahedron whose 
vertices are the fixed point, the foot of the perpendicular from the fixed 
point on the fixed plane, and two consecutive positions of the point of contact, 
divided by the interval of time elapsed between these positions, and that this 
quantity can also be expressed in the form 


y\ 

z 

c , , , 
or -T.xyz 

1, 

1, 

1 

Acxjd^, Bcyjd^, 

Cczjd^ 


A, 

B, 

c 


z* 


xlx\ 

yly'> 

zjsf 


W\ the quantities involved, except x* s.re known functions of t: on 
substituting their values in terms of t, and reducing, we have 


d 

^ if + 



{B-C)e,+ {A-B)e, 
A-0 


which can be written in the form 


. _ d i + 0)) 

2|)(<)-jp(« + a))’ 

This equation can be integrated in the same way as the equation for the 
Eulerian angle <^, and gives 

a-(t — I — (o)' 

where Xo is ^ consent of integration. The current coordinates (p, x) 
herpolhode are thus expressed as functions of t. 

Example 1. A particle moves in such a way that its angular nuunentuin round the 
origin is a linear function of the square of the radius vector, while the square of its velocity 
is a quadratic function of the squaie of the radius vector, the coefficient of the highest 
power being negative ; shew that the iwvth is the herpolhode of a Poinsot motion, in which 
however -4, C are not restnctod to be positive. 

Example 2. Discuss the cases in which the polhode consists of (a) two elliiises inter- 
secting on the mean axis of the niomeiital ellipsoid, (|3) two parallel circles, (y) two points ; 

shewing that in these cases the heiq)olhode liecoraes respectively a spiral curve (whose 
equation can be expressed in terms of elementary functions), a circle, dr a point. 


71. Motion of a top on a perfectly rough plane; determination of the 
Eiderian angle 6. 

A top is defined to be a material body which is symmetrical about an axis 
and terminates in a sharp point (called the apex or vertex) at one end of 
the axis. 

^ We shall now study the motion of a top when spinning with its apex 0 
placed on a perfectly rough plane, so that 0 is practically a fixed point. The 
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problem is essentially that of determining the motion of a solid of revolution 
unde^ the influence of gravity, when a point on its axis is flxed in space 
Let (A, A, C) denote the moments of inertia of the top about rectangular 
axes Oxyz, fixed relative to the top and moving with it, the origin being the 
apex and the axis Oz being the axis of symmetry of the top ; let (^, yft) be 
the Eulerian angles defining the position of these axes with reference to fixed 
rectangular axes 0X7Z, of which OZ is directed vertically upwards. 

The kinetic energ}* is (§ 63) 

T ^ (.d w,’* -f- Wi* + 

where w,, <*>,, w, denote the components relative to the moving axes uf the 
angtilar velocity of the top, so that (§ 16) we have 

[ 0 ), a d sin ^ ^ sin cos 

ck>„ = ^ cos ^ sin ^ sin 

the kinetic energy is therefore 

cos^)^, 

and the potential energy is V^M^hcoaff, where Jlf is the mass of the top 
and h is the distance of its centre of gravity from the apex. 

The kinetic potential is therefore 

L^T - 7 = ^/1^ + ii4<^’sin*^ 4- cos ^)* — cos 

The co<jrdinates <(> and are evidently ignorable ; the corresponding 
integrals are 

^ = constant, and ^ * constant, 

or A <l> >^in* $ -k- C {y^ -¥■ <j> cos 6) cos 0 » a, 

+ * 6 , 

N\’4)l‘ie a and b are constants: the former of these may be interpreted as the 
integial of angular niomentuin about the axis OZ, and so is obvious d prion 
|rom general dynamical principles. 

The mixiified kinetic potential (§ 38) is 
~ — 6^ 

2 A sia*e 2C ^ 

The term -b^j2C can be neglected, as it is merely a constant; the 
etpiation of motion is 

(dR\ (^R 


^ LAfnAnKe, 3/^c. Anal. (Oiuprti, lu. p. 261). 
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80 the variation of 6 is the same as in a dynamical system with one degree 
of freedom for which the kinetic energy is and the potential energy is 


{a-b cos Oy 
2.4 8in»(f " 


-f Mgli cos 6. 


The connexion between 6 and t is therefore given by the integral o{‘ 
energy of this reduced system, namely 

. 1 A. (a — hcos0y ^ 

where c is a constant. 

Writing cos 6 ^ x, this equation becomes 

A'^d^ = ~ (a — bxy — 2AMgh (a; — ^) -f 2-4c (1 — x^). 

The right-hand side of this equation is a cubic polynomial in x ; now 
when ^ = -1, the cubic is negative; for some real values of 0, i.e. for some 
values of x between ~ 1 and 1, the cubic must be positive, since the left-hand 
side of the equation is positive; when a? = 1, the cubic is again negative; and 
when a; = -H 00 , the cubic is positive. The cubic has therefore two real roots 
which lie between — 1 and 1, and the remaining root is also real and is 
greater than unity. Let these roots be denoted by 

cos a, cos cosh y, 
where cos > cos a, so that a > 

The differential equation now becomes 

{Mghf2A dt = {4 {x — cos a) {x — cos /S) (x — cosh 7 )] ~ - dj\ 

If we write 

2A 2A 2Ac + 6 ® 

== Wffh " ^ <""" «« + /3 + cosh T,) = , 


we have therefore t + constant =j (4 (z — «,) (z - (z - «,)) ^dz, 

where the constants Si, e,, e, are given by the equations 

, Mgh . 2Ac + b> 

«.= ^cosh7--i^,-, 

Mgh ^ 2Ac -f 6* 

e,= -^ C08^--y2^-, 

Mgh 2Ac + b‘ 

cosa--^^, 

so that e„ e,, e, are all real and satisfy the relations 

0 , e, >e,>e,. 
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The connexion between z and t is therefore 

* «■ |> (t + e), 

where « is a constant of integration, and the function |> is formed with the 
roots S|, e,, Ci; and hence we have 


2A . 2Ac + b* 

6AMgh ' 

Now in order that x may be real for real values of ty it is evident that x must 
lie between cos a and cos i.e. + must lie between e* and e* for real 
values of t : and therefore the imaginary part of the constant e must be the 
half-period oi, corresponding to the root e,. The real part of € depends on 
the epoch from which the time is measured, and so can be taken to be zero 
by suitably choosing this epoch. We have therefore finally 

2Ac -f- 6* 


COS^' 




6AMgh ’ 

and this is the equation which expresses the Eulerian angle 0 in terms of 
the time*. 


Example 1. If ih/t circumttances of projection of the top are tuck that initially 
O.flO", ^=0, ^•i(MghjZA)\ l^{?A-C){MghlZAC*)\ 
thew that the value of B at any time t it given by the equation 

sec^-l-fsech ^ 

to that the axit of the top continually approachet the vortical, 

lF*or in this case we readily find for the constants a, 6, c the values 

azmh^ifSMghA)^, c^Mgh, 

SO the differential equation to determine x is 

, whence the result follows. 


• ExamipU 2. i tolid of retdvim can tun fredy ahoul a JistA point in t(i axil of 

t^metry^ and it acted on by forcet derived from a potOTitial'energy function fi cot* By where 
B it the angle between thit axit and a fixed line ; shew that the equatione of motion can be 
'^integreUed in ter me of eUmentary functiont. 


For proceeding as in the problem of the top on the perfectly rough plane, we find for 
the integral of energy of the reduced problem the equation 




Writing cos this becomes 


( a~6co8^)* oos*^ 

2d sin* ^ ^sin*?^^ 


d*ii*-« -(a-6a’)*-2d/ij?*+2dc (1—^. 

The quadratic on the right-hand side is negative when and - 1, but is positive 
for some values of x between - 1 and + 1, since the left-hand side is positive for some real 


* It may be remarked that the present problem redaoes to that of the spherical pendulum 
(1 55) when the quantities If, C, A, k, a, 5, e, cos 5, 1, k are replaced respectively by 

1, 0, I*, I, k, 0, hy t/l, X, /i. 
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values of B i the quadratic ha» therefore two real roots lietween -1 and +1. Calling 
those cos a and cos jS, the equation is of the form 

X^ir* =. (coH a - jr) (j? — cos /3), 

the solution of which is 

» cos a sin* (//2X) + cos ^ cos* (</2X). 

72. Determination of the remaining Eulerian angles, and of the (Jayley- 
Klein parameters ; the spherical top. 

When the Eulerian angle 6 has been obtained in terms of the time, as in 
the last article, it remains to determine the other Eulerian angles (f> and yjr. 
For this purpose we use the two integrals corresponding to the ignorable 
coordinates: these, when solved for <j> and give 

j a — b cos6 
Asin^e ’ 

I b (a -‘b cos 0) cos $ 

^ " C A sin* 6 

If we regard the motion as specified by the constants of the body 
(Af, A, C, h) and the constants of integration (a, b, c), it is evident from 
these equations and the equation for 6 that C does not occur except in 
the constant term of the expression for \jr ; and therefore an auxiliary top 
whose moments of inertia are (il, il, -d) can be projected in such a way that 
its axis of symmetry always occupies the same position as the axis of symmetry 
of the top considered, the only difference in the motion of the two tops being 
that the auxiliary top has throughout the motion a constant extra spin 
b{C-A)IAC about its axis of symmetry. A top such as this auxiliary top, 

whose moments of inertia are all equal, is called a sphencal top. It follows 
therefore that the motion of any top can be simply expressed in terms of the 
motion of a spherical top, and that there is no real loss of generality in 
supposing any top under consideration to be spherical. 

If then we take C= A, the equations to determine ((> and f become 

; a — b cos 6 tf -h fc __ a~^h ^ 

^ * A 8in* S 2A (cos ^ + 1) 2A (cos ^ - 1) ’ 

• 6 — tt cos 6 tt -f 6 a — b 

"2^(cos«+l) 24 (cosfl-1)' 

Substituting for cos its value from the equation 
^ 2A ,, . 2ilc + 6‘ 


f >(0 = ' 


Mgh 2Ac + b^ 
■2A 12 . 1 “ 


!»(*) = - 


'2A 


2 Ac + 6 * 
121*^ 


and writing 
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80 that I and k are known imaginary constants (being in fact the values of 
i + tt), corresponding to the values 0 and tt of 6)y the differential equations 
become 


. %A(a + 6) 1 Mgh{a-h) 1 

* _ Mgh (a -I- b) 1 Mgh (a ~ 6) 1 

^ iA* + *(p(^ +w3)--jf>(0‘ 


Now the connexion between the function f and its derivate jp' can be at 
once written down by substituting for x from the equation 


in the equation 


X 


2^ . X 


2Ac-¥ 6* 
%AMgh 


A* (^)' =-(«-*«)*- 2il%A («-*») + 2Ac (!-<«“); 


if the argument of the jp-function is k, it follows from the definition of k that 
the corresponding value of a; is - 1 ; and so the last equation gives 

A ^ , [2Aigf {k)IMghY = - (a -f 6)^ 

or (p' {k) =a xMgh (a -f h)j 2A\ 

Similarly we have 

fj>' (1) =a %Mgh (a - b)l2A^, 

and therefore the equations for and yjr can be written in the form 

i id - fKO 

^ + r:ifL_ 

Now the function 

jp(< + o»,)-|>(A) 

is an elliptic (unction, whose poles in any period-parallelogram are congruent 
with t + ctf, » ib and t + q)| « - A;, the corresponding residues being 1 and - 1 ; 
and the function is zero when ^ * 0. Hence we have 


ip(t + w,)-if(k) 


f(« + », - i) - r(« + », + /fc) + 2^(k), 


and therefore 


/, 


. log ' 2 ±iS^ + S{,t) I + 
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The integrals of the equations for <{> and rfr can therefore be written in 
the form 

g2i (0 - 0o) =: {f (k) - f (0 } t + 0)3 + 0 

’ a (t -h (Os -h k) <r (t -j- a)s — 1) * 

O' - V'o) = g2 {f (k) + f (1)} t (r{t-^(Os-k) (r{t -h(Os-l) 

I ‘ (T (t (Os + kj <T (t ^ (Os 1 )' 

where <f>o and yfro are constants of integration. 

These equations lead to simple expressions for the Cayley-Klein parameters 
«) 7 j 8 (§ 12), which define the position of the moving axes with 
reference to the fixed axes OXYZ: for by definition we have 

a = cos = i sin 

7 = isini^.ci*<’^-^^, a = cosi^.e-i*('^+’^l 
But we have 

2 cos* i ^ = 1 + cos ^ 

, 2il , 2ilc-f6* 

= ^ + 6llp 

-Ip 

^ 2 A <r (^ + ft)., + k) (T(t-V(Os — k) 

Mgk ' <7* {k) a' {t + (o-i) 

or c„s J e = {<rJi + ^j + kU (i + 0,. -k)\i 

^ \Mgfi/ or (k) cr (t -h QJs) 

Similarly we find 

i (t + fOg^l) c r(t -h cOs- Dj i 

\Mg/i/ (1) (T {t -h (Oj) 

and on combining these with the expressions for and already found, 
wf have 


«-(»)'■ 


“(j0p) ■ 


git(0o+fo) 

(r(^ + W 3 -i’) 

gtm 

0- (i) 

tr -f (Os) 

, e , 

gi / (^0 - ^0) 

(T(t-h (Os + 1 ) 

e-'f(') 

<r ( 1 ) 

(T(t+ (Os) 

C? ) 

gt'(^o-W 

(T {t + ft)n — 1 ) 


<r(Z) • 

(T (t + (Os) 

V f 

g- Ji(^+#ol 

* O' (^ + o >3 + k) ~t^{k) 

<r(t) 

(7 (i + 0)3) 



These equations express the parameters a, / 3 , 7, S as functions of the 
time. 


w. D. 


11 
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ExamjpU 1 . A gyroitat of man M mom about a fixed foint in iU axis of symmetry : 
the moments of inertia about the axis of figure and a perpendicular to it through the fixed 
point are C and A respectively^ and the centre of gravity is at a distance h from the fixed 
point. The gyrostat is held so that its axis makes an angle arccos 1/^3 mth the downward 
vertical^ and is given an angular velocity J AMgh^3(C about its axis. If the axis be now 
left free to move about the fixed pointy shew that it will describe the cone 

sin* d sin 2<^ = ( - cos ^ - 1 jJZ) ^ - cos + ^3) 
or 8in*dcos2<^ = ^^*^-(^3/2+008^)^, 

where ^ is the azimuthal angle and 3 the inclination of the axis to the upward vertical. 

(Camb. Math. Tripos, Part 1, 1894.) 

For ill this problem we have initially 

co8d=-l/v/3, ^=^jAMgh^lC, 

and these initial values give 

a= - jMAgkji/^^ 6=4^3 fJJiAgh^ c— —Mghjd'i. 

Substituting in the general differential equation for d, namely 
1 (a-fccosd)* , 

we have 

AB'^ sin* d « — Mgh (cos d 4- 1/^3) (^3 + 2 cos ^) ( - cos ^ + ^^3), 


while the equation 


^_a-6co8^ 
il sin*! 


jMgkJ?i co8^+1/v/3 

es 9=* \f ^ • gin*^ 

Dividing this equation by the square root of the preceding equation, we have 

.^= 3 ! J(-co8fl-l/^/3)i (v^3 + 2co8fl)”i(-co«fl + v/3)‘i cosec 
0 = 3^ /"(x— 1/^3)^ (V3“2x) ^ (x + ^S) ~ 1 (1 — cir, where . re —costf. 


"Now if we write 

tt-(x- i/V3)5 (x+V3)^ (v'3/2-z)'^, 

We have by differentiation 

J-i (1 - x») (X- 1/V3)i (x+ V3) ' * (v/3/2 - x) ' * 


and 

We have therefore 



8 (s/3/2 -ar)* 


3^ f du 

4V2-/i + 3^w*/8' 

or 2<^«arctan(3^2‘’^tt), 

or tan 2^»3^2 ’ * ( - cos «-W3)*( - cos d-f -s/3)^ (s/3/2 + cos d) ~ 

which is equivalent to the result given above. 
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Example 2. Shew that the logarithms of the Cayley-Klein parameters, considered as 
functions of cos^, are elliptic integrals- of the third kind. 

Example 3. Obtain the expressions found above for the Cayley-Klein parameters as 
functions of the time t by shewing that they satisfy differential equation.** typified by 




* 0 , 


where Y denotes a doubly-periodic function of these equations being of the Hermite-Lame 
type which is soluble by doubly-periodic functions of the second kind. 

A simple type of motion of the top is that in which the axis of symmetry 
maintains a constant inclination to the vertical; in this case, which is 
generally known as the steady motion of the top, 6 and 6 are permanently 
zero; since we have 


(tt — 6 cos 0y 
2A sin® 6 


— Mgh cos 0 4- c, 


it follows that 




Performing the differentiation, and substituting for (a — 6 cos 0) its value 
sin’ we have 

0= -5<^4-il<^*cos^ + Mgh. 

This equation gives the relation between the constants <f>, 6y and h (which 
depends on the rate of spinning of the top on its axis) in steady motion. 


73 . Motion of a top on a perfectly smooth plane. 

We shall now consider the motion of a top which is spinning with its apex 

in contact with a smooth horizontal plane*. The reaction of the plane is now 
vertical, so the horizontal component of the velocity of the centre of gravity, 
G, of the top is constant ; we can therefore without loss of generality suppose 
that this component is zero, so that the point G moves vertically in a fixed 

line, which we shall take as axis of Z ; two horizontal lines fixed in space and 

perpendicular to each other will be taken as axes of X and 7. 

Let Oxyz be the principal axes of inertia of the top at G, and {A, A, C) 
the moments of inertia about them, Gz being the axis of symmetry : and let 
{6, tf>, y/r) be the Eulerian angles defining their position with reference to the 
axes of .Y, F, Z. 

The height of 0 above the plane is h cos where h denotes the distance 
of G from the apex of the top ; the part of the kinetic energy due to the 
motion of G is therefore ^ Mh^ Bin* 0 . 6*^ where M is the mass of the top; and 
so, as in § 71, the total kinetic energy is 

T^\MhHm'd.6> + ^A6'+iA<l>Hm'e+iC(y(t + <f,coaef, 
and the potential energy is 

F«lf^^cos^. 

* PoisBOQ, Traite dt MScanique (1811), ii. p. 198. 


11—2 
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Proceeding now exactly as in § 71, we have two integrals corresponding 
to the ignorable coordinates ^ and namely 

{A<l>Qm*0’¥ C(^ + <^coetf)costf *a, 

( C(^ + <^coe^)-i6, 

where a and b are constants; and on performing the process of ignoration of 
coordinates we obtain for the modified kinetic potential the expression 

-Mghcme, 


so the variation of 6 is the same as in the system with one degree of freedom 
for which the kinetic energy is 

and the potential energy is 

(a-6co8^)* ,, , ^ 

o/ • 

2-4 sm* 6 ^ 


The connexion between 0 and t is given by the integral of energy of this 
latter system, namely 

J (il + Mh^ sin* ^ - Mgh cos ^ + o, 


where c is a constant. Writing cos ^ a;, this becomes 

it (.4 + m* - mV) i» » - (a - 6a?)> - 2.AMgh (« - a;*) + 2ilc (1 - a^). 

The variables x and t are separated in this equation, so the solution can 
be expressed as a quadrature ; but the evaluation of the integral involved 
will require in general hyperelliptic functions, or automorphic functions of 

genus two. 

7i KmimMs top. 

.The problem of the motion under gravity of a body one of whose points 18 

fixed is not in general soluble by quadratures : and the cases considered in 
J 69 (in which the fixed point is the centre of gravity of the body, so that 
gravity does not influence the motion), and in § 71 (in which the fixed point 
and the centre of gravity lie on an axis of symmetry of the body), were for 
long the only ones known to be integrable. In 1888 however Mme. S. 
Kowalevski* shewed that the problem is also soluble when two of the 
principal moments of inertia at the fixed point are equal and double the 
third, so that A»B»2C, and when further the centre of gravity is situated 
in the plane of the equal moments of inertia. 

Let the line through the fixed point 0 and the centre of gravity be taken 
as the axis Oa;,and let the centre of gravity be at a distance a from the fixed 


Aeta Math, xu. (1886), p. 177. 
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point ; let (tf, yjr) be the Eulerian angles which define the position of the 
principal axes of inertia Oxyz with reference to fixed rectangular axes OXYZ, 
of which the axis OZ is vertical; let (wj, (oi) be the components along the 
axes Oxyz of the angular velocity of the body, and let M be its mass. The 
kinetic and potential energies are given by the equations 

* C 4* sin* ^ i cos By], 

F = — Mga sin B cos 


or 


The coordinate <f> is evidently ignorable, giving an integral 
dT 

2^ sin* ^ cos B) cos B = k, 


^ constant, 


where ^ is a constant : and the integral of Energy is 

T + 7 5B constant, 


or 


‘ + 0* sin* ^ i 4 - cos By - sin B cos \lr = h. 


Mme. Kowalevski shewed that another algebraic integral exists, which can 
be found in the following way. 

The kinetic potential is 

L = C^ 4 - sin* ^ 4- 4* cos ^)* 4- Mga sin B cos yjr, 

and the equations of motion are 



the first of these is 

20 = cos 0-‘slr)(f>sin0 + cos 0 cos ifr, 
and on eliminating -ilr between the second and third, we obtain 

2 sin ) = - ((^ cos - if- ) ^ cos ^ sin f . 

Adding the first of these equations multiplied by % to the second, we have 
2 ~ sintf 4- %6)^i (0 cos 
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an equation which can be written in the form 
^ |(<^ sin 6 + sin 

ss i cos d — yfr) |(<^ sin^+ sin 

or 

where U = (<^ sin ^ sin 

Similarly, if 

7= (<^ sin^-i^r + ^ sin ee^\ 
we have i — t(<^co8 ^ 

It follows that 

i 

UTi'^ V dt ’ 

or UV constant. 

We have therefore the equation 

|(<^ sin 0 + i6)' + ■^^sin |((^ sin 0 - id)' + sin - constant, 


or 

(^ + <^’sin*^)* + sin* ^ + ^^^8in^(^'''(<^sin^ + i^)*+0~*'''(<^sin^— 1^)») 

= constant, 

and this is the required third algebraic integral of the system. 

The first integrals which have been found constitute a system of three 
differential equations, each of the first order, for the detenniMtion of 6, (j), 

tincl they can be regarded as replacing the original diSerential equations of 

motion. The variable <f) does not occur explicitly in them and we can there- 
fore use one of the three equations in order to eliminate <f> from the other two: 

we shall then have a system of two differential equations, each of the first 
order, to determine 0 and yfr. It has been shewn by Mme. Kowalevski that 
these equations can be solved by means of hyperelliptic functions: for this 
solution reference may be made to the memoir already referred to*. 


* Ct aUo Kdtter, Acta Math. xvn. (1893), p. 209 ; Stekloff, Gorjatscheff, and Tchapligine, 
Trav, Soe. Imp. Nat. Moscou, x, (1099) and iix. (1904) ; 0. Dumas, Now. Ann. (4) iv. (1904), 
p. 855j Hnsson, Toulouse Ann. (2) viii. (1906), p. 78 ; Husson, Acta Math. ixxi. (1907), p. 71; 

N. Kowalevski, Math. Ann. lxv. (1908), p. 528; P. Stackel, Math. Ann. lxv. (1908), p. 588; 

O. Olsson, Arkiv fdr Mat. rv. Nr. 7 (1908); R. Mnroolongo, Rom. Acc. Rend. (5) xvn. (1908), 
p. 698; F. de Brun, Arkiv y&r Mat. vi. Nr. 9 (1910); P. Burgatti, Palermo Rend. xxix. (1910), 
p. 396; 0. Lazzarino, Rend. d. Soc. reale di Napoli^ (8*) xvn. (1911), p. 68. 
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Example. Let yi, >25 >3 denote the direction-cosines of 0.r, Oy, Oz referred to OZ., and 
let variables jr, y, r be defined by the equations 

( 2 ( 01 ( 1 ) 2 + ““3w| 

-20.30.2 (<-20.. + '’^®) (o.r-o..r+^%») , 

0)2yr= |(o)30)|H — +0)330)2^1 A. 

Shew by use of Kowalevski’s integral (without using the integrals of energy 01 angular 
momentum) that the equations of motion can be written in the form 

dr^~ dx' dT^~ 5y’ 

where V is a function of x and // only, so that the problem is transformed into that of the 
motion of a particle in a plane conservative field of force. (Kolosoft') 

R. Liouville* has stated that the only other general case in which the motion under 
gravity of a rigid body with one pome fixed has a third algebraic integral is that in which 
1®. The momental ellipsoid of the [mint of suspension is an ellipsoid of revolution. 

2 ®. The centre of gravity of tlie ho<ly is in the eqnatonal plane of the momental 
ellip.soid. 

3®. If (.(4, Ay C) are the principal moments of inertia at the point of susiiension. the 
ratio ^CjA is an integer: this integer can be .arbitrarily chosen. 

On this, cf. the memoirs cited in the footnote on the preceding page. 

Example. A heavy Iwidy rotate.s about a fixed point 0^ the principal moments of 
inertia at whiefi satisfy the relation ^1 — li^AC : and the centre of gravity of the laxly lies in 
the equatorial plane of the momental ellipsoid, at a distance h from 0. Shew that if the 
constant of angular momentum about the verticiil through 0 vanishes, there exists an integral 

®>3 (<®i^ + “aO + y^*"i ^ = coiiHtivnt, 

where wj, wj, 013 are the components of angular velocity about the principal .axes Ojy;, 

Ox being the line from 0 to the centre of gravity; and hence that the problem can be 

solved by quadratures, leading to hy^ierelliptic integrals. (Tchapligilie.) 

76 . Impulsive motion. 

As has been observed in | 36, the solution of problems in impulsive 

motion does not depend on the integration of differential equations, and can 
generally be effected by simple algebraic methods. The following examples 

illustrate various types of impulsive systems. 

Example 1. T%co uniform rods .dZ?, BCy each of length 2(/, are smoothly jointed at B 
and rest on a horizontal table with their directions at nght angles. An impulse is applied to 
the middle point of AB^ and the rods start moving as a rigid body: determine the direction 
of the impulse that this may be the case^ and prove that the velocities of -L ^ 
ratio ^13 : 1 . Exam.) 

We avn without loss of generality suppose the ma.ss of eacli rod to l>e unity. Let (.r, y) 
he the coin[)ouent velocitic.s of B referred to fixed axes Ox, Oy j^rflllel to the undisturlKid 
* Acta Math. xx. (1897), p. 239 
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position BA, BC of the rods, and let be the angular velocities of BA and BC, The 
components of velocity of the middle point oi AB are (ir, y + oB), and the components of 
velocity of the middle iioint of BC are (ir- y\ so the kinetic energy of the system is 
given by the equation 

T- i (y + 4- J + i (i? - + i y* + i 

Let the components parallel to the axes of the impulse be /, J. The components of 
the displacement of the point of application of the impulse in a small displacement of the 
system are (&r, ^+aM) ; and hence the equations of § 36 become 






0=-air4-Ja*^ 
while the condition that the system moves as if rigid is 


These equations give 


Hence I^J, which .shews that the direction of the impulse makes an angle of 4&" with BA ; 
and as the components of velocity of A are (ir, y+2a^), and the components of velocity of 
C are y), we have for the velocities of A and of C the values \/66y and Jby 

respectively, so the velocity of is Vl3 x velocity of C\ which is the required result. 


Example 2. A framevoork in the form of a parallelogram is made by smoothly jointing 
the ends of tvx) pairs of unifw'm bars of lengths 2a, 2b, masses m, m\ and radii of gyration 
k, k'. The parallelogram is mcmng without any rotation of its sides, and with velocity V, in 
the direction of (me of its diagonals; it impinges on a smooth fixed wall with which the sides 
make angles 6, <f) and the direction of the velocity V a right angle, the vertex which impinges 
being brought to rest by the impact. Shew that the impulse on the wall is 

2 V {(?» -I- wi') “ * 4- (mir* 4- m'a*) “ ‘ a^ cos* $ 4- {mb^-^m'k'^) ~ * 6* cos* <f)} ~ 

(Coll. Exam.) 

Let X and y be the coordinates of the centre of the parallelogram, x being measured at 

right angles to the wall and towards it. The kinetic energy is 

7= (m + m') (i*+ j*) + (mi’+ 7»'o*) ^ + (mi* + m'lt'*) 


The ^-coordinate of the point of contact is x-\-a sin ^4- 6 sin 0, so the displacement of the 
point of contact parallel to the axis of x corresponding to an arbitrary displacement 
(bx^ by, b6, b(lt) is bx + a cos 6 bB+b cos <l>b<l). The equations of motion, denoting the 
impulse by /, are therefore 


fdT 

ox 




J =-/aco8d, 

1 dS \dB/o 


j'2(m4-m')(ir- K)--/, 
i 2 {mJH^'kni'a^) 6 - la cos B, 
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Moreover since the final velocity of the point of contact is zero, we have 
ir+a cos d . ^4-6 co8 4> . <^=0. 

Eliminating i:, ^ from these equations, we have 

~ \2 (m + w') 2 (mP + m'a^) 2 (mb^ + m'kf^) ] ’ 

which is the result stated. 

The next example relates to a case of sudden fixture] if one point (or line) 
of a freely-moving rigid body is suddenly seized and compelled to move in a 
given manner, there will be an impulsive change in the motion of the body, 
which can be determined from the condition that the angular momentum of 
the body about any line through the point seized (or about the line seized) 
is unchanged by the seizure ; this follows from the fact that the impulse of 
seizure has no moment about the point (or line). 

Ejcample 3. A uniform circular disc is spinning with an angular velocity 12 about a 
diameter when a point P on its rim is suddenly fixed. Prove that the subsequent velocity of 
the centre is equal to J of the velocity of the point P immediately before the impact. 

(Coll. Exam.) 

Let m be the mass of the disc, and let a be the angle between the radius to P and the 
diameter about which the disc was originally spinning. The original velocity of P is 
flc sin a, where c is the radius of the disc. The original angular momentum about P is 
about an axis through P parallel to the original axis of rotation, and of magnitude ; 
and this is unchanged by the fixing of P, so when P has been fixed, the angular momentum 
about the tangent at P is sin a. But the moment of inertia of the disc about its 

tangent at P is and so the angular velocity about the tangent at P is Jfl sin a. The 
velocity of the centre of the disc is therefore jQcsina, which is ^ of the original velocity 
of P. 

Example 4. A lamina in the form of a parallelogram whose mass is m has a smooth 
pivot at each of the middle points of two parallel sides. It is struck at an angular point 
by a particle of mass m which adheres to it after the blow. Shew that the impulsive 

reaction at one of the pivots is zero. (Coll. Exam.) 


Miscellaneous Examples. 

1. Prove that for a disc free to turn about a horizontal axis perpendicular to its plane 
the locus on the disc of the centres of suspension for which the simple equivalent 
pendulum has a given length L consists of two circles ; and that, if A and B are two 
points, one on each circle, and E is the length of the simple equivalent pendulum when 
the centre of suspenjsion is the middle point of AB, the radius of gyration k of the disc 
about its centre of inertia is given by the equation 

where 2c is the length of AB. 

2. A heavy rigid body can turn about a fixed horizontal axis. If one point in the 

body is given through which the horizontal axis has to pass, discuss the problem of 
choosing the direction of the axis in the body in such a way that the simple equivalent 
pendulum shall have a given length ; shewing that the axes which satisfy this condition are 
the generators of a quartio cone. ^***“-) 
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3. A sphere of radius b rolls without slipping down the cycloid 

ar»a (d+sin ^), y*a(l-C08d). 

It starts from rest with its centre on the horizontal line y=2a. Prove that the velocity V 
of its centre when at the lowest jioint is given by 

(Coll Exam.) 

4. A uniform smooth cube of edge 2a and mass M rests symmetrically on two shelves 
each of breadth b and mass m and attached to walls at a distance 2c apart. Shew that, if 
one of the shelves gives way and begins to turn about the edge where it is attached to the 
wall, the initial angular acceleration of the cube will be 

Mg{c-aY (c-6)+imp6 (c-a) (c-6+a) 

M {c^ay + (C - 6y-‘} + 7 (c - 6 + ’ 

where MJe^ and / are respectively the moments of inertia of the cube about its centre and 
of the shelf about its ^ge. (Camb. Math. Tripos, Part I, 1899.) 

5. A homogeneous rod of mass M and length 2a moves on a horizontal plane, one end 
being constrained to slide without friction in a fixed straight line. The rod is initially 
perpendicular to the line, and is struck at the free end by a blow I parallel to the line. 
Shew that after time t the perjxjndicular distance // of the middle point of the rod from 
the line is given by the equation 

[ dx=3ltj2Ma. (Coll. Exam.) 

J via 

6. Four equal uniform rods, of length 2a, are smoothly jointed so as to form a 
rhombus A BCD. The joint A is fixed, whilst Cis free to move on a smooth vertical rod 
through A. Initially C coincides with A and the whole system is roUitin^ about the 
vertical with angular velocity < 0 . Prove that, if in the .subsequent motion 2a is the least 
angle between the upper rods, 

ao)* cos a** 3^ silica. 

(Cainb. Math. Trii) 08 , Part I, 19<X).) 

7. A disc of mass M re.st8 on a smooth horizontal table, and a smooth circular groove 
of radius a is cut in it, passing through the centre of gravity of the disc. A particle of 
mass is started in the groove from the centre of gravity of the disc. Investigate the 

motion* Prove that if a(p is the arc traversed by the particle and B the angle turned 

j^und b; the disc, then 

(o*+i*)i k 

Mk^ being the moment of inertia of the disc about a vertical line through its centre 
"bf gravity. (Coll. Exam.) 

8. A rigid body is moving freely under the action of gravity and rotating with angular 

velocity « about an a.\i8 through its centre of gravity perpendicular to the plane of its 
d^tion. Shew that the axis of instantaneous rotation describes a parabolic cylinder of 
latus rectum j2gl(o)\ whose vertex is at a distance J^gala above that of the path 

of the centre of gravity of the body; where 4a is the latus rectum of the parabola 
described by the centre of gravity. (Coll. Exam.) 

9. A particle of mass m is placed in a smooth unifonn tube which can rotate in a 
vertical plane about its middle point. The system starts from rest when the tube is 
horizontal If B is the angle the tube makes with the vertical when its angular velocity is 
a maximum and equal to < 0 , prove that 

4 (mr* 4* vA - ^mgroA cos B 4* vig^ sin-* ^ 0, 
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where is the moment of inertia of the tube about its centre and r the distance of the 
particle from the centre of the tube. (Coll. Exam.) 

10. Four uniform rods, smoothly jointed at their ends, form a parallelogram which 

can move smoothly on a horizontal surface, one of the angular points being 6xed. 
Initially the configuration is i-ectangular and the framework is set in motion in such a 
manner that the angular velocity of one pair of opposite sides is Q, that of the other pair 
being zero. Shew that when the angle between the rods is a maximum or minimum, the 
angular velocity of the system is Q. (Coll. Exam.) 

11. Two homogeneous rough spheres of equal radii a and of masses wi, m' rest on a 
smooth horizontal plane with m' at the highest point of m. If the system is disturbed, 
shew that the inclination of their common normal $ to the vertical is given by the 
equation 

sin^6)^bg {l^cos6). (Coll. Exam.) 

12. A uniform rod AB is of length 2a and is attached at one end to a light inexten- 

sible string of length c. The other end of this string is fixed at 0 to* a point in a smooth 
horizontal plane on which the rod moves. Initially OAB is a straight line and the rod is 
projected without rotation with velocity V in the direction perpendicular to its length. 
Prove that the cosine of the greatest subsequent angle between the rod and string is 
L-a/fic. (Coll. Exam.) 

13. To a fixed point are smoothly jointed two uniform rods of length 2a, and upon 
them slides, by means of a smooth ring at each end, a third rod similar in all respects. 
Initially the three rods are in a horizontal line with the ends of the third rod at the 
middle points of the other two and, on the application of an impulse, the rods begin to 
rotate with angular velocity Q in a horizontal plane. Shew that the third rod will slide 
right oflf the other two unless 

Q*>2^/a v/3. (Coll. Exam.) 

14. A hollow thin cylinder of radius a and mass M is maintained at rest in a 
horizontal position on a rough plane whose inclination is a, and contains an insect of mass 
m at rest on the line of contact with the plane. The cylinder is released as the insect 
starts oflf with velocity V : if this relative velocity be maintained and the cylinder roll up 

hill, shew that it will come to instantaneous rest when the radius through the insect 

makes an angle 6 with the vertical given by 

r* {1 - COS (d - a)} +a^ (cos a - cos d) = (1 +if/m) ag (d - a) sin a. 

(Coll. Exam.) 

16. A uniform smooth plane tube can turn smoothly about a fixed axis of rotation 
lying in its plane and intersecting it : the moment of inertia of the tube about the axis 
is 1. Initially the tube is rotating with angular velocity G about the axis, and a particle 
of mass m is projected with velocity V within the tube from the point of intersection of 
the tube with the axis. The system then moves under no external forces. Prove that, 
when the particle is at a distance r from the axis, the square of its velocity relative to the 
tube is 

pa + , ■ Q*. (Coll. Exam. ) 

/+ mr* 

16. A uniform straight rod of mass M is laid across two smooth horizontal pegs so 
that each of its ends projects beyond the corresponding peg. A second uniform rod of 
mass m and length 2l is fastened to the first at some point between the pegs by a 
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universal joint This rod is initially held horizontal and in oontaot with the first rod ; and 
then let go, so as to oscillate in the vertical plane through the first rod. Prove that if B 
be the angle which the second rod makes with the vertical at any instant, and x the 
distance through which the first rod has moved from rest, 

( Jf + fn)X’^ml sin d = m/, 

and cos* ^ li* ■ 2^ cos B. (Coll. Exam. ) 

17. A plane body is free to rotate in its plane about a fixed point, and a second plane 
body is free to slide along a smooth straight groove in the first body, its motion being in 
the same plane ; shew that the relation between the relative advance x along the groove 
and the angle of rotation B (no external forces being supposed to act on the system) 
is of the form 

where P and Q are respectively linear and quadratic functions of (Coll. Exam.) 

18. A pendulum is formed of a straight rod and a hollow circular bob, and fitting 
inside the bob is a smooth vertical lamina in the shape of a segment of a circle, the 
distances of the centre (C) of the bob from the point of suspension (0) and from the 
centre of gravity {0) of the lamina being I and c respectively. Prove that if if, m are the 
masses of the pendulum and lamina, k and P their respective radii of gyration about 
0 and Oy B and ^ the angles which OC and CO make with the vertical, then twice the 
work don^d^ gravity on the system during its motion from rest is equal to 

+ <^ + 2wM5f C 08 (d — ^) (ColL Exam.) 

19. A particle of mass m is attached to the end of a fine string which passes round 
the circumferenoo of a wheel of moss M, the other end of the string being attached to a 
point in that circumference, a length I of the string being straight initially, and the wheel 
(radius a and radius of gyration k) being free to move about a fixed vertical axis through 
its centre; the particle, which lies on a smooth horizontal plane, is projected at right 
angles to the string, so that the string begins to wrap round the wheel ; prove that* if the 
String eventually unwinds from the wheel, the shortest length of the straight portion is 

(Coll Em) 

20. A carriage is placed on an inclined plane making an angle a with the horizon and 
tolls straight down without any slipping between the wheels and the plane. The floor of 
the carriage is parallel to the plane and a perfectly rough ball is placed freely on it Shew 
tW the acceleration of the carriage down the plane is 

1 4 Jf^+ 4 ^ 1 4wi 

where M is the mass of the carriage excluding the wheels, tn the sum of the masses of the 
wheels, which are uniform discs, and M' that of the ball. The friction between the wheels 
and the axes is neglected. (Coll. Exam.) 

21. A uniform rod of mass and length 2a is capable of rotating freely about its 

fixed upper extremity and is initially inclined at an angle of w/fi to the vertical. A second 
rod, of mass and length, 2a, is smoothly attached to the lower end of the fii’st and rests 
initially at an angle of 2ir/3 with it and in a horizontal position. Shew that if the centre 
of the lower rod commence to move in a direction making an angle ir/fi with the vertical, 
then 3mi«-14m9. (Coll. Exam.) 
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28. A uniform oircular disc is symmetrically suspended by two elastic strings of 
natural length c inclined at an angle a to the vertical, and attached to the highest point of 
the disc. If one of the strings is cut, prove that the initial curvature of the path of the 
centre of the disc is 

(c sin 4a - 6 sin %i)jh (b - c), 

where b is the equilibrium length of each string. (Coll. Exam.) 

23. Two rods JCy CB of equal length 2a are freely jointed at (7, the rod ilC being 
freely moveable about a fixed point A, and the end B of the rod CB is attached to il by 
an inextensible string of length 4a/V3. The system being in equilibrium, the string is cut ; 
shew that the radius of curvature of the initial path of at is 



(Camb. Math. Tripos, Part I, 1897.) 


24. A rod of length 2a is supported in a horizontal position by two litrht strings which 
pass over two smooth pegs in a' horizontal line at a distance 2a apart and have at their 
other extremities weights each equal to one half that of the rod. One of the strings is cut ; 
prove that the initial curvature of the path of that end of the rod to which the cut string 
was attached is 27/26a. (ColL Exam.) 

26. A heavy plank, straight and very rough, is free to turn in a vertical plane about 
a horizontal axis from which the distance of its centre of gravity is c. A rough heavy 
sphere is placed on this plank at a distance b from the axis, on the side remote from the 
centre of gravity ; the plank being held horizontal The system is now left free to move. 
Prove that the initial radius of curvature of the path of the centre of the sphere is 
21 W/(6-lld), where Jf(j)/(m6+ Jfa), m and M are the masses of the sphere and 

the plank, and Jfab is the moment of inertia of the plank about the axis. 

(Coll Exam.) 


26. A light stiff rod of length 2c carries two equal particles of mass m at distances t 
from the centre on each aide of it ; to each end of the rod is tied an end of an inextensible 
string of length 2a on which is a ring of mass m\ Initially the string and rod are in one 
straight line on a smooth horizontal table with the string taut and the ring at the loop ; 
the ring is then projected at ri^ht angles to the rod, shew that the relative motion will be 
OBoillatory if 

c*/il*>l+2m/w'. (ColLExam) 


S7. Three equal uniform rods, each of length c, are firmly joined to form an equilateral 

triangle ABC of weight W ; a uniform bar of length 26 and weight W' is freely jointed to 
the triangle at (7. This system rests in equilibrium in contact with the surface of a fixed 
smooth sphere of radius d, A B being horizonted and in contact with the sphere, and the 
bar being in the vertical plane through the centre of the triangle ; the bar, and the centre of 
the triangle, are on opposite sides of the vertical line through C. Prove that the inclination 
of the plane of the triangle to the horizon is the angle whose tangent is 

[ohfA + 2cX*]-r [»/i (a* + i c*) + XV - » 

where X*«a* r /i***12a*-c*, and n^WjW', 

(Camb. Math. Tripos, Part I, 1896.) 

28. A body, under the action of no forces, moves so that the resolved part of its angular 
velocity about one of the principal axes at the centre of gravity is constant ; shew that the 
s.n gii1s.r velocity of the body must be constant, and find its resolved parts about the other 
two iffinoipal axes when the moments of inertia about these axes are equal. 

(Coll Exam.) 
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29. Shew thftt a herpolhode cannot have a point of inflexion. (Hess.) 

(A simple proof of this result is given by Lecomu, Bull, de la Soc. Math, de France^ 

XXXIV. (1906), p. 40.) 

30. In the motion under no forces of a body one of whose points is fixed, shew that the 

motion of every quadric homocyclic with the momental ellipsoid relative to the fixed point, 
and rigidly connected with the body, is the same as if it were made to roll without sliding 
on a fixed quadric of revolution, which has its centre at the fixed point, and whose axis is 
the invariable line. (Qebbia.) 

31. In the motion of a body under no forces round a fixed point, shew that the three 

diameters of the momental ellipsoid at the fixed point and the diameter of the ellipsoid 
reciprocal to the momental ellipsoid, determined respectively by the intersection of the 
invariable plane with the three principal planes and with the plane perpendicular to the 
instantaneous axis, describe areas proportional to the times, so that the accelerations of 
their extremities are directed to the centre. (Siacci.) 

32. When a body moveable about a fixed point is acted on by forces whose moment 
round the instantaneous axis is always zero, shew that the velocity of rotation is 
proportional to that radius vector of the momental ellipsoid which is in the direction 
of this axis. 

Shew that this theorem is still true if the body is moveable about a fixed point and 
also constrained to slide on a fixed surface. (Flye St Marie.) 

33. A plane lamina is initially moving with equal angular velocities O about the 
principal axes of greatest and least moment of inertia at its centre of rna^ and has 
no angular velocity about the third principal axis ; express the angular velocities about 
these axes as elliptic functions of the time, supposing no forces to act on the lamina. 

If d be the angle between the plaiie of the lamina and any fixed plane, shew that 

(Camb. Math. Tiipos, Part I, 1896.) 

34. A rigid body is kinetically symmetrical about an axis which passes through a fixed 

point above its centre of gravity and is set in motion in any manner ; shew that in the 

subsequent motion, except in one case, the centre of gravity can never bo vertically over 
the fixed |)Oint ; and find the greato.st height it attains. (Coll. Exam.) 

35. In the motion of the top on the rough plane, shew that there exists an auxiliary 

set of axes whose motion with respect to the fixed axes OX YZ and also with respect 
to the moving axes Oxyz is a Poinsot motion ; the invariable planes being the horizontal 
plane in the former case, and the plane perpendicular to the axis of the body in the second 
case. (Jacobi.) 

36. A uniform solid of revolution moves about a point, so that its Aiotion may be 
represented by the uniform rolling of a cone of semi-vertical angle a fixed in the body upon 
an equal cone fixed in space, the axis of the former being the axis of revolution. Shew that 
the couple necessary to maintain the motion is of magnitude 

^ O’ tan a {(7+ (C- d ) cos 2a}, 

where O is the resultant angular velocity and d and C the principal moments of inertia at 
the point, and that the couple lies in the plane of the axes of the cones. (Coll Exam.) 
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37. Al vertical plane is made to rotate with uniform angular velocity about a vertical 
axis in iteelf, and a perfectly rough cone of revolution has its vertex fixed at a point of 
that axis. Shew that, if the line of contact make an angle 6 with the vertical, and ^ and y 
be the extreme values of d, and a be the semi-vertical angle of the cone, 

Jci 2 h d “ cos (cOS y - COS d) 

\dt) ^ cos a cos^-l-cosy ’ 

where k is the distance of the centre of gravity of the cone from its vertex, and h its radius 
of gyration about a generator. (Camb. Math. Tripos, Part I, 1896.) 


38. A body can rotate freely about a fixed vertical axis for yvhich its moment of 
inertia is 1 : the body carries a second body in the form of a disc which can rotate about 
a horizontal axis, fixed in the first body and intersecting the vertical axis. In the position 
of equilibrium the moments and product of inertia of the disc with regard to the vertical 
and horizontal axes respectively are A, B^F, Prove that if the system start from rest 
with the plane of the disc inclined at an angle a to the vertical, the first body will oscillate 
through an angle 


2F 

aixjtan 

{B(4 + /))i 



(Coll. Exam.) 


39. A gyrostat consists of a heavy symmetrical flywheel freely mounted in a heavy 
spherical case and is suspended from a fixed point by a string of length I fixed to a point 
in the case. The centres of gravity of the flywheel and case are coincident. Shew that, 
if the whole revolve in steady motion round the vertical with angular velocity 0, the string 
and the axis of the gyrostat inclined at angles a, ^ to the vertical, then 

0* {1 8ina+a8in3+i>cos/9)=^ tan a, 

and /Q sin /3 - J sin jS cos /3 - Mg sec a {a sin 0 - a) + 6 cos (jS - a)}, 

where M is the mass of the gyrostat, a and h the coordinates of the point of attachment 
of the string with reference to axes coinciding with, and at right angles to, the axis of the 
flywheel, I the angular momentum of the flywheel about its axis and A the moment of 
inertia about a line perpendicular to its axis. (Camb. Math. Tripos, Part I, 1900.) 

40. A system consisting of any number of equal uniform rods loosely jointed and 
initially in the same straight line is struck at any point by a blow perpendicular to the rods. 

Shew that if m, v, lo be the initial velocities of the middle points of any three consecutive 
rods, w-h4<; + w = 0. (Coll. Exam.) 


41. Any number of uniform rods of masses A, J5, ..., Z are smoothly jointed to 
each other in succession and laid in a straight line on a smooth table. If the end Z be 
free and the end A moved with velocity P in a direction perpendicular to the line of the 
rods, then the initial velocities of the joints {AB\ {BC\ ... and the end Z are a, 6, ..., 2 , 
where 

0-A(F+2a)-|-5(2a-b6), 0* 5 (a-|-26) + (7(26 + 0 ), ..., 0== r(^+2y) + Z(2y+z), 
and y+2z=0. (Coll, Exam.) 

42. Six equal uniform rods form a regular hexagon loosely jointed at the angular 
points : a blow is given at right angles to one of them at its middle point, shew that the 
opposite rod begins to move with ^ of the velocity of the rod struck. 

(Camb. Math. Tripos, 1882.) 
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43. A body at rest, with one point 0 fixed, is atnick : shew that the initial axis of 
rotation of the body is the diametral line, with respect to the momental ellipsoid at 0, of 
the plane of the impulsive couple acting on the body. 


44. The positive octant of the ellipsoid has the origin fixed. 

Shew that if an impulsive couple in the plane 


X V 

I + - 

6 a 



act upon the octant, it will begin to revolve about the axis of z. (Coll. Exam.) 


45. An ellipsoid is rotating about its centre with angular velocity (©i, «j) I'eferred 

to its principal axes ; the centre is free and a point (jr, y, z) on the surface is suddenly 
brought to rest. Find the impulsive reaction at that point. (Coll. Exam.) 


46, Two equal rods AB^ BC inclined at an angle a are smoothly jointed at 5 ; A is 
made to move parallel to the external bisector of the angle A BC : prove that the initial 
angular velocities oi A B^ BC are in the ratio 

3 -1-2 sin^ : 1 - IB sin^ | . (Coll. Exam.) 

47. A uniform cone is rotating with angular velocity © about a generator when suddenly 
this generator is loosed and the diameter of the base which intersects the generator is fixed. 
Prove that the new angular velocity is 

{ \ - h?/ik^) (d sm a, 

where A is the altitude, a the semi-vertical angle, and k the radius of gyration about a 
diameter of the base. (Coll. Exam.) 


48. A rough disc can turn about an axis perpendicular to its plane, and a rough 
circular cone rests on the disc with its verte.x just at the axis. If the disc l>e made 
to turn with angular velocity fl, shew that the cone takes an amount of kinetic energy 
equal to 

^OVlcos^a/.^ +810*0/^;. (Cull. Exam.) 


49. One end of an inelastic string is attached to a fixed point and the other to a point 

"itf the surface of a body of mass M, The body is allowed to fall freely under gravity 
Without rotation. . Shew that just after the string becomes tight the loss of kinetic energy 
due to the impact is 



^7 + 5 + 



where V is the resolved velocity of the body in the direction of the string just t>efore 
impact, the string only touching the body at the point of attachment, (?, m, n, X, /i, y) are 
the coordinates of the string at the instant it becomes tight, and A, 5, C are the principal 
moments of inertia of the body with respect to its principal axes at its centre of inertia. 

(Coll. Exam.) 
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76 . Vibrations about equilibrium. 


In Dynamics we frequently have to deal with systems for which there 
exists an equilibrium-conjiguraiion^ i.e. a configuration in which the system 
can remain pennanently at rest : thus in the case of the spherical pendulum, 
the configurations in which the bob is vertically over or vertically under the 
point of support are of this character. If (9,, q ^, .... ^n) are the coordinates 
of a system and L its kinetic potential, and if (0,, Oa, ..., 0,1) are the values of 
the coordinates in an equilibrium-configuration, the equations of motion 


d /dL \ dL 
dt [dqj dqr 


0 


(r=l, 2 ,..., a) 


must be satisfied by the set of values 
7i = 0, ^*2 = 0, ..., = 9, = 0,52*0, ..., 5n = 0, 52*aj, ..., 

The values of the coordinates in the various possible equilibrium-con- 
figurations of a system are therefore obtained by solving for 51, 52, ..., <jn the 
equations 

^-0 (9=1.2 «). 

oqr 

in which 5,, q^, ..., q^ are to be replaced by zero. 

In many cases, if the system is initially placed near an equilibrium-con- 

figuration, its particles having very small initial velocities, the divergence 

from the equilibrium-configuration will never become very marked, the 
particles always remaining in the vicinity of their original positions and 
never acquiring large velocities. We shall now study motions of this type*; 
they are called vibrations about an equilibriunKonJigurationf. 


* More strictly speaking, we study in this chapter the limiting form to which this type of 
motion approximates when the initial divergence from a state of rest in the equilibtium-confign* 
ration tends to zero ; the study of the motions which differ by a finite, though not large, amount 
from a state of rest in the equilibrium-configuration is given later in Chapter XVI : the discussion 
of the present chapter may be regarded as a first approximation to that of Chapter XVI. 

f The theory of vibrations has developed from Qalileo’s study of the small oscillations of a 
pendulum. In the first half of the eighteenth century the vibrations of a stretched cord were 
investigated by Brook Taylor, D’Alembert, Euler, and Daniel Bernoulli, the last-named of whom 
in 1758 enunciated the principle of the resolution of all compound types of vibration into inde- 
pendent simple modes. The general theory of the vibrations of a dynamical system with a finite 
number of degreea of freedom was given by Lagrange in 1762-5 {Otuvret, i. p. 520). 


w. D. 
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In the present work we are of course conoemed only with the vibrations of systems 
which have a finite number of degrees of freedom ; the study of the vibrations of systems 
which have an infinite number of degrees of freedom, which is here excluded, will be found 
in treatises on the Analytical Theory of Sound. 

We shall suppose that the system is defined by its kinetic energy T and 
its potential energy F, and that the position of the system is specified by the 
coordinates independently of the time, so that T does not 

involve t explicitly: we shall also suppose that no coordinates have been 
ignored ; the kinetic energy T is therefore a homogeneous quadratic function 
of 9,, 9ni with coefficients involving q^q^, ‘.-^qn in any way. There 

is evidently no loss of generality in assuming that the equilibrium-con- 
figuration corresponds to zero values of the coordinates 9i» ... » 9n I sn that 
qu 9if 9). are very small throughout the motion considered. 

The coefficients of the squares and products of q^, q^, q^ in T are 
functions of ^1, g*, ...» qn'> as however all the coordinates and velocities are 
small, we can in approximating to the motion retain only the terms of lowest 
order in T, and so can replace all these coefficients by the constant values 
which they assume when 91, --i are replaced by zero. The kinetic 

energy is therefore for our purposes a homogeneous quadratic function of 
9ii 9ti - I with constant coefficients. 

Moreover, if we expand the function V by Taylor’s theorem in ascending 

powers of qi, q%, -.-^qn the term independent of qi, jt) jn can be omitted, 
since it exercises no influence on the equations of motion ; and there are no 

dV 

terms linear in 9,, •••. aince if such terms existed the quantities ^ 

oqr 

would not be zero in the equilibrium position, as they must be. The terms 
of lowest order in V are therefore the terms quadratic in qi, •••> ?«• 

Neglecting the higher terms of the expansion in comparison with these, 

jve have therefore V expressed as a homogeneous quadratic form in the 

variables qi,q%y .--^qn with constant coefficients. 

Thus the problem of vibratory motions about a configuration of equilibrium 
depends on the solution of Lagrangian equations of motion in which the kinetic 
and potential energies are homogeneous quadratic forms in the velocities and 
coordinates respectively, with constant coefficients. 

77 . Normal cooi'dinates. 

In order to solve the equations of motion of a vibrating system, we write 
the expressions for the kinetic and potential energies in the form 

T - i (01,^1*.+ Onii' + ... -f Onn^n* *4“ -1- . . . + 2aH-,,»9n-.i9n), 

Y » J + hmqt ... + hftnqn 26ii9i9j-f ^uq\q% + ... + 
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of these T is (§ 26) a positive definite form ; and the determinant formed 
of the quantities an is not zero (since if this condition is not satisfied, 
T will depend on less than n independent velocities). The equations of 
motion are 


^(dT\^_dV 
dt \dqr) dqr 


(r = l, 2, n); 


if a change of variables is made, such that the new variables qi, ••*,qn) 
are linear functions of (^i, q ^, ...» the new equations of motion will be 


dtKdqr'J 


dV_ 

dqr 


(r=l, 2, ...,n), 


and these equations are clearly linear combinations of the original equations. 

Suppose then* that the original equations of motion are multiplied 
respectively by undetermined constants Wj, Wj, ..., win, and added together. 
The resulting equation will be of the form 

d^Q 


dt' 


+ XO = 0, 


where Q « -b . . . -f An?n, 

provided the constants wii, wij, ..., win, X,, •••, ^n, X satisfy the equations 

ftnWli 4- 6i,Wl, + . . . + 6inWln = X (anWl, + UiaWlg 4* . . . + dm Win) = XA, , 

621 Wli 4“ Ajj Wij 4“ ... 4" AjnWln ~ X (UjiWli 4“ 028 wig 4" . • • 4" O^nWln) ” XAj, 


Ani Wli 4" 4" • • • + A^in'lWn — X (Oni Wt, 4" 4~ . • . 4" OnnWln) XAn* 

These equations can coexist only if X is a root of the determinantal equation 

~”Aj|, Oi*X •••» OinX Am 1 




UniX — Ani, C^mX 6n 


Moreover, if Xj is any root of this equation, we can determine from the 
preceding equations a possible set of ratios for wi,, wi,, ...» win, Aj, A,, ..., An ; 
these ratios may, in certain cases, be partly indeterminate, but in all cases at 
least one function Q can be obtained in this way, satisfying the equation 


d'Q 

dt' 


4-X,(2-0. 


Now let a linear change of variables be effected so that the quantity Q 
80 determined is one of the new variables : there will be no ambiguity in 


* This method of proof is due to Jordan, CompUt Bendui, lxxiv. (1872) p. 1895. 

12—2 
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denoting the new variables by qn\ we shall take gi to be identical 

with Q, 80 that the above equations are satisfied by the values 


.... An sO. Since the form T* is a positive definite form, the coefficients 

Oa> <h» •••> OiM of the squares of 9 ,, q,, jn will not be zero; so instead 

of q,, (j ,, ^n we can again take new variables j/, q ,', where 
9,“5i'. q,=qt+^q', q,~qs+jrqi 

-^11 ^11 

and is the co>&ctor of On the discriminant of 7. It is found without 


difficulty that by this change of variables the terms in 9,9,, q^qt, qiqn ate 

removed from 7: so we can assume that On, 0 , 1 , Om are zero. 


Now introducing the conditions A, = l, At«> 0 , A,= 0 , A^asO, OsaO, 
.... Un,*0 in the equations which determine m„ m„ .... m,, A,, A„ .... A,, X, 

we obtain the values 

m,»l/a,„ m,=0, m, = 0, .... »»„ = 0, 

6ji * Xjflj,, An * 11, A|j ” 0, . . . , 6,0 = 0. 

It follows that the equation 

dt 89, 


has the form 
while the equations 
have the form 




*0, 


d 

dt 




d(dX\_ 

dt \ dqr ) 


d_v 

dqr 

djr 

dqr 


(r-«2, 8 n) 


(r-*2, 3, n). 


where 7' = 7- K' « F - iX,au 9 i*, 

so that 7' and F' do not involve and g,. 

This last system of equations may be regarded as the system of equations 

correspoDding to a vibrational problem with (n-1) degrees of freedom. 

Treating them in the same manner, we can isolate another coordinate qt 

such that if ‘ 


(where X, and Oa are certain constants), then 7" and F'' do not involve or 
and the coordinates q^, ...» qn are determined by the equations of 
a vibrational problem with (n- 2 ) degrees of fireedom, in which the kinetic 
and potential energies are respectively 7'' and F" 

Proceeding in this way, we shall finally have the variables chosen so that 
the kinetic and potential energies of the original system can be wntten in 
terms of the new variables in the form 

^ i (* 11 ^ 1 * ^ 4 “ • . • + (^nn^n)* 

F» J 4 hit 4 ... 4 
where an, Ob, ...» Onn, fint Ai» •••• constants. 
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If finally we take as variables the quantities v'a7,9,, '•^nqn, 

instead of qx, q ^, the kinetic and potential energies take the form 

where fiu stands for 

In this reduction it is immaterial whether the determinantal equation has 

its roots all distinct or has groups of repeated roots. The final result can be 

expressed by the statement that iy the kinetic and potential energies of a 
vibrating system are given in the form 

r = i (ttii + Oaj,* + . . . + Onn qn + 2o„ j, + . . . + 2a„_,, qn), 

^ “ i 4- bqaqt + . . . + bnnqn + ^b^^q^qt + . . . + 

it is always possible to find a linear transformation of the coordinates such 

that the kinetic and potential energies, when expi'essed in terms of the new 
coordinates^ have the form 

^ i + H^qt + . . . -f 

where the quantities /it,, /i*, ...» /An <^re constants. These new coordinates are 
called the normal coordinates or principal coordincUes of the vibrating' system. 

Now it is a well-known algebraical theorem that the roots of the determi- 
nantal equation 

OiiX “6n, •••» — 

(liiX— 6n» — 6ja» • •• » ^*»nX — ftgn 


UfilX — ini CtnnX — inn 

are the values of X for which the expression 

(a„\ - hu) g,* + (oaX, - 6 b) + . . . + (a„nX - K„) g,* + 2 (o„X - 6,2) g, g, + . . . 

+ 2 (Un-i,nX — 6n~i^n) 

can be made to depend on less than n independent variables (which will be 
linear functions of quqi, ...,9n)- Since this is a property which persists 
through any linear change of variables, we see that the determinantal equation 
18 invariantive, i.e. if qi\ q^, ...^qn are any n independent linear functions of 
9t» •••» ?n, and if T and V when expressed in terms of g/, ...» take 
the form 

i (^u * 4* ... -f 2aiZ^i q^ + . . .), 

(611 qi* + Wg'Z* 4 - . .. + ?/ + • • •)» 
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then the roots of the new determinantal equation |j Orf'X — 6r/|| 0 cure the 
same as the roots of the original determinantal equation ||a,vX - 6„|| » 0. 

But when the kinetic and potential energies have been brought by the 
introduction of normal coordinates to the form 


the determinantal equation is 


X — 0 0 0 ... 0 

0 0 0 ... 0 

0 0 0 ... 0 


- 0 , 


0 0 0 0 ... X — /i« 


so its roots are ...,/An- It follows that the constants /Ai,/i,, ...,/An, which 
occur as the coefficients of the squares of the normal coordinates in the potential 
energy, are the n roots (distinct or repeated) of the determinantal equation 
II ar,\ - hrt II ■» 0, where On, an, . .. , 6„, 6n, . . . are the coefficients in the original 
expressions for the kinetic and potential energies. 

It will bo seen that the problem of reducing the kinetic and potential energies to their 
expressions in terras of nonnal coordinates is essentially the problem of simultaneously 

reducing each of two given homogeneous quadratic expressions in n variables to a sum of 
squares of n new variables ; the fact that 7" is a function of the velocities while K is a 

function of the coordinates does not affect the question, since the formulae of transforma- 
tion for the velocities are the same as the formulae of transformation for the 

coordinates 

It might be suppoiicd from the foregoing that it i» alwajg pible to trftDgfonil 
simultaneonsly eacli of two given liomogeneous quadratic expreesions in « variable* to a 

huni of squares of n new variables ; but this is not the case ; for example, it is not possible 
to transform the two quadratic expressions 


and £**+c(!iy+«i» 

to the forms 

P + + and + 
where f, 7, f are linear functioriK of jp, y, 

The conditions which must be satisfied in order that two given quadratic expressions 
a„ X,* + + . . . + 2a,2 JC| xj . . . , 

6, 1 Xi* -b 622X1* -f 2612X1 X2 + , 
may be simultaneously reducible to the form 
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are, in fact, that the elementary divisors {EUmantartluiler) of the determinant || a^aX - 6^ i| 
shall be linear* If however one of the two given fonns is a definite form (aa we saw was 
the case with the kinetic energy in the dynamical problem), the elementary divisors are 
always linear, and the simultaneous reduction to sums of squares is therefore possible ; 
this explains the circumstance that the reduction can always be effected in the dynamical 
problem of vibrations. 

The universal possibility of the reduction to normal coordinates for dynamical systems 
was established by Weierstrass in 1868 t ; previous writcw (following Lagrange) had 

supposed that in cases where the determinants! equation had repeated roots a set of 
normal coordinates would not exist, and that terms involving the time otherwise than in 
trigonometric and exponential functions would occur in the final solution of the equations 
of motion. 


78. Sylvesters theorem on the reality of the roots of the determinantal 
equation. 

We have seen in the preceding article that by introducing new variables 
which are linear functions of the original variables, it is always possible to 
reduce the kinetic and potential energies of a vibrating system to the form 

F «= J (Xj + • • • + 

The question arises as to whether this transformation is real, i.e. whether 
the coefficients ...» X,, Xn which occur in the tr^- 

formation are real or cximplex. Since these coefficients are given by linear 

equations whose coefficients, with the possible exception of the roots X, , X,, . . . , X„ 
of the determinantal equation, are certainly real, the question reduces to an 

investigation of the reality or otherwise of the roots of the equation 


OiiX — 6ji 

a,,X — 6|, . . . 

... a,nX --bin 

oiiX-65 

... 

••• 



OniX — 6m 

Omk^bfuig ... 



it being known that the quantities ar» and bn are all real, and that 
is a positive definite form. 

Let A denote j the determinant ||ar«X~6,,||, and let Aj denote the 
determinant obtained from it by striking out the first row and first column ; 
let At denote the determinant obtained from A by striking out the first two 

* Cf. Muth’s trMtiM on BtementartheiUr (Leipxig, 1899); or B6eher*B Introduction to Hi$kir 
Algebra (Now York, 1907). 

t Cf. WiiorttTMi* Colleeted Workst Vol. i. p. 388. 

X Tho foUowing proof if duo to Nanoon^ Men, of Math, xxvi. (1896),. p. 69. 
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rows and first two columns, and so on. Then in any symmetrical deter- 
minant, say 

<*« <*U «in > where 




®ni ®n 2 ®nn 


it is known that 


dP dP /dPV^j^ d^D 
dandon \daj da^ida^* 


s , .^dP . , , . . , C^P 

and hence if ^ vanishes the quantities D and must have opposite 

signs ; thus we have the result that in the series of quantities 

A, Ai, Aj, An (where A„*l), 


if any one member of the series vanishes for a given value of \ the two 
adjacent members must have opposite signs for that value of X. 


Let A|. denote the determinant formed from A^ by replacing X by unity 
and each of the quantities bn by zero, so that A^ is the coefficient of the 
highest power of X in Ar. Since 

Oil Ji* + 4* ... + dfin^n 4" 4" ... 4* 2an~i, njn-i 9n 


is a positive definite form, A^ is positive for all values of r from 0 to t?. 
Thus the coefficients of the highest powers of X in the functions A, Aj, An 
are all of the same sign; and therefore as X increases from ~oo to +oo, 
these functions lose n changes of sign. 

Now since An is not zero and Ar_i, A^^-i have opposite signs when A^ 
vanishes, it follows that the functions A, Ai, A,, An cannot lose or gain a 
change of sign except when X passes through a root of A. But as X passes 

from — 00 to -t 00 , the functions lose r? changes of sign ; and hence the 
n roots of the determinant A are all real. The transformation to normal 
coordinates is. therefore always a real transformation^. 

Moreover, since a change of sign is lost in the pair A, A,, every time that X 
passes through a root of A, it is evident that A^ must change sign when X 
increases from one root of A to the consecutive root, and hence that the 
n roots of A are separated by the (n — 1 ) roots of A,: similarly the roots of 
each of the functions A^ are separated by the roots of the function 
Now An has no roots: and if An-i has the same sign atX = 0 as at X^ — oo, 
the root of the function An-i will not be negative. If moreover An-.t has 
the same sign at X = 0 as at X = -oo, neither of the roots of An«, will be 
negative: for if this condition is satisfied, An~2 i^ust have either two 
negative roots or no negative roots, and there cannot be two negative 
roots since there is no negative root of An-i to separate them. Similarly in 


* Sylvwtar, Phil. Mag. (4) iv. (18S2), p. 188: CoU. Papert, i. p. 878. 
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general the condition that none of the functions in the series A, A,, , A„ 

shall have a negative root is that each of the functions must have the 
same sign at X=aO as at X = — oo. Hence the condition to be satisfied 
in order that all the roots of A may be positive is that each quantity A,- 
shall have at X = 0 the same sign as (— 1)"'*^, i.e. that each of the 
determinants 


^11 ^1* • • . hin , 

6*2 6*3 ... 62,1 

, 

63s 634 ... b^ 

6*1 6*2 ... 62n j 

6*2 633 ... b^n 


643 644 





* i 

^ni 6^2 ... 6nn 1 

6n2 bnn 

6»w bnn 


shall be positive. But these are the well-known conditions that the quadratic 
form 

4- . . . + hnn<in + 26,2^, g '2 + • • • + 

shall be a positive definite form. Hence finally the condition that the deter- 
minantcd equation || a^^X — || = 0 shall have all its roots positive is that 

the quadratic form 

4 - . . . + hnn^n + 26 , 2 ^ 1^2 4 - ... 4 - 26 ^- 1 , 

shall he a positive definite forrUy Le, that the potential energy in the vibratory 
motion shall be essentially positive. 


79. Solution of the differential equations; the periods; stability. 

In order to express the configuration of any vibrating system in terms of 
the time, we first determine the normal coordinates of the system, and 
express the kinetic and potential energies in terms of them, so that these 
take the form 

where (q^, ...,q;) are the normal coordinates, and (X„X, X,) are the 

roots of the determinantal equation || ay,X- 6,.,|| = 0; these quantities 
(X,, Xj, ..., Xn) have been shewn in the last article to be all real. 

The Lagrangian equation of motion for any coordinate g,, namely 

dt [dqr/ dqr dqr * 

is therefore 


7r + 'hrqr « 0. 

The solution of this equation is 

cob(V\,.< 4-Br) , if Xy is positive, 

qr^Aft + Br , if Xr is zero, 

qr^ Are "^ if X^ is negative, 
where in each case Ar and Br denote constants of integration. 
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It appears from these equations that if all the normal coordinates and 
velocities except one, say are initially zero, and if the constant Ay corre- 
sponding to the non-zero coordinate is positive, then the coordinates 
(^1 » , • • • , Vr-i » 9 r+i • • • • » ^n) will be permanently zero, and the system will perform 
vibrations in which thecoordinate g^is alone affected. Moreover the configuration 
of the system will repeat itself after an interval of time 277/V'Ay. This is usually 
expressed by saying that each, of the normal coordinates corresponds to an 
independent mode of vibration of the system, provided the corresponding 
constant X, is positive; and the period of this vibration is 27r/V\y. 

Moreover, if the system be referred to any other set of coordinates which 
are not normal coordinates, these coordinates are linear functions of the 
normal coordinates ; and the normal coordinates perform their vibrations 
quite independently of each other ; thus every conceivable vibration of the 
system may be regarded as the superposition of n independent normal 
vibrations. This is generally known as Daniel BemoulWs principle of the 
superposition of vibrations*. 

If the quantities (Xi, X,, .... X,i) are not all positive, it appears from the 
above solution that those normal coordinates g,. which correspond to the 
non-positive roots Xr will not oscillate about a zero value when the system is 
slightly disturbed from a state of rest in its equilibrium position, but will 
increase so as to invalidate the assumption made at the outset of the work, 
namely that the higher powers of the coordinates can be neglected. In 
this c€we therefore, there will not be a vibration at all, and the equilibrium 
configuration is said to be unstable. If however the initial disturbance is 
such that these normal coordinates which correspond to non-positive roots 
Xy are not affected, the system will perform vibrations in which the rest 
of the normal coordinates oscillate about zero values. 

The normal inodes of vibration, which correspond to those normal 

coordinates for which the corresponding root Xy is positive, are said to 
be stahU If the constants Xy are all positive, the equilibrium-configaration 
as a whole is said to be stable. The condition for stability of the equi- 
librium-configuration is therefore, by the theorem of the last article, that 
the potential energy of the vibrating system shall be a positive definite form 

This result might have been expected from a conaideration of the integral ot energy; 
for this integral is 

r-H F-X 

where T and F are the quadratic forms which represent the kinetic and potential energies, 
and where A is a constant. This constant A will be small if the initial divergence from the 
equilibrium state it small. But 7 is a positive definite form ; and if F is also a positive 
definite form, we must have 7 and F each leas than A, so 7 and F will remain small 
throughout the motion : the motion will therefore never differ greatly from the equilibrium- 
configuration, i.e. it will be stable. 

* Histoire dt PAeeddmit d$ BsfUn, sonAe 1768, p. 147. 
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80. Ewamples of vibrations about equilibrium. 

We shall now discuss a number of illustrative cases of vibration about 
equilibrium. 


(i) To find the vibration-period of a cylinder of any croM-tection which can roll on the 
outside of a perfectly rough fixed cylinder. 

Let s be the arc described on the fixed cylinder by the point of contact, « being 
measured from the equilibrium position; let p and p be the radii of curvature of the 
croHS-sections of the fixed and moving cylinders respectively at the ] mints which arc in 
contact in the equilibrium position; p and p' being «up}H)sed [KMotive when the cylinders 
are convex to each other: let M be the mass of the moving cylinder, ^^k“ its moment of 
inertia about its centre of gravity, and c the distance of the centre of gravity from the 
initial position of the point of contact in the moving cylindei-. 

If a denotes the initial angle between the common normal to the cylinders and the 
vertical, then a + </p is the angle between the common normal at time t and tlie vertical, 
a-ktlp + s/p is the angle made with the vertical by the line joining the centre of curvature 
of the moving cylinder with the original point of contact in the moving cylinder, and 
f/p4*#/p' is the angle made with the vertical by the line joining the last-named ^loint ti) 
tlie centre of gravity of the moving cylinder. The angular vcl<K*ity of the moving cylinder 
is therefore 



80 its kinetic energ)* is 

(*»+<!«) A 

The potential energy is 

V^Mgx height of the centre of gravity of the moving cylinder above some fixed position 
- JTjr {0, + p')«» (o+j) -p' 008 (« + *- + *)+0COB (^+ i)} . 

Neglecting s^ and constant terms, this gives 

The Lagrangian equation of motion, 

d /dT\ dT dV 

gi*« M (i*+c«) (1 + Ifi+Mg C08 0-0 8-0, 

and the vibrations arc therefore given by the equation 


«»ilC08(X< + f), 

where A and t are constants of integration to be determined by the initial conditions, and 
X is given by the equation 


The vibration-period is 2ir/X. 




(») To find the periods of the normal modes of vibration about an equilibrium-configura- 
tion of a particle moving on a fixed emooth surface under gravity. 

The tangent-plane to the surface at the |)oint occupied by the particle in the 
M|uilibriutti-oonfiguration is evidently horixontal : take as axes of x and y the tanijeiits to 
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the lines of oun*ature of the surface at this point, and as axis of x a line drawn vertically 
upwards : so that the equation to the surface is approximately 

2pi’ 

where pi and pt denote the principal radii of curvature, measured positively upwards. 
The kinetic energy and potential energy are approximately 

r— (where m is the mass), 

and r* mgz 



It is evident from these expressions that x and y are the normal coordinates: the 
equations of motion are 

and y+-y-» 0 , 

Pi Pi 

and the periods of the normal modes of vibration are therefore 

and 

(iii) To find the normal mode* of vihralion of a rigid hody^ on* of v}ho*e point* i* fixedy 
and which i* vibrating about a po*itum of *tahU equilibrium, under the action of any ty*t«m 
of con*ervative force*. 

'Take as fixed axes of reference OXYZ the equilibrium positions of the principal axes of 
inertia of the body at the fixed point ; the moving axes will be taken as usual to be these 
principal axes of inertia. We shall suppose the position of the body at any instant 
defined by the symmetrical parameters (f, 17, C» x) ® regard f 17, f as the 

independent coordinates of the system, x defined in terms of them by the equation 

^*+v*+C*+x*-l. 

The com]x>nent8 of angular velocity of the body about the moving axes are (§ 16) 

^«,=2(-Cf+x<+{f“W). 

On account of the smallness of the vibration, we regard 17, C *“*^11 quantities of 

the firat order; x therefore dififera from unity by a small quantity of the second order, and 

"so we have, correctly to the first order of small quantities, 

and the kinetic energy of the body, which is given by the equation 

where .d, C are the principal momenta of inertia at the point of suspension, can be 
written 

The potential energy is some function of the position of the body, and therefore of the 
parameters (f, () ; let it be denoted by V (f, 17, f). 
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Since lero values of () correspond to the equilibrium position, there will be 
no terms linear in (f , 17, 0 when V is expanded in ascending powers of ({, 9, {) : the lowest 
terms are therefore of the second order ; neglecting terms of higher order, we can therefore 
write 

r- + V + Cf* + 2/,,C + + 2Af,, 
where a, 6, c, A are constants. 

The problem of determining the normal coordinates is therefore the same as that 
of reducing the two quadratic expressions 

to the form 

\a,jr*+ 6iy*+c,2*, 
where (d?, y, t) are linear functions of (^, ly, 0- 

Now the equation, referred to the fixed axes, of the momental ellipsoid in its equi- 
librium position is 

AJr^+Br»+CZ*=l; 

consider in connexion with this the quadric whose equation is 


aX^ + br^+cZ^ + 2/rZ+2ffZX+2/iJrml, 


which we shall call the ** ellipsoid of equal potential energy ” ; and determine the common 
set of conjugate diameters of these quadrics. Let (X\ T', Z') be the coordinates, referred 
to these conjugate diameters, of a point who^ coordinates referred to the fixed axes 
are (JT, F, Z), and let the equations connecting (X\ F', Z') and (X, F, Z) be 

iX » -b fflry T* + Wj Z'y 

(Z«./,Z>i»3F'^-n,Z\ 

By this transformation the equations of the quadrics are reduced to the form 

MiZ'*+5,F'*+CiZ'>=l, 
taiZ'»+ 6 ,F'>-Hc,Z'» =.1, 

and therefore the transformation which gives the normal coordinates in the dynamical 
problem is 

It follows that in a normal mode of vibration, say that in which x alone varies, the 

quantities (f, jj, f) will be permanently in the ratio 

^ : ly : • ^2 • h’ 


But from the definitions of § 9 it is evident that ly, f are, to the first order of small 
quantities, proportional to the direction-cosines of the line about which the rotation 
of the rigid body takes place, and consequently the normal mode of vibration of the 
rigid body consists of a small oscillation about a lino whose equation is 

Z : F : Z«fi : : fg, 

i.e. about the line 

r=o, 

which is one of the common conjugate diameters of the two quadrics. 
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Hence finally we have the reault that ths normal vibratioiu of th« body are mall 
oieiUatiom about the common conjugate diametert of the momental ellipsoid and the dlipsoia 
of equal potential energy, 

(iv) To find the normal coordinates and the periods of normal vibration in the system 
of three degrees of freedom for which 

I { p* ( j:* + 2a^ (47 +y ) + 9 V}, 

wfwre a is small , in comparison with p and q; and to shew that if such a system be let 
go from rest with y and t initially zerOy the vibration in x will have temporarily ceased 
after a time ep{q*-p^la\ and that there will then be a vibration of the same amplitude in 
y as the origi^ud one wn» in x. (Coll. Exam.') 


The form of the kinetic and potential energien Huggests the transformation 


which gives 




The variable i) ia therefore a normal coordinate : to reduce the remaining terms in the 
kinetic and potential enei^es to sunu of squares, we write 


and then we have 

The variablee C are therefore the normal coordinates. 

Suppose that initially we have 

x^k, y- 0 , f- 0 , 

ir—0, y—0, 4=0, 

and suppose that is so small that its product with other small quantities can be 
neglect^. Then to this degree of approximation we have initially 


The vibrationa of the normal coordinates q and ^ are therefore given by the equations 
q»\hcoepty 

111 


^ = 4 ircos 


a«(V- 4 / )] 
' 


1 + 




The last equation can be written 

♦=Poo.[pt(l-^^}]. 


♦-Pco.p< +Piinp<.in^;^^^^. 
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The motion can therefore be appn)ximately represented initially by 
ij-Jircoep^, (p«|ircos/>r, 
kcoa pty y* 0 . 

After an interval of time the motion is approximately represented by 

ij-iircosp^, 0 = - Jirco 8 ;)«, 

x— 0 , y»-irco 8 pi; 

which establishes the result stated. 

81. Effect of a new constraint on the periods of a vibrating system. 

We shall now consider the effect produced on the periods of normal 
vibration of a dynamical system about a coneguration of stable equilibrium 
when the number of degrees of freedom of the system is diminished by the 
introduction of an additional constraint. 

Suppose that the original system is specified in terms of its normal 
coordinates (g^ ..., 9 n), so that the kinetic and potential energies have 

the form 

Vmi {\*qt + \*qt 4. . ^ . 

and let the additional constraint be expressed by the equation 

/(9i» •••» 9n) = 0. 

Since gi, 9 ,, ...» 9 n are small, we can expand the function / in ascending 
powers of 9 i, 9 „ 9 ^, and retain only the first terms of the expansion : we 

can thus express the constraint by the equation 

ili9i + + . . . + A^gn = 0, 

where are constants. As the equilibrium-configuration is supnosed 

to be compatible with the constraint, there will be no constant term.^ By 

means of this equation we can eliminate qf ^ : we thus have 

^ “ 1 1 ?!* + 9 .* + • • • + q'n-, + ^M>q>+-+ An-, <},-,)'| , 

i|v9i* + ■ .. + x%_, 9*^, + ^ ( + . . . + 

The L^grangian equations of motion of the constrained system are there- 
fore the (n- 1 ) equations 

('• = 1.2 »-l), 

('• = !. 2 n- 1 ) 


or 


9f + V9r fJ^Ar « 0 
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where 






An An ' 

80 the equations of motion of the constrained system can be written in the 
form of the n equations 

9 r + V 9 r + Mr»0 (r»l, 2, »), 

where /i is undetermined. 

Now consider a normal mode of vibration of the modified system, defined 
by equations 

9t » eti cos Xt, — Of cos 9fi >« On cos X<, fi • V cos Td. 
Substituting in the equations of motion, we have 

flr(V- V) + (r*l, 2, 


Substituting the values of ai, a,, On given by these equations in the 
equation 

Ax^x + - 4 * 01 + ... + Ayfln =“ 0 , 

we have 


Ax^ 




A 

V- 


0 . 


This equation in X* has (n — 1 ) roots, which from the form of the equa- 
tion are evidently interspaced between the quantities Xj*, X**, ..., X^^*: the 
quantities 2 ‘ 7 r/X corresponding to these roots are the periods of the normal 
modes of vibration of the constrained system, and it therefore follows that 
the (n — 1 ) periods of normal vibration of thf constrained system are spaced 
between the n periods of the original system. 


82 . The stationary character of normal vibrations. 

We shall next consider the effect of adding constraints to a dynamical 
system to such an extent that only one degree of freedom is left to the 
system. Let ‘(^i, ..., qn) be the normal coordinates of the original 

system ; the constraints may, as in the last article, be represented by linear 
equations between these coordinates, and can therefore be expressed in the 
form 

where pxy th* •••» Pn constants and ^ is a new variable which may be 
taken as defining the configuration of the constrained 83rstem at time t. 

Let the kinetic and potential energies of the original system be 
V - i (V9i* + + XnV). 
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80 27r/Xi, 27r/Xg, 27r/\n are its periods of normal vibration: the kinetic 

and potential energies of the constrained system are then 

The period of a vibration of the constrained system is therefore ‘27r/\, 
where X is given by the equation 

X* = + > « » 4- Wfln 

/Ii* + /A,* + 

If the constraints are varied, this expression has a stationary value when 
(n - 1) of the quantities /ti, /ij, ..., /i„ are zero: this stationary value is one 
of the quantities Xl^ X**, X^^: and thus we have the theorem that when 

constraints are pat on the system so as to reduce its number of degrees of 
freedom to unity, the period of the constrained system has a stationary value 
for those constraints which make the vibration to be a normal vibration of the 
unconstrained system, 

83. Vibrations about steady motion. 

A type of motion which presents many analogies with the equilibrium- 
configuration is that known as the steady motion of systems which possess 
ignorable coordinates: this is defined to be a motion in which the non- 
ignorable coordinates of the system have constant values, while the velocities 
corresponding to the ignorable coordinates have also constant values. 

One example of a steady motion is that of the top, discussed in § 72; as another 
example we may take the case of a particle which is free to move in a plane and is 
attracted by a fixed centre of force, the potential energy depending only on the distance 
from the centre of force; for such a particle, a circular orbit described with constant 
velocity is always a possible orbit, and this is a form of steady motion, since the radius 
vector is constant and the angular velocity d corresponding to the ignorable coi>rdinate $ 
is also constant. 

In many cases, if a system is initially in a state of motion differing only 
slightly from a given form of steady motion, the divergence from this form of 
motion will never subsequently become very marked ; we shall now consider 
motions of this kind, which are called vibrations about steady motion. 

The steady motion is said to be stable* if the vibratory motion tends to 
a certain limiting form, namely the steady motion, when the initial disturb- 
ance from steady motion tends to zero. 

Let (pi,jpa, . . . , p*) be the ignorable and (^i, ^2» > qn) be the non-ignorable 

coordinates of the system. Corresponding to the ignorable coordinat^8, there 
will be k integrals 

or 

* This definition is due to Klein and Sommesfeld. 

IS 


W. D. 
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where ^9, •••> A constants. We shall suppose that these constants 
have the same value in the vibratory motion as in the undisturbed steady 
motion of which it i*! regarded as the disturbed form; this of course only 
amounts to coordinating each vibratory motion to some particular steady 
motion. 


We suppose the system conservative, with constraints independent of the 
time ; let its kinetic energy be 

M n Ml: h k 

T=i t 1 aijqi^+ t 2 kjqipi + i 2 2 c^fpipj, 

i= I j = I »=s 1 1 <=1^=1 


where the coeflficienta a^, 6y, Cy are functions of 99 


The integrals corresponding to the ignorable coordinates are 

IcijPi + Ibijqi ^ (j == 1, 2, ..., k). 


Let Cij be the minor of Cy in the determinant formed of the coefficients 
Cij, divided by this determinant; then solving the last equations for the 
quantities pr, we have 


Substituting for^,j02, in the above expression for T, and utilising 
the properties of minors of determinants, we have 

r = ^ 2 {Uij - 2 Cubabj,) + i 2 

i, j 1.9 1,9 

Now perform the process of ignoration of coordinates. Let R be the 
modified kinetic potential, so 

= I Pr0r 

r-l 

= J 2 (aij — 2 Cubiibj,) qiqj 4* 2 Or,ffrbi$qi i 2 — V. 

i. J 1 . a l.r.s I, a 

We can without loss of generality suppose that the values of 5^,, jj, 9n 
in the steady motion are all zero. If then the coefficients in R are expanded 
in ascending powers of q^, q^, qn by Taylors theorem, and all terms in the 
expression of R thus obtained which are above the second degree in the 
variables q^, q^, q^ qi, 9a, ...» qn are neglected in comparison with the 
terms of the second degree, we obtain for R an expression consisting of terras 
linear and quadratic in 9,, 92, ..., 9n> 9i, 9a, 9n- Now the terms which 

are linear in 9,, 92, ..., qn and independent of 9^, 92, ..., 9n disappear auto- 
matically from the equations of motion 


d (dR\^d^ 
dt [dqj dqr 


(r»l, 2, n), 


and these terms can therefore be omitted. Moreover, since the equations are 
satisfied by pei^manent zero values of 92, 9,, ..., 9^, it is evident that no terms 
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linear in ...» and independent of ^i, can be present in R. 

It follows that the problem of vibrations, about steady motion depends on the 
solution of Lagrangian equations of motion in which the kinetic potential is a 
homogeneous quadratic function of the velocities and coordinates^ with constant 
coefficients. 

The difference between vibrations about equilibrium and vibrations about 
steady motion consists in the possible presence in the latter case of terms of 
the type qrq, (i.e. products of a coordinate and a velocity) in the kinetic 
potential. These are called gyroscopic terms. The vibrations about steady 
motion of a system are in fact the same thing as the vibrations about 
equilibrium of the reduced or non-natural (§ 38) system to which the problem 
is brought by ignoration of coordinates. 

The equations of motion for the vibrating system are therefore 


d ^R' 
dt \dqj dqr 


where R can be written in the form 


(r= 1, 2, ...,n), 


■R = i 2 a„7r?. + i 2 /3„qrg, + 2 7„gr9. (r, « 1, 2 n), 

»*. * r,t r,i 

and where j3rs =* 

but where yrt is not in general equal to The equations of motion in the 
expanded form are 


i/i ^11 q I + ( 7*1 ■“ 7w) 9* “ + ( 7*1 “ 7i») + • • • — 0, 

+ (7n “ 7«) “-^2191 + - ffr^q^ + a„95 + ( 7 ,, - 7») + • • • 0, 


These are linear equations with constant coefficients, which are of the same 
general character as the corresponding equations in the case of vibrations about 
equilibrium ; they differ only in the presence of the gyroscopic terms, which 

involve the coefficients (7#r-7r#). The presence of these terms makes it 
impossible to transform the system to normal coordinates*; but as we shall 
next see, the main characteristic of vibrations about equilibrium is retained, 
namely that any vibration can be regarded as a superposition of n purely 
periodic vibrations, which we shall call (as before) the normal modes of 
vibration of the system. 


84. The integration of the equations. 

We shall now shew how the nature of the vibrations can be determined, 
by integration of the equations of motion. 

* That if to say, imposfible to transform the system to normal coordinates by a jpomt-traai- 
formation : it is possible to effect the transformation to normal coordinates by a contaot^trans- 
formation, and this is actually done in Chapter XVI. 


13—2 
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It will be convenient first to transform them into a system of equations 
each of the first order. Let R denote the modified kinetic potential of the 
system, eo that in the vibratory problem 72 is a homogeneous quadratic 
function of q%y q%i 9i. q%* •••» Write 

dR / 1 o \ 

(r-1, 2, 

so that 9*4 are linear functions of 4 % qn and vice versa ; 

the equations of motion can be written 

(’•- 1.2 »). 

Oqr 

Now if S denote an increment of a function of the variables q^, 

9n+i. •••! 9*n, due to small changes in these variables, we have 

n 

- 2 (9«+,8?r + 9«-K8?r) 

rmi 

■*^(2 qiH^qr)"^ 2 (qtH-rSqr ^ qr^n-t>r)» 

V-1 / r-l 

« 

2 q^ir-Rf 


. 9 ** 


Let the quantity 


when expressed as a function of 9,, 9»», be denoted by IT, so that H is 

a known homogeneous quadratic function of the variables 91,9s, »*>,qm'i ^he 
last equation can be written 

n 

8/f*" X (9r^9’*'H' ■” 9»-H’^r)» 
r»l 

and therefore* the equations of motion, which consieted originally of n equations 
each of the second order, can he replaced by a system of 2n equations, each of 

the first order, namely 

. dH . dH / 1 0 \ 

(r 1, 2, n) 

^qn+r 

the independent variables being g,, 9,, 9*,. 

We shall now shew that the function H, which has replaced R as the 
determining function of the equations, represents the sum of the kinetic and 
potential energies of the dynamical system considered. 

For R contains terms of degrees 2, I, and 0 in the velocities, and 

t , dR 

rmi oqr 

* Tbit tvsnifonoation it ftally a etas of the HsmiltonUn tnunformalion given Uiar in 
Chapter X. 
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is equivalent to twice the terms of degree two together with the terms of 
degree one, by Euler’s theorem ; it follows that H, being defined as 


n 

V 

r=l 



-R, 


will be equal to the terms of degree two in the velocities in R, together with 
the terms of zero degree in R with their signs changed : on comparing the 
expressions for T and R given on page 194, it follows that 


so H 18 the total energy of the dynamical system, expressed in terms of the 
variables 


In the case of vibrations about an equilibrium-configuration, we have 
seen that the condition for stability is that the potential as well as the 
kinetic energy shall be a positive definite form ; we shall now make a similar 
assumption for the case of vibrations about steady motion, namely that the 
total energy H is a positive definite form in the variables •••> 92 n; on 

this assumption we shall shew that the steady motion is stable, and in fact 
that the equations of motion 


dqr_ dH 
dt dqn+r 


dt dqr ^ 1. 


can be integrated in the following way*. 

Consider the set of linear equations in the variables g,, g 2 > 




dqr 

O^n+r 


(’•=!. 2 n); 


if we denote the determinant of the system by / (s), and the minor of tlie 
element in the Xth row and /xth column by 


/(sV (X, /i = l, 2, 2n), 

the expression of . . . y irt terms of yi, y^, ..., y^n is given by the 

equations 

= (/‘ = 1.2 2«), 

and the degree of / (s) in 5 is 2?i, while the degree of f{s)Ky. is not greater 
than (2n~l). 

In order to solve the equations of motion, consider expressions for 
9i. q%y ...» q^n the form 

= 2n). 


* The method of integration which follows is due to Weierstrass, Berlin. MonaUberichte, 1879. 
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where the integration is taken round a large circle C which encloses all the 
roots of the equation /(s)»«0. These values of q,, ...,qm will satisfy 
the equations of motion, provided the equations 


.pt, 


dpr 


-•' M ^ =0 


)/(*) 


..MPt n)) ds 


dpn+r ]f(s) 


(r=l, 2, ...,n) 


are satisfied. If therefore pu ft* •••> Pm are polynomials in s so chosen that 
the expressions in brackets under the integral sign vanish when s is equal to 
one of the roots of the equation f(s) - 0, these equations will be satisfied, 
since the integrands will then have no singularities within the contour G*. 
It follows that pi,p 2 , ...,p 2 u niust be a set of solutions of the equations 


spn+r + 




dH(pt,p„ .. 

‘ ‘ - 0 

dpr 



• » Pan) _ 

dp„+. 


(r= 1, 2, n), 


when 5 is a root of the equation /(s) =« 0 ; this condition is satisfied by the 
expressions 

p^(«) = a,/(5),^ + a2/(5V+... +(hnf(8)m,ti (m = 1, 2/ 2n), 


where Oj, a,, are arbitrary constants. 

The equations of motion are therefore satisfied by the values 

= coefficient of l/« in the Laurent expansion t in positive and nega- 
tive powers of s of the expression 

+ ... + Uany^(^)2n,M} 

Now on inspection of the determinant /(«) we see that minors of the 

types 

/(*)n+ft^ and /(«V„+^ (/i = l, 2. ...,n) 

are of degree (2n - 1) in and the other minors are of degree (2n - 2) in s; 
80 the coefficient of l/s in the Laurent expansion of/(5)AM//(^) is zero unless 
or / 4 *n + X; in the former case it is - 1, and in the latter case it 
is 1. Hence on taking we see that the quantities 


di, Q^, dsfi 

are respectively the values of 

<Ju+n •••! “ 9 »» •”> 

at the time 

* Whittaker and Watfon, A Count of Modem Analytiiy § 5*3. 
t /bid. 1 6*6. 
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If therefore we write 

^ (Oam = coeflBcient of 1/s in the Laurent expansion of e*^*“*•^ 

and if 9a , ^211 are the values of q^, q^, q^ respectively corresponding 
to any definite value of t, we have 

n 

^ (/* = !. 2, 2n). 

a = l 

In order to evaluate the quantities (l>{t)xn, it is necessary to discuss the 
nature of the roots of the determinantal equation /(s) = 0; let Ari + /, where 
k and I are real and i denotes V—l» h^ any root of this equation; then 
the 2w equations 

(ki + 1 ) = o] 


dqa 
oqn+a 


(a= 1, 2, n) 


can be satisfied by values of q\, q%, qm which are not all zero. Let a 
system of such values be 

f 1 + > ^2 + 1^2, • • • , fjin + 

where fi, fa, ....fan, ^ 1 ) ^ 2 > •••yV 2 n are real quantities. Then if we write 
0 "^ — v9l> ? 2 > ••• > 92 n)M> 

we have, on separating the last equations into their real and imaginary parts, 

(a = l, 2, ...,4 

But since H is homogeneous and of degree two in its arguments, we have 

2n 

2ff(fi, fa, f2n)= 2 f.JT(f„ fa, ..., fan)^, 

A=1 

and using the first two of the preceding equations this gives 

2iT(f.,fa, ...,fan) = Ar I (f. W- " ^afn+a)- 



• » fan)a *4“ ^fn-fa ““ ^Vn+a 

=^0] 

^(fl, .. 

• • » f2n)n-fo “■ ^f a + 

= 0 

1,2, .. 

■ • , V 2 n)a. “h ^Vn+a '4' ^f n+o 

= 0 

1?!, ■ 

■ • , Vm)n+a ~ “■ k^a 

= 0 


Similarly 


tt=l 


.(A) 


Moreover on multiplying the first of the preceding equations by i;, and the 
second by ?7n+«, adding, and summing for values of a from 1 to n, we have 


and similarly 


^ ’?X'ff(fl, fa, •••) fan)x — ^ 2 (fa^n+a ^afn+a), 
X=1 0=1 

2n n 

S ^ 2 (fo^n+o *7ofn+o)* 
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Since the left-hand sides of these equations are equal, we must have 

% 

I 2 - 0. 

• t.1 

But from equations (A) we see that, as if is a positive definite form, neither 

% 

k nor 2 (f.i/n-Hi — can be zero; we must therefore have I zero; and 

•=i 

so the equation /(a) ^0 has each of its roots of the form ik, where k is a real 
quantity different from zero. 

We shall next shew that in the case in which the equation f(s ) « 0 has 
a j-tuple root s\ each of the functions /(«)xn is divisible by (s — sy'K 

For let Cl, c,. ..., Can be a set of definite real quantities; define quanti- 
ties qu qu 9w, hy the equations 


sqn+e. + if (^1, ^f», . . . , qtn)a * C. 

■“ eq^ H (qi, q%f . . , , qm^n+o = Cn^^ , 


so that we have 


9m 


“xfi f{s) 


Ck 


(a-1, 2 ,..., n)...(B). 

2,...,2n). 


Let Sii be any root of the equation f(s) * 0, and let m be the smallest 
positive integer for which all the functions 

{s - 

are finite for the value of s. When s is taken sufficiently near Sii, we can 
expand q^ in a series of the form 

+ h^i) {s - 8,%y^ + (g^' + VO (« - + • • • > 

where g^j h^, g^', hf^\ ... denote real constants; and we can suppose the 
quantities c,, Cj, ...» so chosen that the quantities g,^ and h^ are not zero. 
Substituting this value of in equations (B), and equating the coefficients 

of (« - gii)'", we have 


/(«)*■. 

/(«) 


H {ffi, fft, •••, jr»)« — 0 ^ 

H{h„ A, hm)* ^ 

H (hif •••> 

and on equating the coefficients of (« - 8ii)'^\ we have 

iO when m > 1 \ 


(a = l,2,...,n) (C), 


n-f-« + 9n+* * 

H (9u 9t, • • •, 5'wV. + - S'* ' 


fiu when w — 1 
0 when wi > 1 
[Cn+u when w « 


jWa-l,2,...,n) (D). 


JET (V» h^i •••} hyn')* + + hn+t *® 0 


/ 
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Now by Euler’s theorem on homogeneous functions we have 

ffm) = (9i> 9»’ •■'>9m)K, 

or by (C), ^ 

2fr (gi,9i, 9m) = »i (5'*^n+* “ 

and similarly ^ 

/ij, /* 2 n) “ ^ (5^a^n+« 

a=l 

from which it is evident that 1 (gahn+a-Kgn-hs) is not zero. 

*=i 

Moreover, the first two of equations (C) give 
2 h)!H(gi, gti -•-> 9m)k + ^ 

X -1 

and the last two of equations (C) give 

2 g^'H(hu h,,..., - «i 2 {g.9'n+.- 9-9<^‘) = ® 

*=i •=> 

But fiem the first two of equations (D), when »» > 1, we have 
2 hxH(9,',9,' 2 (h,h\^-h:K+.)- i (9.hn+.-h,9n^)^0 

*”* (G), 

and from the last two of equations (D) we have 

2 9^H(K,hi, -.hjyK + Si 2 (9>9'n+‘-9‘9n-t^)+ 2 (sr.An+.-M«+-) = 0 
^=' •=* (H). 

Also since H is homogeneous of the second degree in its arguments, we 
have the identities 


..(E). 


2 h^H {gif g%f • 
Xsl 

• • > ^tn)A 

= 2 g^Hih', A,', • 

• • 1 )a • • • 

(K) 

2 h, ■ 

A = 1 


s= 2 {gif g2f . 

A = 1 

• • f gm )a • • • 

(L). 


From equations (E), (H), (K) we have 

2 (^./in+. - = *1 ^ {h.h:„+,-h.'h^)-St l^(9.9'n-^-9'‘'9n+-). 
and from equations (F), (G), (L) we have 
2 { 9 *K+* - h,gn+») - - *1 2 (/l, A'n+. - *■.'*»+.) + s. 2^ ( 9 , 9 ' - 9* 
Comparing these equations, we have 
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which is contrary to what has already been proved. The assumption that 
m > 1, which was used in obtaining equation (G), must therefore be false ; 
m must therefore be unity, and consequently when /(s) is divisible by (s — 
each of the Junctions f(s)x^ is divisible by (s - Siif^K 

Now let , Sa be the moduli of the distinct roots of the equation /(«) = 0 , 

so that the functions f(s)xf^lf{s) are infinite only for « = ± tfjt, ± «9t, ± Sri ; 

then denoting the coefficient of (s — in the Laurent expansion of 
f(s))^lf(s) in powers of (« — «pi) by 

(X, /a)p', 

where (\, and (X, /i)p' are real, and observing that the only poles of the 
function f{s))^//(s) are the points s — ± Sf^i, and that these are simple poles, 
we have 

^ 2 [ (\ ^ ^ (X, /i)p - i (X, fiX 

7 («) s-s^i s + s^i 

and therefore ^(t)j^ is the coefficient of 1/s in the Laurent expansion of 

p=i( s-s^i s-fspi ) 

in powers of s. 

But the coefficient of 1/s in the Laurent expansion of -»,i) it 

and the coefficient of 1/s in the Laurent expansion of e**‘“‘^/(s + s,t) 
is we have therefore 

^ (Oa^ = 2 i {(^» /^)p cos Sp •“ (X, ^)p sin Sp — ^o)l» 

P=i 

and so finally 

= 2 2 2 [ 3 n+. Ko,/tL cos s, («-«,) -(a, /*V sins, (<-<,)) 

- l(n + a, cos Sp - ^o) “ (n + a, ft)/ sin Sp - to))] (^ = 1, 2, . . 2w). 

3%is formula constitutes the general solution of the differential equations of 
motion. Hence finally we see that when the total energy of a system vibrating 
about a state of steady motion is a positive definite form, the vibratory motion 
be expressed in terms of circular functions of t, and the steady motion is 
stable; the periods of the normal vibrations are ^nrjsi, ^trjst, ...» where ± is,, 
i isj, ... are the roots of the determinantal equation f(s) 0, whose order in s* 
is equal to the number of nondgnorable coordinates of the system. 

The above investigation is valid whether the determinantal equation has 
repeated roots or not. 

Between the coefficients (X, ;i)p, (X, ^)p', there exist the relatione 

“■(/*> {^> 

(X,X)p-0. 




and 80 in particular 
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These relations follow from equations which ^in virtue of their definitions) are true for 
/W. /Wi,.. namely 

/(*) “/(-*). 

Example. If the number of degrees of freedom of the system, after ignoration of the 
ignorable coordinates, is even, shew that when the ignorable velocities are large (e.g. if 
the ignorable coordinates are the angles through which certain fly-wheels have rotated, 
this would imply that the fly-wheels are rotating very rapidly), half the periods of 
vibration are very long and the other half are very short, the one set being proportional 
to the ignorable velocities and the other set being inversely proj3ortional to these 
velocities. 

It was pointed out by Poincare* that the discussion of stability by the 
method of small oscillations does not take account of some features which are 
likely to be present in actual problems. Thusf, consider a particle moveable 
on the inner surface of a spherical bowl which rotates with constant angular 
velocity about its vertical diameter. If the bowl be perfectly smooth, the 
equilibrium of the particle in the lowest position is certainly stable, the 
rotation of the bowl having no effect on it. But if there be the slightest 
friction between the particle and the bowl, and if the angular velocity of the 
bowl exceeds a certain value, the particle will work its way outwards in 
a spiral path towards the position in which it rotates with the bowl like the 
bob of a conical pendulum. 

86. Examples of vibrations about steady motion. 

A number of illustrative cases of vibration about a state of steady motion 
will now be considered. 

(i) A particle w describing the circle r^a., in the cylindrical field of force in 

which the potential energy is V’=<^(r, «), where = it being given that dVjdz is 

zero when r*ia, z = b. To find the conditions for stability of the motion. 

If we write x^rcosBy y—r^mBy 

we have for the kinetic and potential energies of the particle, whose mass will be denoted 
hyniy 

F=3(^(r, z). 

The integral corresponding to the ignorable cooixiinate B is mr^B^ky where k is a 
constant. The modified kinetic potential after ignoration of B is therefore 

R^T-V-kB 


• Acta Math. tii. (ISSfi), p. m. 

t This illuBtratioD is due to Lamb, Proc. Roy. Soc. lxxx. (1908), p. 168. 
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For the steady motion we must have 

dR 

¥ 


t), 


dR 

dz 


- 0 ; 


the latter condition is satisfied by hypothesis, and the former gives k*^ma^d<l>/da. We 
liftve therefore 

Writing r==a+i>, i=b+{, 

and neglecting terms above the second degree in p and we have 

-pC4>ab-iC*<h>- 

As no terms linear in p or ^ occur, this is essentially the same as a problem of vibrations 
about equilibrium, and the condition for stability is (§ 79) that 

P* (i>am + ~ 

shall be a positive definite form, Lo. that 

(4>aa+-<l>t^4>bh-<t>\h and 

.shall both be positive. These are the required conditions for stability of the steady 
motion. 


Corollary, If a particle of unit mass is describing a circular orbit of radihs a in a 
plane about a centre of force at the centre of the circle, the potential energy being (ft (r) 
where r is the distance from the centre, the modified kinetic potential is 

where rasa + p, so the condition for stability is 

and the period of a vibration about the circular motion is 

(ii) To find the period of the vibratiom about zteady circular motion of a particle 
moping under gravity on a iurface of revolution tphoee axie is vertical. 

Let s^fir) be the equation of the surface, where («, r, 6) are cylindrical coordinates 
^with the axis of the surface as axis of z. If the particle is projected along the horizontal 
tangent to the surface at any point with a suitable velocity, it will describe a horizontal 
circle on the surface with constant velocity. Let a be the radius of the circle ; we shall 
take the mass of the particle to be unity, as this involves no loss of generality 

The kinetic potential ir. 

The integral corresponding to the ignorable coordinate ^ is r^aiir, and the modified 
kinetic potential of the system after ignoration of ^ is therefore 
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The problem is thus reduced to that of finding the vibrations about equilibrium of the 
system with one degree of freedom for which R is the kinetic potential. The condition for 
equilibrium is 

\or ifma 

and this gives 

{1 +/-* (r)}-s/(r) -ga^f (a)/2r*. 

Writing r=a + p, where p is smalls and expanding in powers of p, we have 

i A* {1 +/” (<*)} - w {/" («) /' («)} • 

The equation of motion 

dtKZp) 0p"^ 

is therefore P {1 +/'* («)} |/" ^ (®)| * 

and the condition for stability is 

/"(«)+ 1/'(<«)>0, 

the period of a vibration being 

2,r f 1+/»W )* 

N/i/t/"(a)+3/(<.)/o) • 

Example. If the surface is a paraboloid of revolution whose axis is vertical and 
vertex downwards, shew that the vibratiou-period is 

/P+o»\* 

’\ gl } ’ 

where I is the semi-latus rectum of the paraboloid. 


(iii) To determine the vibratuyne about steady motion of a top on a perfectly rough 
plane. 

Let A denote the mom ent of inertia of the top about a line through its apex perpen> 
dicular to its axis of symmetry, and let B denote the angle made by the axis with the 
vertical, if the mass of the top, and h the distance of its centre of gravity from its apex : 
then we have seen (§ 71) that after ignoring the Eulerian angles ^ and the angle 0 is 
determined by solving the dynamical system defined by the kinetic potential 




(g - 6 cos Bf 
2d sin^ B 


^Mgh con By 


where a and h are constants depending on the initial circumstances of the motion. 


Let 0 , n be the values of B and <j> respectively in the steady motion, so (§ 72) 


we have 


d n* cos a + J/pA — 6n, 


dn sin^ a - A oos o. 


To discuss the vibratory motion of the top about this form of steady motion, we write 
where j: is a smaJl quantity, and expand R in ascending powers of x, neglecting 
powers of x above the seoond and eliminating a and b by use of the last two equations ; 
we thus obtain for R the value 

di*- }ds^ {n* sin* a +(ii cos o - i/^A/dn)*). 
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The equation of motion for x is therefore 

i?+ {s*8iii*a+(nco8a~i(7A/Js)*}jp*(X 

As the coefficient of jp is positive, the state of steady motion is staUe ; and the period 
of a vibration i* 

2ir {n* - ilfghcMajA + 

(iv) The sUeptny top. 

If we consider that form of steady motion of the top in which a is zero, so that 
the axis of the top is permanently directed vertically upwards, the top rotating about this 
axis with a given angular velocity, the method of the preceding example must be modi6ed, 
since now the form of steady motion in which a is a small constant is to be regarded as a 
vibration about the type of motion in which a is zero : so that we may now expect to have 
tvo independent periods of normal vibration, the analogues of which in the previous 
example are the peritxl of the steady motion and the period of vibration about it. 

As in § 71, the kinetic and potential energies of the top are 

The integral corresponding to the ignorable coordinate yfr is 
6 *■ (7 ( ^ cos l9), 

and hence after ignoration of i/r we obtain for the kinetic potential of the system the value 
J sin* d + 6^ cos d cos d. 

In the two last tenns we can replace cos ^ by (cos d - 1), since the terms - 6i and Jfyh 
thus added disappear from the equations of motion. 

As ^ is mot a small quantity throughout the motion, we take as coordinates in place of 
0 and ^ the quantities | and i;, where 

^ssin^oos^ i;i>8in^sin0. 

From these equations, neglecting terms above the second degree in f, i;, f , i}, we have 
d*+^8in*d-i*+7*, 

^8in*^-(9-iyf 

1 — cos +*»*)* 

and so we have 


The eqiutionfi of motion are 




If 2w/X is the period of a normal vibration, on substituting f tf^/Te^ in these 

differential equations and eliminating J and A we obtain the equation 

I - X*A - Jfyh ib\ I * 0, 

I -i6X -XM-if^pA I 

or (X*A-bifF^)»~A*A*-0. 

The two roots of this quadratic in X* give the values of X corresponding to the two 
normal vibrations : we have therefore to determine the nature of these roots. 
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The solution of the qiiadratio is 

{li‘-iAifgh±bib^-4AMgA.)iu 
so ±X=|^{6±(4>-44%A)i}. 

The values of X are therefore real or not according as 6* is greater or less than iAMgh. 
In the former case the steady spinning motion round the vertical is stable: in the latter 
case, unstable. 

It must not be supposed, however, that in the unstable case the axis of the top 
necessarily departs very far from the vertical: all that is meant by the term “unstable” 
is that when b!^<AAMgk the disturbed motion does not, as the disturbance is indefinitely 
diminished, tend to a limiting form coincident with the undisturbed motion. 

As a matter of fact, if 6* -4A%A, though negative, is very small, it is possible for the 
axis of the top in its “unstable” motion to remain j)ermanently close to the vertical : but 
in this case the maximum divergence from the vertical cannot be made indefinitely small 
(for a given value of 6) by making the initial disturbance indefinitely small* 

86 . Vibrations of systems involving moving constraints. 

If a dynamical system involves a constraint which varies with the time 
(e.g. if one of the particles of the system is moveable on a smooth wire or 
surface which is made to rotate uniformly about a given axis), the kinetic 
potential of the system is no longer necessarily composed of terms of degrees 
2 and 0 in the velocities ; terms which are linear in the velocities may also 
occur. The equations which determine the vibrations of such a system will 
therefore in general include gyroscopic terms, even when the vibration is 
about relative equilibrium: the solution can be effected by the methods above 
developed for the problem of vibrations about steady motion. The following 
example will illustrate this. 

Example. To find the periodt of the 'normal vibrations of a heavy particle about its 
position of equilihrium at the lowest point of a surface which is rotating 'ioith constant 
angular velocity u about a vertical axis through the point. 

Let (.r, ?/, ^) be the coordinates of the particle, referred to a.\es which revolve with the 
surface, the axes of x and y being the tangents to the lines of curvature at the lowest 
point, and the axis of t being vertical. Let the equation of the surface be 
' x^ 

+ terms of higher order. 

The kinetic and potential energies of the particle are 
T^\m 
V^mgz. 

The kinetic potential of the vibration-problem is therefore 

L * {i* -by* + (xy - yx) -b (x» -by*)} - mg ^ , 

* A disonsBion of the stability of tht sleeping top is given by Klein, Amer, Math. Soc. in. 
(1897), pp. 129—182, 292. 
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The equations of motion are 

d lZL\ ZL 


[OH. 



d(\ 

ZL . 

d(\ 


3<V 



or 






y+2«i!+y 1 





‘ 0 , 


If the period of a normal vibration is 27r/X, we have (substituting ^ in 

the differential equations, and eliminating A and B) 

j — X*— — 2o>»X •■0, 

I 2a»iX 

or (X*+«^'-^/pi) (X*+«»*-^r/p,) - 4XV*0. 

The roots of this quadratic in X* determine the periods of the normal vibrations. 


Miscellaneous Examples. 

1. A particle moves on a curve which rotates uniformly about a fixed axis, the 
potential energy V (<) of the particle depending only on its position as defined by the 
arc t. Shew that the period of a vibration about a position of relative rest on the 
curve is 



where r is the distance of the particle from the axis. 

2. Determine the vibrations of a solid horizontal circular cylinder rolling inside a 
hollow horizontal circular cylinder whose axis is fixed, shewing that the length of the 
simple equivalent pendulum is (6 — a) {Z2f -^in)l{2M m) ; where b is the radius and J/^the 
mass, of the outer cylinder, and a is the radios and wi the mass, of the inner cylinder. 

(Coll. Exam.) 

3. A thin hemispherical bowl of mass M and radius a is on a perfectly rough 

horizontal plane, and a particle of mass m is in contact with the inner surface of the bowl, 
nnppoeed smooth. Shew that when the system performs small oscillations,, the motion of 
the particle and the centre of gravity of the bowl being in one plane, the periods of the 
normal vibrations are and where Xi and \% are the roots of the equation 

makg - (<y — aX) {\g - JaX) Jf—0. (Coll. Exam.) 

4. A string of length 4a is loaded at equal intervals with three weights m, M and 
respectively, and is suspended from two points A and B symmetrically. Shew that if 
perform small vertical vibrations, the length of the simple equivalent pendulum is 

acoeaco6/38in(a-»^)coe(a-“3) 
sin a cos* a + sin oos*^ ^ 

where a and are the inclinations of the parts of the string to the vertical 

(Coll. Exam.) 

6. A uniform bar whose length is 2a is suspended by a short string whose length is I ; 
prove that the time of vibration is greater than if t^ bar were swinging about one 
•xtiemity in the ratio l4-d^/32a : 1 nearly. (Coll Exam.) 
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6. An elliptic cylinder with plane ends at right angles to its axis rests upon two fixed 
smooth perpendicular planes which are each inclined at 45“ to the horizon. Shew that 
there are two stable configurations and one imstable* and that in the former case the 
length of the equivalent pendulum is 

ab (a2+fe*)/2V2 (a-6)*(a + 6), 

a and b being the lengths of the semi-axes. (Coll. Exam.) 

7. A rough circular cylinder of radius a and mass m is loaded so that its centre of 

gravity is at a distance h from the axis, and is placed on a board of equal mass which 
can move on a smooth horizontal plane. If the system is disturbed slightly when in a 
position of stable equilibrium, shew that the length of the simple equivalent pendulum is 
^VA+4 (a- A)*/A, where is the moment of inertia of the cylinder about a horizontal 
axis through its centre of gmvity. (Coll. Exam.) 

8. One end of a uniform rod of length 6 and mass m is freely jointed to a point in a 
smooth vertical wall ; the other end is freely jointed to a point in the surface of a uniform 
sphere of mass M and radius a which rests against the wall. Shew that the jjeriod of the 
vibrations about the position of equilibrium is 27r//>, where 

{sin ^ sin* (a - 3) + ? cos a sin (a - ^) + 1 sin cos* == — (a sin a cos* a + bsin(i cos* ^), 

CIO cos a 

a and /9 being given tiy the equations 

a sin a-f ftsin 3-a=0, 

(i m -f- if) tan 3 ~ tan a = 0. (Coll. Exam. ) 

9. A thin circular cylinder of mass M and radius b rests on a i)erfectly rough 
horizontal plane, and inside it is placed a perfectly rough s}>here of mass m and radius a. 
If the system bo disturbed in a plane perpendicular to the generators of the cylinder, find 
the equations of finite motion, and deduce two first integrals of them ; ai.d if the motion 
be small, shew that the length of the simple equivalent j)endulum is 

lAM(b-a)l{\0M+lm). 

(CamV). Math. Tri^X)S, Part I, 1899.) 

10. A sphere of radius c is placed upon a horizontal perfectly rough wire in the 

form of an ellipse of axes 2a, 26. Prove that the time of a vibration under gravity about 
the position of stable equilibrium is that of a simple pendulum of length I given by 
6*cfi «* (a*- 6*) (rf * + /{:*), where and d^—c^-b^. (Coll. Exam.) 

11. A rhombus of four equal uniform rods of length a freely jointed together is laid 
on a smooth horizontal plane with one angle equal to 2a. The opposite corners ai*e 
connected by similar elastic strings of natural lengths 2a cos a, 2a sin a. Prove that if 
one string be slightly extended and the rhombus left free, the periods during which 
the strings are extended in the subsequent motion are in the ratio 

(cosa)^ : (sina)^. (Coll. Exam.) 

12. A particle of muss m is attached by n equal elastic strings of natural length a to 
the fixed angular points of a regular polygon of 7i sides, the radius of whose circumscribing 
circle is c. Shew that if the particle be slightly displaced from its equilibrium ^>asitiou in 
the plane of the polygon, it will execute harmonic vibrations in a straight line, the length 
of the simple equivalent pendulum being 2nigacfn\{2c-‘a\ and that for vibrations 
perpendicular to the plane of the polygon, the corresponding length will be mgacItiK {c - 

X being the modulus of each string. (Camb. Math. Tripos, Part I, 1900.) 

14 


w. D. 



210 


Thecyry of Vibrations 


[oh. 


13, The energy -equation of a particle is 

/(x) ir* « 2«^ (x) + constant, 

and a is a value of x for which <^' (x) is zero. If (x) is the first derivative of ^ (x) 

which does not vanish for x-o, shew that the period of a vibration about the position a is 

r(i/2p) f r(2p)/^ia),r it 

A--' r(l/2p+J)l 4p<p<«ri(a) / ’ 

vhere A is the value of (* - a) corresponding to the extreme displacement. (Elliott.) 

14. A cone has its centre of gravity at a distance c from its axis, there being in other 
respects the usual kinetic symmetry at the vertex. If the cone oscillates on a horizontal 

plane and the plane be perfectly rough, shew that the length of the simple equivalent 


pendulum is 

(cos afMc) (^4 sin* a -f C cos* a), 
whereas if this plane be perfectly smooth, the length is 
(cos a/Mc) (sin* aJA 4- cos* a/ C). 


(Coll. Exam.) 


15. A number of equal uniform rods each of length 2a are freely jointed at a common 
extremity and arranged at equal angular intervals like the ribs of an umbrella. This cone 
of rods is put over a smooth fixed sphere of radius 6, each rod being in contact with the 
sphere, and rests in equilibrium. Shew that, if the system be slightly disturbed so that 
the hinge performs vertical vibrations about the position of equilibrium, their j)eriod is 


2yr 


('“i 


+ 3 sin' 


.i. 


1* o\^ . 

(Camb. Math. Tripos, Part I, 1896.) 


I -f 2 sin* 

where sec* a sin a == a/6. 

16. A heavy rectangular board is symmetrically suspended in a horizontal position 
by four light elastic strings attached to the corners of the board and to a fixed point 
vertically above its centre. Shew that the period of the vertical vibrations is 

where c is the equilibrium distance of the board below the fixed point, a is the length of 

a semi-diagonal, /(r-(a*-l-c*)i, and X is the modulus. (Coll. Exam.) 


17. A heavy lamina hangs in equilibrium in a hori2bntal position suspended by three 
vertical inexteneible string of unequal lengths. Shew that the normal vibrations are 

(1) a rotation about either of two vertical lines in a plane through the centroid, and 

(2) a horizontal swing parallel to this plane. (Coll Exam.) 

18. A uniform rod of length 2a is freely hinged at one end, at the other end a string 
of length 6 is attached which is fastened at its further end to a point on the surface of a 

homogeneous sphere of radius c. If the masses of the rod and sphere are equal, find the 
motion of the system when slightly disturbed from the vertical, and shew that the 
equation to determine the periods is 

8a6cp* - ( 1 86c + 52crt 20a6) q-^rV ( 80a -H 456 -}- 63c) - 45^* = 0. 

(Coll. Exam.) 


19. A uniform wire, in the shape of an ellipse of semi-axes a, 6, rests upon a rough 
horizontal plane with its minor axis vertical and a particle of equal mass is suspended by 
a fine string of length I attached to the highest point. If vibrations in a vortical plane 
be performed, prove that their periods will be those of pendulums whose lengths are the 
value of X given by the equation 

{x (36 - 2a*/6) + 56* + it*} (x - 0 46*! - 0, 
where k is the radius of gyration about the centre of gravity. 


(Coll. Exam.) 
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20. A fine inextensible string has it« ends tied to two fixed pegs in a horizontal 
line whoee distance apart is three-quarters of the lougth of the string. The string 
als6 passes through two small smooth rings v.'hich are fixed to the ends of a uniform 

straight rod whose length is half that of the string. The rod hangs in equilibrium 
in a horizontal position and receives a small disturbance in the vertical plane of the 
string. Shew that initially its normal coordinates in terms of the time are Xco8(y>^+o) 
and if cosh (y^-h/3), where p* and ai*e the roots of the equation 

(Coll. Exam.) 

4 a 4 a* 

21. A heavy uniform rod of length 2a^ suspended from a fixed point by a string 

of length 6, is slightly disturbed from its vertical ix>sition. Shew that the periods of the 
normal vibrations are 2tr/pi and where and are the roots of the equation 

ahp^ — (4a + 3fc) gif^ 4- 3^* ■■ 0. 

22. A circular disc, mass if, is attached by a string fmm its centre (7 to a fixed 
point 0. A particle of mass m is fixed to the disc at a point P on the rim. Find the 
equations of motion on a vertical plane in terms of the angles 6 and which OC and CP 
make with the vertical, and prove that if the system vibrates about the position of 
equilibrium the periods in these coordinates are given by the equation 

( Jf + m) (p*a - g) {(if + 2m) cp^ - 2m^} = 2m*cap^ 
where a is the lengin of the string OC and c the radius of the disc. (Coll. Exam.) 

23. A hemispherical bowl of radius 26 rests on a smooth table with the plane of its 
rim horizontal ; within it and in equilibrium lies a perfectly rough sphere of radius 6, and 
mass one-quarter of that of the bowl. A slight displacement in a vertical plane con- 
taining the centres of the sphere and the bowl is given : prove that the periods of the 
consequent vibrations are 2ir/pi and 2irjpiy where pi* and p 2 * are the roots of the 
equation 

1 - 2e0bxg + 75g*-m0. (Coll. Exam. ) 

24. A uniform circular disc of mass m and radius a is held in equilibrium on a 
smooth horizontal plane by three equal elastic strings of modulus X, natural length Iq and 
stretched length 1. The strings are attached to the disc at the extremities of three radii 

equally inclined to one another and thfeir other ends are attached to points of the plane 

lying on the radii produced. Shew that the periods of vibration of the disc are 

2ir {/i/(2Z — ^)} i and 2Tr {/ia/4 (a + ?) 

where p-2m^y3X. (Camb. Math. Tripos, Part 1, 1898.) 

25. A particle is describing a circle under the influence of a force to the centre 
varying as the nth power of the distance. Shew that this state of motion is unstable if n 
be less than - 3. 

r 

Shew that, if the force vary as « the motion is stable or unstable according as 
the radius of the circle is less or greater than a. (Coll. Exam.) 

26. A particle moves in free space under the action of a centre of force which varies 

as the inverse square of the distance and a field of constant force: shew that a circle 
described uniformly is a possible state of steady motion, but this will be stable only 
provided the circle as viewed from the centre of force appears to lie on a right circular 
cone whose semi- vertical angle ie greater than arccos^. (Coll. Exam.) 

14—8 



212 


Theory of Vibrations [oh. 

27. A particle describes a circle uniformly under the influence of two centres of force 

which attract inversely as the square of the distance. Prove that the motion is stable if 
3 co6^co 6 0<ly where 0 and ^ are the angles which a radius of the circle subtends 
at the centres of force. (Camb. Math. Tripos, Part I, 1889.) 

28 . A heavy particle is projected horizontally on the interior of a smooth cone with 

its axis vertical and apex downwards; the initial distance from the apex is c and the 
semi-vertical angle of the cone is a. Find the condition that a horizontal circle should be 
described; and shew that the time of a vibration about this steady motion is that 
of a simple pendulum of length ^ caeca. (Coll. Exam.) 

29. A circular disc has a thin rod pushed through its centre perpendicular to its 

plane, the length of the rod being equal to the radius of the disc ; prove that the system 
cannot spin with the rod vertical unless the velocity of a point on the circumference 
of the disc is greater than the velocity acquired by a body after falling from rest 
vertically through ten times the radius of the disc. (Coll. Exam.) 

30. Prove that for a symmetrical top spinning upright with suflicient angular 
velocity for stability, the two types of motion, differing slightly from the steady motion 
in the upright position, which are determined by simple harmonic functions of the time, 
are the limits of steady motions with the axis slightly inclined to the vertical, and that 
the period of the vibrations is the limiting value of that which corresponds to steady 
motion in an inclined position when the inclination is indefinitely diminished. 

(Coll. Exam.) 

31. One end of a uniform rod of length 2a whose radius of gyration about one 
end is ir is compelled to describe a horizontal circle of radius c with uniform angular 
velocity •. Prove that when the motion is steady the rod lies in the vertical plane 
through the centre of the circle and makes an angle a with the vertical given by 

(i;*+ac cosec a)— sec a. 

Shew that the periods of the normal vibrations are 2»r/Xi, 2fr/Xj, where Xj, Xj are the 
roots of 

(i:*X* sin a - «*ac) (FX* sin a - «a*ac - sin’ a) — 4ul^k* X* sin’a cos* a. 

(Camb. Math. Tripos, Part I, 1889.) 

32. Investigate the motion of a conical pendulum when disturbed from its state of 

steady motion by a small vertical harmonic oscillation of the point of support Can the 
steady motion be rendered unstable by such a disturbance? (CoU. Exam.) 

. 33. The middle point of one side of a uniform rectangle is fixed and the line joining 
It to the middlcf point of the opposite side is constrained to describe a circular cone 
of semi angle a with uniform angular velocity. The rectangle being otherwise free, 
find the positions of steady motion and prove that the time of a vibration about the 
position of stable steady motion is equal to the period of revolution divided by sin a. 

(Coll Exam.) 

34. A solid of revolution, symmetrical about a plane through its centre of gravity 
perpendicular to its axis, is suspended from a fixed point by a string of length b which is 
attached to one end of the axis of the solid, this axis being of length 2a. The mass 
of the solid is if, and its principal moments of inertia at its centre of gravity are 
(i, Ay C). If the solid is slightly disturbed from the state of steady motion in which the 
string and axis are vertical, and the body is spinning on its axis with angular velocity n, 
shew that the periods of the normal vibrations are 2ir/pi and 2ir/pi, where pi* and pf are 
the roots of the equation 
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35. A symmetrioal top spins with its alls verticd, the tip of the peg resting in 
a fixed socket. A Aeoond top, also spinning, is placed on the summit of the first, the tip 
of the peg resting in a small socket. Shew that the arrangement is stable provided the 
equation 

A) {(JtfV + + IfA*)} 

has all its roots real; O, O' being the spins of the upper and lower tops respectively, 

My M their masses^ Cy C their moments of inertia about the axis of figure, A, A' about 
perpendiculars through the pegs, Cy d the distances of the centroids from the pegs, and A 
the distance between the pegs. (Camb. Math. Tripos, Part 1, 1898.) 

36. A homogeneous body spins on a smooth horizontal plane in stable steady motion, 

with angular velocity « about the vertical through the point of contact and the centre of 
gravity. The body is symmetrical about each of two perpendicular planes through the 
vertical. The principal radii of curvature at the vertex on which it rests are pi , ; the 

moments of inertia about the principal axes through the centre of gravity (parallel to the 
lines of curvature) are respectively A and By and that about the vertical is C. The 
height of the centre of gravity about the vertex is a—ai+Pi—Oj+pj; and is the 
weight of the body. 

Shew that the following conditions must be satisfied : 

(i) (Xoj+A — 0) — C)>0, 

(ii) X(aiA+<*iiJ)<Ai?+(A-C)(i?-(7), 

(iii) The value of X must not lie between the two values 

{o,.l + 0 , (.1 - {o,fl+o, {B - C)»)*p/(o,i4 

if the two radicals in the expression are both real. 


(Camb. Math. Tripos, Part 1, 1897.) 
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NON-HOLONOMIC SYSTEMS. DISSIPATIVE SYSTEMS 

87. Lagrange s equations with undetermined multipliers. 

We now proceed to the consideration of non-holonomic dynamical systems. 
In these systems, as was seen in § 25, the number of independent coordinates 
(^i» •••» qn) required in order to specify the configuration of the system at 

any time is greater than the number of degrees of freedom of the system, 
owing to the fact that the system is subject to constraints which will be 
supposed to do no work, and which are expressed by a number of non- 
integrable* kinematical relations of the form 

"h •••*+" A, "H Tjdi = 0 (A; = 1,2, 

where An, A^, A„„,, are given functions of 

qty .... qn, t. 

The roost familiar example of such a system is that of a body which is constrained to 
roll without sliding on a given fixed surface : the condition that no sliding takes place is 
expressed by two relations of the tyi>e given above. A still simpler example is that of a 
vertical wheel with a sharp edge which rolls on a horizontal sheet of paj^er, as in the 
integraph of Abdank-Abakanowicz and the integrator of Pascal : the wheel moves only in 
its own instantaneous plane, the friction at the sharp edge preventing it from slipping 
sideways. If (.r, g) art the rectangular coordinates of its jK>int of contact with the 
jjaper/and (p the azimuth of its plane, we have in this case the non-holonomic equation 
of condition 

rfy- tan<^.</.r=0. 

The number of kinematical relations being m, the system will have 
,(/i - m) degrees of freedom ; it is not possible to apply Lagrange’s equations 
directly to such a system, but an extension of the Lagrangian equations will 
nuw be given which will enable us to discuss the motion of non-holonomic 
systems in a way analogous to that previously developed for holonoiiiic 
systems. 

Consider then a non-holonomic system, whose configuration at any 
instant is completely specified by n coordinates q^, ..., let the 
kinetic energy be T, and let the kinematical conditions due to the non- 
holonomic constraints be expressed by the relations 

dikdqi + A 2 kdq 2 -P ... + Ar^kdqn + Tkdt = 0 (^=*1,2,..., m), 

* If these relations were integrable, it would be possible to express some of the coordinates 
[qif qif in terms of the others, and the n coordinates would therefore not be independent: 
which is contrary to our assumption. 
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Now it is open to us either simply to regard the system as subject to 
these kinematical conditions, or in place of these to regard the system as 
acted on by certain additional external forces, namely the forces which have 
to be exerted by the constraints in order to compel the system to fulfil the 
kinematical conditions; we shall for the present take the latter point of 
view. Let 

+ Qj '^92 + • .. + Qn^qn 


be the work done on the system by these additional forces in an arbitrary 
displacement ...» ^qn) (which is now not restricted to satisfy the 

kinematical conditions), and let 

Q}^q\ + Qihq^ + ... + Qn^qn 

be the work done on the system by the original external forces in this dis- 
placement. Since the substitution of additional forces for the kinematical 
relations has made the system holonomic, we can apply the Lagrangian 
equations ; we have therefore 


a loj. \ 01 

dh \dqr) dqr 


= Vr -r V^r 


(r = l, 2, 


as 


the equations of motion of the system. 


The forces Qi, Q/, ..., Q,/ are unknown: but they are such that, in any 
displacement consistent with the instantaneous constraints, they do no work. 
It follows that the quantity 


Qidq, + Q^'dq^ + ... + Qn'dqn 


is zero for all values of the ratios dqi '.dq^ : ... : dq^ which satisfy the 
equations 

A^iidq^ + A^dq^ -f ... + A^dq^ * 0; 


hence we must have 


Qr — -1“ ... + = L 2, . .. , n), 

where the quantities Xi, X* X,n are independent of r. We thus have 

altogether the (u + /?i) equations 

dt ( 1 ^) ~ ^ Qr + Xi.4ri + X2i4ri+ ... -l-X,H/lnrt (^ = L 2, u), 

Aitq\ -f ... -f Ankqn + 0 1, 2, ..., m), 

and these are sufficient to determine the (n + 7n) unknoivn quantities 
...» 9n. X,, X,, ..., \m- The problem is thus reduced to the solution 
of this set of equations • 


* The exteneion of Lagrange’c equatiuos to non-holonomic systems is due to Ferrer*, Quart. 
Jonrn. ^Jath. x«. (1871), p. 1 : C. Neumann, Leipzig Berichte, xl. (1888), p. 22: and Vierkandt, 
MonaUheftefUr Math, u. Phyn. iii. (1892), p. HI Srcniso Gugiiio, Lnicei licml. xn. (1980), |». 3(>7. 
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88 . Eqmiiom of motion referred to awes moving in any manner. 

The method given in the preceding article depends essentially on the 
reduction of the non-holonomic system to a holonomic system by introducing 
the forces due to the non-holonomic constraints. In practice, this is often 
most conveniently done by forming separately the equations of motion of 
each of the bodies of the system. It is moreover frequently advantageous 
to use axes of reference which are not fixed either in space or in the body, 
and we shall now find the equations of motion of a rigid body referred to 
axes which have their origin at the centre of gravity of the body, and are 
turning about it in any manner*. 

Let 0 be the centre of gravity of the body, and let Qxyz be the moving 
axes. Let (m, v, w) be the components of velocity of the centre of gravity 
resolved parallel to these axes, and let (^„ tf,) be the components of 
angular velocity of the system of axes Gxyz resolved along the axes them- 
selves; further let (o),, o),, eu,) be the components of angular velocity of the 
body, resolved along the same axes. Then (§ 64) the motion of G is the same 
as that of a particle of mass 3f, equal to that of the body, acted on by forces 
equal to the external forces which act on the body (including all forces of 
constraint, except the molecular reactions between the constituent particles 
of the body) ; let (X, F, Z) be the components parallel to the axes Gxye of 
these external forces. 


The component of velocity of G parallel to (?a; is m, and consequently 
(§ 17) the component of its acceleration in this direction is u — ] we 

have therefore the equation 


which can be written 


if (u — vOt -I* wOf) =» Z, 

©-»■ 


dfdT\ 

dt 




where T denotes the kinetic enei^ of the body, expressed in terms of 

: (u, V, w, a>i, «>,, &).); and similar equations can be obtained for the motion 
of G parallel to the axes Gy and Gz, 

Consider next the motion of the body relative to G, which (§ 64) is 
independent of the motion of G ; from §§ 62. 63, we see that the angular 
momentum of the body about the axis Gx is dT/dtOi^ so that the rate of 
increase of angular momentum about an axis fixed in space and in- 
stantaneously coinciding with Gx is 


d 

dt 



0 




* In the applications of this method, the axes are usoally chosen subject to the oondition 
that the momente and products of inertia of the body with respect to them do not vary : but this 
oondition is not essential. 
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If L, M, N denote the moments of the external forces about the axes 
Oceyt, we have therefore (§ 40) 

. dt\d»tj *d<ot 
and two similar equations. 

Hence finally the motion of the body is determined by the six equations 




’ dv *dw 

d(dT\ „dT .dT^_y 

dt\dv)~ 'dw'^^'du' ’ 

d fiT\ .ar.p?!./ 




dt[^J 


It will be observed that these are really Lagrangian equations of motion 
in terms of quasi-coordinates, and could have been derived by use of the 
theorem of § 30. 

If the origin of the moving axes is not fixed in the body, let (u„ «i, «j) 
be the oomponents of velocity of the origin of coordinates, resolved parallel to the 
instantaneous position of the axes; let (d„ fl„ dj) be the components of angular velocity 
of the system of axes, resolved along themselves; let (ri, Vj, ^3) be the componente of 
velocity of that point of the body which is instantaneously situated at the origin of 
ooordinates; and let (»i, d»a, ws) ^ components of angular velocity of the body, alw 
referred to the moving axes. Shew that the equations of motion can be written m 
the form 

dfdT\ iT_„ 


r, 




d/hT\ 37 '. „ 07 ; . 37 - „ 

d/dT\ ^T^dT.dT dT „ 

where {X, T, Z, L, M, N) are the oomponents and momenta of the external forces with 
reference to the moving axes. 

89. AppUcaJtvm to special non-holmumic problems. 

We shall now consider some examples illustrative of the theory of non- 
holonomic systems. 

Example 1. Sphere rolling on a fixed sphere . 

Ut it be required to determine the motion of a perfectly rough sphere of radius a and 
mass m which rolls on a fixed sphere of radius 6, the only external force being gravi y. 
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L«t (by e, <y) be the polar coordinutes of the point of contact, referred to the centre of 
the hied ephere, the polar axis being vertical. We take moving a,xn OABC, where 0 is 
the centre of the moving sphere, OC is the prolongation of the line joining the centres of 
the spheres, OA is horizontal and perpendicular to OC^ and OB is perpendicular to OA 
and OCt in the direction of 6 increasing. 

With these axes we have, in the notation of the last article, 

d,*-<^sind, d3«0cos^, 

-(a‘+6)^sind, t»— (a4-6)rf, ws*0, 

+ + («!* + <»** + ws*)!* 

and if /*, F' denote the components of the force at the point of contact parallel to OA 
and OB respectively, we have 

Y^mg&\n6-^F\ 

L^Fa, M»-Fa, W«0. 

The equations of motion of the last article become therefore 
m(u-vds)“/’ «* -fam + 
m(t»+uds)-m^8ind=/’'* + 

il>i — di «*i + d| » 0. 

Moreover, the components parallel to the axes OAyOB of the velocKy of the point of 
contact are m-ow, and v+awi, and consequently the kinematical eouai’-'ns which express 
the condition of no sliding at the point of contact are 

u~a«t»0, v + owi^O. 


Eliminating t#u wi» have 

| u-v^s-fa^i«s*0, 

W3 “ \9 sin ^ 

The last equation gives (03 = 71, where n is a conntant ; while substituting for u, y, 
in the first two equations their valuc.s in terms of we have 


f (a + 6)^(<^8in^) + (a-f6)d(^coe^-?an^-0, 

I(a+6)d-(a + 5)^*cos^8in^+fa7i<^8in^-jflr8in^-0. 

The former of these equations can be integrated at once after multiplying throughout 

by sin and gives • . . ^ „ >« 1 . 

(a+6)^8in*^+Ja»ooe 


where i is a constant. Moreover, multiplying the second equation throughout by 6 and 
the first equation by ^sind, and adding, we obtain an equation which can bo ,t once 
integrated, giving 

^+^8in‘d+y ^^COSv 


where A is a consUnt ; this is really the equation of energy of the system. 
Eliminating ^ between these two integral equations, we have 

(o+Ajtsin’d.^- _(i_^a«cosfl)*-V*d(“+^)““’^®®*^+*(“+*^''*“’^* 
and on writing cfut^x, this equation becomes 
(tt+&)»i*-A(o+4)’(l -**)-(* 
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The cubic polynomial in x on the right-hand side of this equation is positive when 
jra -1-00 , negative when positive for some real values of d, i.e. for some values of x 
between - 1 and I, and negative when j:>- - 1 ; it has therefore one root greater than 
unity, and two roots between I and - 1 ; we shall denote these roots by 

cosh y, cos cos a, 
where cos /9> cos a; and we then have 

(y y) i3) (x - cos o)} -idx, 

where « is a constant of integration. 

Writing 

14a+6 ,w L . \ 14o-»-6 7A(a+6)*-l-^a*n* 

*“'5‘ F 30ff(a + bj ' ’ 


the equation becomes 

or *-jp(<+f), 

where the function p is formed with the roots 


Ic- ^ 

fcoohv 

' 14(0+6)1 

^ 307 ( 0 + 6 ) ) 


L„i<, 7A(o+6)*+4“*«’l 

^ 14(0+6)1 

[ 30g{a+b) I 

1 

f 7A(o + 6 )«+K»’) 

\ ’"l4(a + 6)1 

■ 3(V(o+6) 1 


these quantities «!, ei, ej are all real, and satisfy the relations 


ei>e*>e3. 


Now X is real for real values of t and (since x is real) lies between cos a and cos fi ; 
so * is real and lies between and «3 ; hence the imaginary part of the constant t in the 
argument of the fp-function is the half-period corresponding to the root C3, which we shall 
denote by s» ; tbe real part of € may be taken to be zero by suitably choosing the origin 
of time ; and therefore we have finally 


cosd» 


14a + 6 

5 9 


fP (< + «) + 


7 A (a-^6)*-^fa*w* 

3Q^(a + 6) 


This equation gives the variable d in terms of the time : the other coordinate <f> of the 
centre of the moving sphere is then obtained by integrating the equation 


• A-^a?tco 8d 
(a-h6)sin*d * 

this integration can be effected by a procedure similar to that used (§ 72) to obtain the 
Eulerian angles which define the position of a top spinning on a perfectly rough plane. 

Examfile 2. A rough sphere rolls in contact with the outside of a fixed rough sphere, 
under gravity ; if ifi *3 ^ greatwt and least heights of its centre, during the motion, 
and z be the height at a time t from an instant when z was equal to zj, prove that 

where e^, e,, «j (« - e, - e,) are real quantities in descending order of magnitude. 

(Coll Exam.) 
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Example 3. Sphere rolling 07i a nweing ephere. 

Consider now the motion of a rough sphere of radius a and mass m which rolls under 
gravity on another sphere, of radius b and mass if, the latter sphere being free to turn 
about its centre 0 , which is fixed. 

Let (d, 4>) be the polar coordinates of the point of contact referred to axes fixed in space 
with the fixed centre as origin, the axis from which 6 is measured being vertical 

To obtain the equations of motion of the sphere m, we take (as in the labt example) 
moving axes OABC of which OC is the prolongation of the line 00 joining the centres of 
the spheres, and OA is horizontal Let (di, dg, 6^) denote the components of angular 
velocity of the coordinate-system resolved along its own axes, and let (»i, ws) denote the 
components of angular velocity of the sphere m along the same axes. Then, as in the last 
example, we have 

^sind, da>"0coed. 

M*» --(a + 6)^8ind, v—(a+6)^, w«0, 

and if F, F' be the components of the force acting on the sphere m at the point of contact 


■parallel to OA and OB respectively, we have 

X^F^ Y^mgsmB’k‘F\ 

L^Fa, M=-Fa, iV'« 0 , 

so the equations of motion become 

I m (it - vBs) * - 1 am (», - d, •s + ( 1 )> 

m {v uBi) -yng sin B^F'^m fam(^ -dfWt+^sws) (2)> 

«3— d2«i + di«2~^ (^)* 


To determine the motion of the sphere if, we take moving axes parallel to the axes 
OABC, but with their origin at 0\ let (fii, Oj, Os) denote the components of angular 
velocity of the sphere resolved along these axes. Then for the sphere if we have 


and its equations of motion are 

( — \hM (lis"" ^jfls+dsOi)*/’. (4), 

< J6if(fri — dsOs + dsOs)*-^' (®)» 

( lis-dxOi + diOa -0 (6). 

The conditions of no sliding at the point of contact are 

u-a<02-bQ2f (7). 


In order to solve this set of equations we multiply equations (3) and ( 6 ) by a and b 
respectively, and add ; thus, using ( 7 ), we have 

aw3 + 663 -f lidi -f rd2 - 0, 

or a« 3 -H 663 * 0 . 


Integrating, we have 


aa) 3 + 603 *a», 


where n is a constant 
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Koreovery from equations (4) and (7) we have 

- fif (tt - UMi - M|Os - ByV - dfOMj) « F, 


Eliminating /’and between this and equations (1), we have 

— gjp- («-«,») -0)1<„ 

(A). 

Similarly from equationa (5) and (7), «e have 

— a«i — WfOs)*/’' . 


Eliminating F' and - d,«i between this and equations (2), we have 
— 2jy (<»+ ad*) - aiid,+ - gjy - d, 


or 


d-^sin dcoed- 


5(ir+«a)^8in 6 
(6m+7if)(a+6) 


au %M 
tt+6 bvi’^lM 


^sind 


,(B). 


Now the equations (A) and (B), from which d and are to be determined in terms of 
are of essentially the same character as the equations found for the determination of 6 
and ^ in the previous example : the former equations being in fact derivable from the 
present ones by making M very large compared with m. The integration therefore 
proceeds exactly as in the former case. 


Example 4. A uniform sphere rolls on a perfectly rough horizontal plane, under 
forces whose resultant passes through its centre. Shew that the motion of its centre 
is the same as that of a particle acted on by the same forces reduced in the ratio 5 : 7. 


Example 5. Form the equations of motion of a perfectly rough sphere rolling under 
gravity inside a fixed right circular cylinder, the axis of which is inclined to the vertical at 
an angle a; and show that, if the sphere be such that a being its radius and k 

the radius of gyration about any diameter, and if it be placed at rest with the axial plane 
through its centre making an angle with the vertical axial plane, the velocity of 
the centre parallel to the axis, when this angle is d, is 



[sin J d arccosh (cos Jd sec J 3) + cos I $ arccos (sin J d cosec ] 3)}, 


vrhere 6 -pa is the radius of the cylinder. (Camb. Math. Tripos, Part I, 1896.1 

For other examples cf. Woronetz, JfofA Ann, ulx- (1911), p. 410. 


90 . Vibratums of non-holonontic systerns. 

We shall next consider the small vibratory motions of a non-holonomic 
system : it will appear that so far 8ts vibrations about equilibrium are con- 
cerned, the difference between holonomic and non-holonomic systems is 
unimportant 

For consider the vibrations about equilibrium of a non-holonomic system 
with n independent coordinates and (n — m) degrees of freedom, in which 
the constraints are independent of the time. I^t T be the kinetic and V the 
potential energy, so that for the vibrational problem T will be supposed to be 
a homogeneous quadratic function of (qi, 9*1 • • • » 5»)» und F to be a homogeneous 
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quadratic function of (gi» the coefficients in both cases being 

constants. There are m equations of the type 

+ ^tk^t 4- . . . + 0 * 1> 2, r*. . , m), 

which express the non-holonomic constraints ; and the equations of motion 
are (§ 87) 

4* X,il„+ ... 4"Xti%-drm 2, ..., n). 

From these equations it is evident that Xj, X,, ..., are in general small 
quantities of the order of the coordinates ; and therefore for the vibrational 
problem only the constant parts of iln, il »eed be considered. The 
vibrational motion is therefore the same as if the coefficients il,i, d.,„ 
were constants independent of the coordinates ; but in this case the equations 

+ il,tq«4- ... 4- A^qn « 0 (A: - 1, 2, ... , m) 

can be integrated ; in fact, they give 

... + A^qn - 0 (A? = 1, 2, ..., m), 

the constants of integration being zero since the values 

*= 0, • I 9ii ^ 

represent a possible position of the system. 

It follows that the vibratory motion of the given non-holonomic system is 
the same as that of the holonomic system for which the equations of con- 
straint are expressible in the integrated form 

A-jt^x 4* A^q% + . . . 4* A^j^q^^ * 0 (A? 1, 2, . . . , w) j 

we can therefore determine the vibrations by using these equations to elimi- 
nate m of the coordinates (q,, g,. ...,g») from T and V ; we shall then have 
a holonomic system with (n — m) degrees of freedom, the kinetic and potential 
energies being expressed in terms of (n — m) coordinates and the corre- 
sponding velocities : the vibrations of this system can be determined by the 
usual method described in the preceding chapter. 

As an example, we shall consider the following problem*. 

A hMavy homogwMoui Kmitphere it retting in equilibrium on a perfectly rough horitonicU 
plane with itt tpherieal tur/ace dovmwardt, A teeond heavy homogeneout hemitphere it 
retting in the tame may on a perfectly rough plane face of the firtt^ the paint of contact 
being in the centre of the face. The equilibrium being tlightly ditturhedy it it required 
to find the wibrationt of the tytiem. 

Take as axes of reference 

(1) A rectangular set of axes Zitfyt fixed in the upper hemisphere, the origin being 
its centre of gravity Z^. 

* Dae to Madame Kerkboven-Wythol!, Nieum Arekief voor Wiekunde, Deel iv. (1899). 
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(2) A rectangular set of axes fixed in the lower hemisphere, the origin being 

ita centre of gravity Zi. 

(3) A rectangular wt of axes fixed in space, the origin R l>eing the equi- 

librium iKwition of the point of contact of the lo«ver hemisphere and the pUne. 

We further define these axes by supixisiug that in the equilibrium position 
ZiZ, ZiC, and Rn are vertical and therefore coincident, while the axes Z^x, Zi{, lit 

are’par»>H »'»•> l^ra'lel- 

Suppose that at time t the coordinates of a point referred to these different seu 
of axes are connected by the equations 

^ a-f oiX + a^y 4-032, 

=:^4-^lI^ 4- 3,^4-332, 


C => 4 - 71 ^ 4 - 72 ^ 4 - 732 , 
I *a4-aif 4-a2»l 4-a3C, 
7n« 6 + 4- b-iTi 4-^3^, 


n - c 4- Ci^ ^ 2 ^ 4-C3^, 

The 24 coefficients in these transformation formulae completely specify the position of 
the system at any instant. As however the system has only six degrees of freedom, there 
must be 18 equations connecting these coefficients or their differentials. Of these, 12 are 
the ordinary conditions of the types 

ai*4-aj*4-a3’^= 1, a|3i 4‘at3* 4-03^ 

which eiptnss the orthogonal chameter of the axes ; the remaining 6 are the conditions of 
contact and rolling, which we shall now find. 

Let A,. «. be the radii of the lower and up, sir beniispheres res,.^tively f, f. 

the distances of the centres of gravity from their plane 

^rfi"f the point of contact of the upper hemisphere with the lower a« 

the conditions that this point shall be at rest relative to the lower hemisphere are 

0 4-01^^*4-02^2 4- d322*=0, 

<i4-/3iX2 4-02ys+^3^*^» 

7 4- 7i J?2 4- 72^8 4- ^ 22 * 

• _x.7 -o which is the differentiated form of the 
'fhe last of these equations gives 74-f27s-^» 

equation ^ ^ ^ 

an equation which expresses the conditio! If conLt of the two hemispheres: whUe 
the first two of the equations give 

d - di /i27i “ “3 (^8 "* 

/3 - /9i f227i “ /3* ^878 *h ^3 (^8 " 

«i a„ „p~ a. «>*«■' O' ”PV” 

equations give as a first approximation 

a-d, 



224 N<m-hcionomie Systems. Dimpative Systems [bH. vm 


and therefore on integration 

Similarly the condition of contact of the lower hemisphere and the horieontal plane is 

C+C 3 ^ 1 =aJ?l, 

and the conditions of rolling are 

<i=fl 3 (/Cl — fi), 6 *63(^2—^!). 


We have thus now obtained the 18 equations connecting the 24 coefficients : taking 
osi yu ^3} ^1 ^ ^be 6 independent coordinates of the system, and solving for 
the other 18 coefficients in terms of these, we 6nd with the necessAry approximation 


«l«l-i(a 2 * + yi*), 
.<* 3 = -yi- 


f a 

a 3 «-c,. 


[ 32=1 (“ 2 *+ ^3*)- 

/y **^3+^1 -^a {1 — 
]ya*-^ 3 » 
lya-l - i(yi*+33*)- 
The potential energy of the system is 


r ^ 

J 61 * —a^y 

rc -/?i-^i{l-i(V + ^% 
I C 3 =l - i {C 2 *-f 


(<? + a + CaiS + <Jsy)» 


or, retaining only small quantities of the second order, 

V (ft - 8 + (ft 

— { Jf* /f2 yi ■+• ft-^a Rtyi*' 

If now we express the coordinates m, ?t of any particle of the upper or lower 
hemisphere in terms of its coordinates relative to the axes ZiXyz and Zy^r}( respectively, 
and form the sum »n* 4- n*) for each hemisphere, neglecting terms al>ove the second 

order of small quantities, and remembering that the principal moments of inertia of 

^ hemisphere of mass Jf and radius R at its centre of gravity are ^MR*, 

we find for the kinetic energy of the system the value T, where 

2T- 2 o,* (if, + Jf, /?,*) + J d:ia , if, /f,» + i a,*if,fy 

The equations of motion evidently separate into three distinct sets, consisting of 

(i) Equations for the coordinates and 02 > these coordinates give rise to no terms 
in Vy and do not correspond to vibrations in the stricter sense : in fact, the equilibrium 
is not disturbed if either of the hemispheres is turned through any angle about its axis of 
revolution. We can therefore neglect these equations. 


(ii) Equations involving the coordinates 63 and 33. 


(iii) Equations for the coordinates Cj and yj ; these are exactly the same as the 
equations for 63 and 3s> we need consider only the latter. 
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The equationB for 63 and are, in extemo^ 

(4^ + 44 ^ + 48 - 1 + 1 

The corresponding determinantal equation for X, where is a period, is 

This is a quadratic equation in X : it is easily found that its roots are positive if 

>40^21^3, 

and this is the condition for stability of the equilibrium. 

The vibrations of non-holonomic systems about a state of steady motion 
are most conveniently discussed by use of the equations of motion given 
in § 88. The method will be illustrate^ by the following example. 

Example. A solid (jf revolution has an equatorial plane of symmetry ^ and is rolling 
with angular velocity n round its axis in steady motion on a perfectly rough horizontal 
plane^ the equatorial plane of the solid being vertical. This motion being slightly disturbed^ 
to find the period of a vibration. 

Let 0 be the centre of gravity of the solid, and let ((7, d) be its moments of inertia 
about the axis and about a line through Q perpendicular to the axis. Take as moving 
axes of reference Oxys^ where Oz is the axis of the solid, Gy is perpendicular to the plane 
through Qz and the point of contact (so Oy is horizontal), and Ox is normal to the plane 
Qyt. Let F\ R be the components of the force acting on the solid at the point 
of contact, F being in the plane Qxz^ F' being parallel to Oy^ and R being normal to the 
plane. Let (^t, ^ 2 , ^ 3 ) and ( 01 , q> 2 , < 03 ) denote as usual the components of angular 
velocity of the axes and of the body respectively, and let («, v, w) be the components of 
the velocity of 0^ parallel to the moving axes. Further, let p be the radius of curvature 
of the meridian of the solid at the equator, a the radius of its equatorial circle, 0 the 
angle made by Os with the vertical, and the angle between Oy and its midisturbed 

direction. Then wo have 

= «| as - 0 sin 0g^<pco8 0y 

and the kinetic enei^gy is 

T-iif(uHi^+tc»*)+4d («!*+«, *)+4(7»3*. 

The equations of § 18 therefore give, if F is the point of contact, FE the perpendicular 
from this point on the axis, and OF the perpendicular from 0 on the horizontal plane, 

/if (ii~vtf 3 4-M»tfi) ’^Fco»0~-(R-J/g)BiD0t 
E(v--tc0i+u0t) »F\ 

^ if(w-Md2+vdi) sm{R’-Mg)(^0’i’F%m0y 

Ass\0^^ '■'F . ON— R. NF , 

\Cw 3 ^F.FK. 

In these equations, OKexA iYP are measured positively parallel to the positive direction 
of the axis of i and the horizontal projection of this direction respectively. 


w. D. 


15 
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The conditions of no sliding at P are 

JM cos^+tffsin 6-^ON . 

= 0 , 

and the condition of contact of the body and plane is 

w cosd — sin 6^^^{ — QK cos^ + PA'sin 6). 

These equations determine the motion in the general case, when the disturbance from 
steady motion is not supposed to be small. When this latter assumption is made, 
we have 

where x. w, i; are small ; and F, F\ «, w, <k>i, wa, di, d*, ds are small, while R is nearly 
equal to Mg. Moreover we have NP^ (p - a) x- The equations therefore become 

'M{u-^ andj) = — P + Mg^ 

Mil =P', 

M{w-an$i)==^Ff 

A<a\-\- C7162 " 0 , 

\A^-Cn$i — -Fa--Mg{p^a)xy 

\c* =F'a, 


\fj + atir «0, 

where ^s— ^1* 

Eliminating F, F\ R, and replacing dj, dj, ds, a>s by their values, the equations 
become 

.A<j>—Cnx 

I Ax~\’{0 + Jl/h*) fi^-^Mg (p—a) x "h Mctw^Oy 

\cw ^Marj, 


From the third and fifth of these equations we see that w and j} are zerp, and therefore 

IT and rj are constants. The other three equations give, on eliminating ir, 

( Aii>-Cnx^0f 

l(¥a*+d)x>(C+ifa»)4 + i/(5r(p-a)x-0, 
and therefore the equation for the determination of x is 

A (d + ifa*)x>{ifyd(p-a) + Cn*((7+ifa»)}x-“0; 
this equation shews that the period of a vibration is 

, f A(A+Ma') 

\lfgA (p - o) + W (C+i/o«)j • 


01. Dissipative systems ; frictional forces. 

We now proceed to the consideration of systems for which the principle of 
conservation of dynamical energy is not valid, the energy of the system being 



90, 91] Non-hohnornic Systems, Dissipative Systems 227 

continually changed into some other form (e.g. heat) which is not recognised 
in dynamics. We shall first consider frictional systems. 

If two rigid bodies which are not perfectly smooth are in contact, the 
reaction between them at the point of contact may be resolved into a com- 
ponent along the common normal to their surfaces at the point, which is 
called the normal pressure and a component in the common tangent-plane, 
which is called the frictional force. The frictional force is determined by 
the following law*, which has been established experimentally : The bodies 
mil not slide on each other, provided the frictional force required for the 
prevention of sliding does not exceed p times the normal pressure, where p 
is a constant called the “ limiting coefficient of friction!' which depends only 
on the material of which the surfaces in contact are composed. If on the 
Other hand the frictional force required to prevent sliding is greater than p 
times the normal pressure, there will be sliding at the point of contact, and 
the frictional force called into play will be p times the normal pressure. 

Painlev^ has pointed out that the four hypotheses — (1) that the above laws of friction 
hold, (2) that there exist rigid bodies, (3) that the normal pressure between bodies cannot 
be negative, (4) that all accelerations and tensions are finite— taken together lead in some 
cases to contradictions of the fundamental laws of dynamics. For a discussion on this 
subject, cf. Coniptes Rendtu, cxIj, (1905), pp. 635, 702, 847 : ibid. CXLI. (1905), pp. 310, 401, 
546; Zeitschrifi fUr M. u. P. Lvm. (1909), p. 186. 

The following examples illustrate the motion of systems involving 
frictional forces. 

Example 1. Motion, of a particle on a rough fixed plane curve. 

Consider the motion of a particle which is constrained to move in a rough fixed tube 
of small bore, in the form of a plane curve, under forces which depend solely on its 
position in the tube. Let /(«) and g{t) denote the components of force per unit mass 
acting on the peuticle in direction of the tangent and normal to the tube, where e is the 
distance of the particle from some fixed point of the tube, measured along the arc in the 
direction in which the particle is moving ; and let & be the normal reaction per unit mass, 

and p the coefficient of friction. 

Since the components of acceleration of the particle along the tangent and normal are 
vdvfdt and v*/p, where v is the velocity of the particle and p the radius of cur\^ature of the 
tube, we have 

Kliroinating R, we have 

Integrating, we have 

+ 2« *'♦{/« + w (»)} 

where and c is a constant depending on the initial circumstances of the motion. 

* The discovery that the friction is proportional to the normal pressure was made by 
Q. Amontons, Paris MSm., ann^e 1699, p. 206. 


15—2 
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The right-hand aide of this equation is a known function of i, say */*(«}. Then 
we have 

so the relation between < and t is 

<-«o- jV(*)r* 

This equation represents the solution of the problem. 


Example 2. A circular hoop of man M ttands on rough grountHf and a particle of 
nuue m it attached to the end of the horiiontal diameter. To find %eheth4r the hoop uhil roll 
or elide. 


Let us investigate the rolling motion, assumed possible, and so determine whether the 
friction required to produce this motion is, or is not, gpreater than the maximum friction 
actually available, t.e. fi times the corresponding normal pressure. Let B be the angle 
turned throngh by the hoop from the commencement of the motion, and let x and y be 
the coordinates of the centre of gravity of the system, referred to horiiontal and vertical 
(downward) axes through its own initial position, so that 


where a is the radius of the hoop. 

The kinetic and potential energies are 

f r- (1 - sin 


sind 


(T^Mo 

lK-~» 


I K— ~ mgasinB. 

The Lagrangiau equation of motion is therefore 

^[2a*^ {Jf-f m (1 -“sind)}]-l-ma^ coo^«!Wiyaooetf. 

For the initial motion, this equation gives 

ioB {M’\-m)^»mg^ 


so initially we have 






But if be the frictional force and R the normal pressure, we have 
^ initially we have 

F ^ . m(Jf+m) 

The hoop will thei'efore roll or slide according as the coefficient of friction is not less, or 

less than 


Example 3. A particle moves under gravity on a rough cycloid whose plane is 
vertical and whose base is horizontal ; if ^ be the inclination of the tangent at any point 
to the horizontal, so that the equation of the cycloid ean be written 

i«4asin 

and if tan < be the coefficient of friction, shew that the motion is given by the equation 


c*^*"*8in(^-|-#)»oos 




where c is a constant 
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92 . Resisting finxes depending on the velocity. 

A different type of dissipative system is illustrated by the motion of 
a projectile in the air, as the resistance of the air depends on the velocity of 
the projectile. No general rule can be formulated for the solution of prob- 
lems involving forces of this kind: a case of practical interest, however, 
namely the motion of a projectile under the influence of gravity and of a 
resistance varying as some power of the projectile’s velocity, can be integrated 
in the following manner. 

For low velocities (below 100 ft/sec.) the resistance of the air to a projectile is nearly 
proportional to the square of the velocity. For high velocities (say 2000 ft./sec.) the 
resistance is approximately a linear function of the velocity. 

At time t let v be the velocity of the projectile, kv^ the resistance per 
unit mass, B the inclination of the path to the horizontal, and p the radius of 
curvature of the path. The components of acceleration of the projectile 
along the tangent and normal to its path are vdvjds and v'^jp ; and hence the 
equations of motion are 

(vdvjds sin ^ 

I ipjp = g cos 6. 

Dividing the first equation by the second, we obtain 
1 dv tan B _ k 

^ geos 0* 

d /l\ 1 d . , . nk ^ 

Integrating, we have 

(l/v**) sec* B -f Constant =» — (nk/g) j sec**^* BdO. 

This equation gives v in terms of 0. To obtain t, the equation »* = pg cos 0 

gives 

gtes^fv sec BdB, 


and as V is a known function of B, this equation gives f as a function of B, 
The rectangular coordinates (a:, y) of the particle can now be found from the 
equations 

Jv cos Bdt, y—jv sin Bdt, 

The solution of the problem is thus reduced to quadratures. 

Kesisting forces proportional respectively to r, v*, and were considered by 

Newton, Prineipia^ Book ii. §§ 1, 2, 3. The case of a resistance proportional to any power 
of the velocity was then examined by John Bernoulli* in 1711. 


* Opera, i. p. 602. 
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D’Alembert^ shewed that if gu denotes the ratio of the resistance to the mass of the 
projectile, the integration can be effected in the four oases 

tt-a+61ogr, 
tt ■■ ai^ 4- 4* ^ 

« » a (log v)* 4 12 log V 4 

where a, 6, a are arbitrary constants and R is another constant depending on them. 

Siaocit obtained many more int^rable cases, of which the following may be mentioned : 

log [ f ; ^ — 7 T 7 ~ 

*yi4a(M-l)« * I4e(«4l)* 

where a, 5, c, C are arbitrary constants : this equation deffnes v in terms of u, the 
number of terms involved being finite when c is rational. 

Poisson pointed out in ISOffJ that the theory of tinguLar iolution$ of differential 
equations has applications in Dynamics, notably in the case of a particle under a resisting 
force. If a particle is moving in a straight lino under a resisting force varying as the 
square root of the velocity, the equation of motion is 

dvjcU^ -av^. 

The initial velocity being c*, the motion is represented by the general integral 

p-i(c- Ja2)* 

so long as 2<2c/a, after which it is represented by the tingular aolution s*0. 

Example 1. A heavy particle falls vertically from rest at the origin in a medium 
whose resistance varies directly as the velocity. Shew that the distance traversed 
in time t is 




where pv is the resistance per unit mass. 


Example 2. A heavy particle falls vertically from rest at the origin in a medium 
whose resistance varies as the square of the velocity : shew that the distance traversed in 
time t is 




log cosh (VjTfiOi 


where denotes the resistance per unit mass. 


93 . Rayleigh's dissipation-function. 

When a system is subject to external resisting forces which are directly 
proportional to the velocities of their points of application, it is possible to 
express the equations of motion of the system in general coordinates in terms 
of the kinetic and potential energies and of a single new function. 

For let the energy lost to the system by the action of the resisting force 
which is applied to a particle m of the system, whose coordinates are (x, y, r), 
in an arbitrary displacement (&r, Sz) be 

+ kypiy + kgziz, 

* Traits de Nquilibre et du mouvement det Jtuidee, Parit, 1744. 

t Comptet Rendut, cxxiii. (1901), p. 1176. 

X Journal de vAcole Polyt, vi. (Cahier 18), p. 60, 
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where ky^ kg are functions of x, y, z only. The equations oi motion of the 
typical particle m will therefore be 

I wwj = — kxX + X, 
my * - kyy + 7, 
mi? =■ — k^z 4- Zy 

where X, 7, Z are the components of the total force (exl/ernal and molecular) 
on the particle, except the force of resistance. 

Now let a function F be defined by the equations 

+ kyf + k^^)y 

where the summation is extended over all the particles of the system; so 
that Fy which is called the dissipcUion-functiony represents half the rate at 
which energy is being lost to the system by the action of the resisting forces ; 
and let (gi, .... qn) be coordinates specifying the configuration of the 
system. 

Multiplying the equations of motion of the particle m by dxjdqr, dy/dqry 
dzjdqr, respectively, and summing for all the particles of the system, we have 

+2(x|5+7|s+z|1]. 

\ oqr dqr oqrf 


As in § 26, we have 


f,.dx 0y „dz\_d /dT\ dT 

^ \ dqr dqr dqr) “ dt [dqr/ dqr ’ 


where T is the kinetic energy ; and 

where Q187, 4- + ... + Qn^^n denotes the work done by the external 
forces (excluding the resistances) in an arbitrary infinitesimal displacement : 
while we have 

~ ^ i ^r) " " ^ djr ^ 


It follows that the equations of motion of the system in terms of the co- 
ordinates (q,, q„ g„) con be written in Uie form 

d /dT\ dT dF ^ 


i /W;\ ££ . 

it VSOr' Sjr 


(r = l,2,...,n). 
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SxOMfis* If iha raaisting foroes depend on the rdative (as opposed to the absolute) 
▼dodtj of their points of application, so that the forces acting on two particles (^i, yu Si) 
^ (^} yt> ^ bare Uie components 


and 






leqpeotiTrij, shew that the equations in general coordinates can be formed with the 
exineesion 

JS {k, ix, - - !,)«} 

as a disdpation-fiinction. 


94 Vibrations of dissipative systems. 

If a dynamical system is specified by its kinetic energy fanction, potential 
energy function, and dissipation function, methods similar to those of 
Chapter VII can be applied in order to determine the nature of the small 
vibrations of the system about an equilibrium-configuration. 

For simplicity we shall consider a system with two degrees of freedom. 
As in § 76, we find that for the vibrational problem the kinetic energy and 
dissipation function can be taken as homogeneous quadratic functions of the 
velocities, and the potential enei^ as a homogeneous quadratic function of 
the coordinates, the coefficients in these functions being constanta Taking 
as coordinates those variables which would be normal coordinates if there 
were no dissipation function, we can write these three functions in the form 

I F « i (aqi* + 2Aq, g, + 6g,*)» 

where X, and X, will be supposed positive, so that the equilibrium would be 
stable if there were no dissipative forces. 


The equations of motion are 


or 


d (dT\ dT dF dV ^ 

(»- 1. 2), 

(ji -f ogi + hqf + A^gi =* 0, 

"I" "b 'f' 

If we attempt to find a particular solution of these equations in the form 


on substituting these values in the differential equations we have 

il ( p* + op + Xi) + Bhp - 0, 

Ahp + B 6p 4* X,) «> 0, 

from which it follows that p must be a root of the equation 
(p* + op + X,)(p»+ 6p + x.) - Ay- 0. 
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We shall suppose the dissipative forces to be comparatively small, so that 
squares of the quantities a, A, 6 can be neglected ; on this supposition, the 
roots of the last equation are readily found to be 

Corresponding to the root p, we have, from the second of the equations 
connecting A and B, _ 

B ih'JXi 

A particular solution of the differential equations is therefore given by 

rg, = (\, - X,) s ■ i®* (cos < + 1 sin 

=> A Vm ■ i®* (t cob Alt - sin Vx, t), 

and a second particular solution is obtained by changing i to -t in th(^ 
expressiona It follows that two independent real particular solutions of the 
differential equations are 

(5,-(X,-X,)e"*®‘cosVx,f f5,-(X,-X,)e"*®*8inj/>iit, 

\j,--AVv-*®*8inVv “ = 

and therefore the most general real solution involving is 
fq, = (X, - X,) As" *®‘ sin (Vx,( + e), 

|q, - A As ■ *®* sin ^ A,t + 1 + <) , 

where A and e are real arbitrary constants. This represents one of the normal 
modes of vibration of the system. Adding to this the corresponding solution 
in sSi*, we have finally the general solution of the vibrational problem, namely 

g. - (X. - X,) As - *“* sin ( Vx7' + *) + A sin ( Ait + I + 7) . 

= A Vi; As - i®‘ sin (vi;t + 1 + e) + (X, - \) Be ’ *** + '/)- 

where A, B. «, 7 are four constants which must be determined from the 
initial circumstances of the motion. 

Now we suppose the dissipative forces such that energy is ^mg 
tinually lost to the system, so that F is & positive definite fom, an t ere ore 
a and 6 are positive. The last equations therefore shew that the 
gradually dies away, on account of the presence of the factors s an * ■ 

the periods of the normal vibrations are (neglecting squares ® ® 

same as if the dissipative forces were absent ; and in a norma vi ra ion, e 
amplitude of oscillalion of one of the coordinates is s^H ~mp^d with he 
amplitude of oscillation of the other coordinate, wkle the phases ^ 
vibration in the two coordinates at any instant differ by a quarter-penod. 
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A similar analysis leads to corresponding results for systems with more 
than two degrees of freedom ; supposing that the dissipative forces are small 
and that the dissipation function and potential energy are positive definite 
forms, we find that the periods of the normal vibrations are (neglecting 
squares of the coefficients in the dissipation function) unaltered by the 
presence of the dissipative forces, but that the vibration gradually dies away : 
and if (9',, ^n) are the normal coordinates of the system when the 

dissipative forces are absent, there is a normal vibration of the system when 
the dissipative forces are present, in which the amplitude of the vibrations in 
9t» ^3i is small compared with the amplitude of the vibration in 

and the phase of the vibrations in qt. qt. qn differs by a quarter-period 
from the phase of the vibration in qi. 

Example, Disctias the vibrations of a systom which is acted on by periodic external 
forces which have the same periori as one of the normal modes of free vibration of the 
system ; shewing the importance of dissipative forces (even where small) in this case. 

96. Impact. 

Another mode in which energy may be lost* to a dynamical system is by 
the collision of bodies which belong to the system ; a collision generally 
results in a decrease of dynamical energy. 

The analytical discussion of collisions is based on the following experi- 
mental lawf. When two bodies collide, the values of the relative velocity of the 
surfaces in contact {estimated normally to the surfaces) at instants immediately 
after and immediately before the impact bear a definite ratio to each othei'i 
this ratio depends only on the material of which the bodies are composed. 

This ratio will in general be denoted by — e. When e is zero, the bodies 
are said to be inelastic. 

The general problem of impact reduces therefore to a problem in impulsive 

niotion in which the unknown impulsive force at the point of contact of the 
b^ies is to be determined by the condition that the change in relative 
normal velocity of the bodies satisfies the above law. 

96. Loss of kinetic energy in impact. 

We shall now find the loss of kinetic energy when two perfectly smooth 
bodies impinge on each other. 

Let m typify the mass of a particle of either body, and let (ti,, w,) and 

(li, V, w) denote its components of velocity before and after the impact, and 

* I.e. lost to the ^Atem cooeidered te a dynamical •jitem : the energy ie not annihilated, hot 
appear! in aome other manifeatation, e.g. heat. 

t The lawe of impact were diioovered in 1668 by John Wallia {Phil. Tram. No. 48, p. 864) 
and Chriatopher Wren {ikid. p. 867). 
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let ( Uy V, W) be the components of the total impulsive force (external and 
molecular) on this particle. The equations of impulsive motion (§ 36) give 
m{u-~Uo)^U, m{v-Vo)-V, m(w W. 

Multiplying these equations by (u + eu#), (v + et>o), (u; + et(;o) respectively, 
adding, and summing for all the particles of both bodies, we have 

Im ((tt - Wo) (w + ewo) + (v - Vo) (v 4- ev^) + (u; - Wo) {w + ew^)] 

ssSffT (w + ewo)+ F(v + eVo)+ W {w eWft)\. 

Now so far as molecular impulses are concerned, we have 

SCCTu + Fv 4- lFi(;) = 0, and S ( fTwo + + TTtVo) = 0, 

since the impulsive forces which correspond to each other in virtue of the law 
of Action and Reaction will crive contributions to these sums which mutually 
destroy each other. 

Also, since the part of {u 4- eu^ due to the normal component of velocity 
has the same value for each of the particles in contact at the point where 
the impact takes place (in virtue of the law of impact) it follows that 
the impulsive force between the bodies does not contribute to the sum 
2P'(tt4-eao), and similarly does not contribute to the sums 2F(v+eVo) 
and 1.W (w + ewo). 

We have therefore 

X{U(u + euo) 4- F(t; 4- ev^) 4* IT (w + ew^)\ « 0, 
and consequently 

Sm {(w - Uo) (u 4- euo) 4- (v - Vo) (v 4* e%) + (w - w;„) {w 4- ewo)l = 0, 
or 

2m (li* •+• u* w*) - 2m 4- 

= - 2m ((u - Mo)“ + (v - Vo)’ -+-(«/- Wo)’}. 

1 4" 6 

This equation can be expressed by the statement that the kinetic SMryy 
lost in the impact is {I - e)/(l 4- e) times the kinetic energy of that motion 
which would have to be compounded with the motion at the instant before the 
impact in order to produce the motion at the instant after the impact. 

97 . Examples of impact. 

The impulsive change of motion consequent on the collision of two free 
rigid bodies in space can be most simply determined by the following 
considerations. 

The motion of each body before or after im^ct is specified by six 
quantities (e.g. the three components of velocity of its centre of gravity and 
the three components of angular velocity of the body about axes through its 
centre of gravity). The total number of equations required to determine the 
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impulsive change of motion is therefore twelve. Of these, six are immediately 
furnished by the condition that the angular momentum of each body about 
any axis through the point of contact is unchanged (since the impulsive forces 
act at this point) ; another equation is obtained from the condition that the 
momentum of the system in the direction normal to the surfaces in contact 
is unchanged (since the normal impulsive forces on the two bodies at the 
point of contact are equal and opposite), and another by the experimental 
law of impact If the bodies are perfectly smooth, the remaining four 
equations can be derived from the condition that the linear momentum oi 
each body in any direction tangential to the surfaces in contact is unchanged 
(since there is no tangential impulse if the bodies are smooth): if on the 
other hand the bodies are perfectly or imperfectly rough, the condition that 
the linear momentum of the system in any direction tangential to the 
sur&ces in contact is unchanged gives two equations; if the bodies are 
perfectly rough, the condition that the relative velocity of the bodies in 
any tangential direction after the impact is zero gives the other two : while 
if the bodies are imperfectly rough, the coefficient of friction between the 
surfaces in contact being /i, the remaining two equations are given by the 
conditions that 


(a) the relative velocity in any tangential direction is zero after the 
impact, provided the tangential component of the impulse requii^ for this 
does not exceed times the normal component of the impulse; 

{ff) if the last condition is not satisfied, there is a tangential impulse 
equal to /i times the normal impulse between the bodies. 

In all cases, therefore, the required twelve equations can be found. 

If the motion takes place in a plane, or if one of the bodies is fixed, this 
procedure is still valid after making some obvious modifications. 

The following examples illustrate these* principles : 


&ampU 1. An indoatie iphen of mm n folk vith vdoatf Von a puftcUg mgk 

ifMlcutic incivMd plans of ma$$ M and angle a, which rests on a smooth horitonUtl pUsns, 
Shew that the peffvxU velocity of the centre of the sphere immedicU^.y after the impckOt is 


7if+2fii+&m8iD’a’ 


(ClolL Exam.) 


Let U be the velocity of the plane after impact, u the velocity of the sphere parallel to 
and relative to the plane, m the angular velocity of the sphere, and a its radius. 

The equation of horizontal momentum gives 
fii(«cosa~ 

The kinematical condition at the point of contact is aaaBS. 

The condition that the anfpilar momentum of the sphere about the point of oontaet 
shall be the aame before and after impact is 

is Va 8ina«|ma^-l- ma (a- 608 a). 
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The«o three equatioae giee, on eliminating u and U, 


which is the result stated. 


7Jr -fSm + hm sin* a’ 
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Example 2. A tpkere of radiut a rotating with angvlar velocity O about an arts 
at an angle a to the vertical and moving, in the vertical jlane containing that axit, 
with veloeUy V in a direction making an angle a with the horiton, ttrikee a perfectly rough 
horitontal plafu. If the plane be tangentially inelaetic, find the angle which the vertical 
plane containing the new direction of motion makes ufith the old. 

Talro rectangular axes Oxys, where 0 is the point of contact, Os is vertical, and yOs is 
the initial jdane of motion ; and let a)| and be the components of angular velocity 
about Ox and Oy respectively after the impact, and the mass of the sphere. 

£(i[uating the initial and final angular momenta about Ox, we have 
Ma V con I }fa*a>i. 

Equating the initial and final angular momenta about Oy, we have 
2 ifa’D sin o 

The tangent of the inclination of the new plane of motion to the plane yOz is (on 
account of the perfect roughness of the plane) and this is therefore equal to 

fJfg^Qsino 

JfaFoosa 

or |a(0/r)tana. 

Example 3. A perfectly rough circular disc of mast M and radius c impinges upon 
a rod of matt m and length 2a capable of turning freely about a pivot at its centre. If 
the point of impaet it dieUsnt b from the centre of the rod, and the direction of motion of the 
centre of the disc makes angles a, 3 with the rod before and after collision, shew that 

2(3Jr6*+»na*)tan3*3(mo*-3Jf2>*)tana. (ColL Exam.) 

Let V denote the initial velocity of the disc, and let v denote its final velocity and O 
its final angular velocity. 

Since there is no sliding at the point of contact, we have 
vooa34>c0»0. 

Deuoting by • the final angular velocity of the rod, and by / the normal impulse 
between the rod and disc, the equation of the motion of the rod is 

The equation of impulsive motion of the disc in the direction normal to the rod is 
M{9 sin V sin a) «» 

and the law of impact gives the relation 

vsin3+6«*BaK sin a. 

Equating the initial and final angular momenta of the disc about the point of oontaot, 
we have 

F cos o •> V cos 3 - 2 

Eliminating v, Q, /, w from these equations, we have 

2 tan 3 (3if(’+ma>)->3 tan a (mea* - 3if6^, 
wUoh ia the result stated. 
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Example 4. A circular Aoop, in motion mthout rotation tn itt own plane., impinges on a 
rough fixed straight-edged obstacle in the plane. The velocity of the centre of the hoop 
befim impact is Vy in a direction making an angle a with the edqe^ and the coefileierU 
of friction is p. To find the impulsive change of motion. 

Let u and v denote the components of velocity of the centre of the hoop after the 
impact, parallel and perpendicular to the edge, and let «» be the angular velocity, M the 
mass and a the radius of the hoop. 

Equating the angular momenta about the point of contact before and after the impact, 
we have 

- Ma^ts 4- kfau wtJfVaoo&o. 

The law of impact gives the equation 

a. 

Since the plane is rough, u+asa is zero after the impact, provided the frictional 
impulse required for this does not exceed p times the normal impulse: but if this 
condition is not satisfied, the frictional impulse is /i times the normal impulse. 

Let F be the fiictional and R the normal impulse : then we have 

Jf (tt- Kcosa)* — rsina) — i2, Ma*»^-aF. 

We have therefore R » (1 + e) F sin a, 

and if u+om is zero, we shall have 

i’^iJrFcoso. 

The quantity u4>a« will therefore be zero after the impact, provided 
^>cota/2(l4’«); 

and if m does not satisfy this inequality, we shall have 

jF’»fJ[f(l 4-e) Fsino. 

Thus finally, if /*>cota/2(l +e), the motion is determined by the equations 
Koosa4-a«>, v^meVsinoy u + a^mmO. 
while if /ft < cot a/2 (1 +e), the motion is determined by the equations 

Vs Fcosa+u« 0 » v-^eFsina, — /ft(l4'®) Fsin a 


Misceluneous Examples. 


1. A perfectly rough sphere of radius a is made to rotate about a vertical diameter, 
which is fixed, with a constant angular velocity n. A uniform sphere of radius b is 
placed on it at a point distant oa from the highest point: investigate the motion 
and determine in any position the angular velocity of the sphere. Shew that the sphere 
win leave the rotating sphere when the point of contact is at an angular distance 0 from 


the vertex, where 


o<*<-goos.+ 


4 a*n*8in*a 

n9 Ca+% • 

(Camb. Math. Tripos, Part I, 18A9.) 


2. A rough sphere of radius a rolls under gravity on the surface of a cone of revolution 
whic|i is compelled to turn about its vertical axis with uniform angular velocity a, 
its vertex being uppermost; if a be the semi-vertical angle of the cone, rsina be the 
disUooe of the centre qf the sphere from the axis of the cone, ^ be the angle turned 
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through, relatively to the oone, by the vertical plane containing the centre of the sphere, 
and 0)8 be the rate of rotation of the sphere about the common normal, prove that 


7^+ 


2 + 58in^a (A 




-+nr+jBj — IC^r cos a—C, 

. . , cosa/il , \ , (2 + 5 8in2a)5 

a(co8-^8maH— (^-+nrj+ , 

(7^-6»)r2=^, 

where J, 5, C are determinate constants. (Camb. Math. Tripos, Part I, 1897.) 


3 A homogeneous solid of revolution of mass M with a plane circular base of 
radius c rolls without slipping with its edge in contact with a rough horizontal plane. 
Shew that 6, a, Q are determined by the equations 

Jfac^(Oco8*d)-i/b20cos*d- (C-hMc^)co8S~ , 

{A (C+Mc^) - JAiV} (0 cos* 6) + 1?((7+ i^c*) w cos d - Mac Cq cos* ^=0, 

{A + M<?) -f A fl* cos * 6 - 2ifac<oa cos 6 + (Oq- M<^) (a sin ^ + c cos 6) = Constant, 

where B is the inclination of the axis of the body to the horizon, O the angular velocity of 
the vertical plane containing its axis, a> the angular velocity of the body about its axis, 
A the moment of inertia of the body about a diameter of its base, C the moment of 
inertia of the body about its axis and a the distance of the centre of gravity from the 
base. (Camb. Math. Tripos, Part I, 1898.) 


4 A wheel with 4n spokes arranged symmetrically rolls with its axis horizontal on a 
perfectly rough horizontal plane. If the wheel and spokes be made of a fine heavy wire, 
prove that the condition for stability is 


'■'^4 4n + 3ir 




where a in the radius of the wheel and V its velocity. 


(Coll. Kxam.) 


6. A body rolls under gravity on a fixed horizontal plane. If this plane be taken as 
plane of yzy shew that 

2m {(y - y^) 4 Constant, 


where (r, y, z) are the coordinates of a particle m and (.r^, y^, Zj^) of the point of contact, 
and the summation is extended over all the particles of the body, (Neumann.) 


0. One portion of a horizontal plane is perfectly smooth and the other portion is 

perfectly rough. A uniform heavy ellipsoid of semi-aies (a, b, e) has its 6-aiis vertical and 
moves with velocity v in the direction of its o-aiU along the smooth portion of the plane 
towards the rough. Shew that, if 

i;*< 25P ^^(a-6), 

the ellipsoid will return to the smooth portion, k being the radius of gyration about 
the c-axis, and that the motion will then consist of an oscillation about a steady state of 
motion. 

In the special case a« 26 , shew that after the return of the elli^id to the imooth 
portion, the d-axis can never make an angle with the vertical which is greater than 
arctanVI. (Coll Exam.) 
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7. A shell in the form of a prolate spheroid whose centre of gravity is at its wntre 
a symmetrical gyrostat, which rotates with angular velocity « about its axis Md 
whose centre and axis coincide with those of the spheroid. Shew that in the steady 
motion of the spheroid on a perfectly rough horisontal plane, when its centre describes 
a circle of radius c with angular velocity O, the inclination a of the axis to the vertical 
is given by 

{Mbe (a cot a -f 6) - A 6 cos a + (a sin a + c)} 0» + (ThssQ - Jfgb (a - ft cot a) - 0, 
where Jf is the of the shell and gyrostat, A the moment of inertia of the shell and 
gyrostat t<^ther about a line through their centre perpendicular to their axis, (7, C 
those of the shell and gyrostat respectively about the axis, a the distance measured 
to the axis of the point of cxmtaot of the shell and plane ftom the centre and 
ft its distance fTorn the axis. (Camb. Math. Tripos, Part I, 1809 


8. A uniform perfectly rough sphere of radius a starting from rest rolls down under 

gravity between two non-intersecting straight rods at right angles to each other whose 
shortest distance apart is 2c and which are equally inclined at an angle a to the vertical. 

If po» Po' are the original distances of the points of contact from the points where the 
shortest distance intersects the rods and p, p their distances at a subsequent time when 
the velocity is F, shew that 




16 c*- pp'* 


and that 


F* |(p-po+p'-p«>oo««+^(p*-po*~p*+Pp'*)n/-®®*^}- 

(Camb. Math. Tripos, Part I, 1889.) 


9. A particle moves under gravity on a rough helix whose axis is vertical. If a be the 
radius and y the angle of the helix, shew that the velocity v and arc described a can be 
expressed in terms of a parameter 6 by the equations 


2 f {l + 0*)d$ 

^oosy . « — J {^ooey-4-d (|*oos‘y-t*2Bin y)} * 


V 



10. A particle is projected horisontally with velocity « so as to slide on a rough inclined 



Prove that if 

2>2poota>l, 

tb9 particle approaches ai^Diptotically a line of greatest slope at distance 

2pooea 

g ’ 4p* cos* o - sin* a * 

where p is Uie coefficient of friction, and a is the inclination of the plane. 

(Coll. Exam.) 

11. A rough cycloidal tube has its axis vertical and vertex uppermost If a be the 
radius of the generating circle and a particle be projected from the vertex with vdodty 
•Jiag sin a, shew that it will reach the cusp with velocity equal to 

[4<vco.‘a {1 -« tin “"*}]*, 

where e is the angle of friction. 


(OolL Sxam.) 



vin] Wotirholonomie Systems. Dissipative Systems 241 

12. A heavy rod of length 2a is moving in a vertical plane so that one end is in contact 
with a rough vertical wall and the other end moves along the ground supposed to be equally 
rough ; and the coefficient of friction for each of the rough surfaces is tan t. Shew that the 
inclination of the rod to the vertical at any time is given by 

6 (it* + a* cos 2«) - sin 2« » sin {6 - 24). (Coll. Exam.) 

13. A thin spherical shell rests upon a horizontal plane and contains a particle of finite 

mass which is initially at its lowest point. The coefficient of friction between the jiarticle 
and the shell is given, that between the shell and the plane being practically infinite. 
Motion in two dimensions is set up by applying to the shell an impulse which gives it an 
angular velocity fi. Obtain an equation for the angle through which the shell has rolled 
when the particle begins to slip. (Coll. Exam.) 

14. A circular disc of radius a is placed in a vertical plane touching a uniform rough 
(ji) board which can turn freely about a horizontal axis in the upper surface of the board 
through its centre of gravity, the point of contact of the disc being at a distance 6 from 

this axik A string, parallel to the surface of the board, is attached to the point of the 

disc furthest from the board and to an arm perpendicular to the board at the axis, and 
rigidly connected to the board. The centi-e of gravity of the board and arm lies in the 
axis. The system starts from rest in that position in which the centre of the disc lies in 
the horizontal plane through the axis. Shew that slipping will take place between the disc 
and the board, when the board makes an angle 0 with the vertical given by 

2pi<+7Ma*+ia6 ’ 

where A is the moment of inertia of the board about the axis divided by the mass of the 
disc. (Coll. Exam.) 

16. A hoop is projected with velocity V down a plane of inclination a, the coefficient 
of fHction being tan a). It has initially such a backward spin 12 that after a time it 
starts moving \iphill and continues to do so for a time r,, after which it once more 
descends. Shew that, if the motion take place in a vertical plane at right angles to the 
given inclined plane, then 

(;, + tt) g sm a «= aO - V. (Coll. Exam.) 

16. A ring of radius a is fixed on a smooth horizontal table; a second ring is placed 
on the table inside the first and in contact with it, and is projected with velocity T, but 
without rotation, in a direction parallel to the tangent at the point of contact. Find the 
time that elapses before slipping ceasis between the rings if the coefficient of friction 

between them is /i, and prove that the point of contact will in this time describe an arc 


Discuss the motion that will ensue if at the moment slipping ceases the fixed ring be 
released and left free to move, and prove that during the time that the inner ring rolls 
half round the outer one the centre of the latter will be displaced a distance 

^{a-6)(,r»+4)i, 

where m, Jf are the masses of the inner and outer rings and 6 is the radius of the inner 
ring. (Camb. Math. Tripos, Part I, 1900.) 

17. In the vertical motion of a heavy particle descending in a medium whose resistance 
varies as the square of the velocity, shew that the quantity 

€ , 

where irv* is the resistance, and a and /3 are the distances described in two successive equal 
intervals t of time, depends only on t and is independent of the initial velocity. 

(Coll Exam.) 

16 


W. D. 
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18. Prove that a heavy [mriicle, let fall from rest in a medium in which the resistance 
varies as the square of the velocity, will acquire a velocity UtAnh(gtlU\ and describe 
a .si»ace log cosh {gi/U)lg in a time t, where U denotes the terminal velocity in the 
meiliuwi. 

Shew also that, for the complete trajectory of a projectile in such a medium, the angle B 
l>etwceu the asymptotes is given by 

6^VF*«arcsinb cot d+cotdcoeec 

where 1’ is the velocity when the projectile moves horizontally. (Coll Exam.) 


19. Shew that the horizontal and vertical coordinates (.r, y) of a particle moving under 
gravity in a medium of which the resistance is R satisfy the equation 


da^ ^ oos? <f> 


0 , 


‘ Ijeiiig the velocity and <f> the inclination of the tangent to the horizontal. 


(Coll Exam.) 


2(). A i>article is moving, under gravity, in a medium in which the resistance 
vanes as the veliKity. Shew that the equation of the trajectory referred to the vertical 
a.syiii))tote and a line parallel to the direction of motion when the velocity was inhuite, can 
l>e written in the form 

y ■■ 6 log (x/a). { Coll Exam.) 


21. Prove that in the motion of a projectile through a resisting medium which i 
a retardation /M, where k is very small and the particle is projected horizontally with 
velocity F, the approximate equation of the path is (neglecting ir*) 


^ 2K«^3yv lov'V’ 


the axis of x being in the direction of projection and the axis of y vertically downwards. 

(Coil. Exam.) 


22. A particle moves in a straight line under no forces in a medium whose resistance 
la log s)/s, where v i.s the velocity and s the distance from a given point in the line. 

Shew that the coniiexioM between s and ( is given by an equation of the form 

where a and c are constants. 


23. A particle is moving in a resisting medium under b central attraction ; shew that, 
if H be the retardation due to the resistaiioe of the medium, and v the velocity, the rate of 
description of areas by the radius vector to the fixed centre of force varies as 

t-fi'U. (CoU. Exmd.) . 


24. Prove that in a resisting medium, a particle can describe a panil)ola under the 

action of a force to the focus which varies as the distance, provided the resistance at 
a point, where the velocity is t;, be i* {r(v- Vo)}^ ; where is the velocity at the vertex. 
I)etcrmine Jt, (Coll. Exam ) 

25. A i>article moves in a resisting medium under a force P tending to a fixed centre. 
If if lie the resistance, shew that 

lieing the radius vector and p the perpendicular on the tangent. 
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If tt — 1/r, Pmmnu\ and and we n^lect k* and higher powers, shew that the 

differential equation to the path is 



h being a certain constant (Coll. Exam.) 

26. A particle is moving under a central force (r) repelling it from the origin, in 
a resisting medium which imposes a retarding force equal to k times the velocity. Prove 
that the orbit is given by the equations 

where A is a constant quantity. (Coll. Exam.) 

27. A particle is moving in a circle under a force of attraction to an interior point 

varying as the distance ; the resistance of the medium is equal to its density multiplied by 
the square of the velocity. Shew that the density at any point is proportional to the 
tangent of the angle between the lines joining it to the centre of force and the centre of 
the circle. (Coll. Exam.) 

28. A rod of length a is rotating about one extremity, which is fixed, under the 
action of no forces except the resistance of the atmosphere. Supposing the retarding 
effect of the resistance on a small element of length dir to be Adlr. (velocity)^, shew that 
the angular velocity at the time t is given by 

1 1 Aa* 

where Mlc^ is the moment of inertia about the fixed extremity, and O is a coustant. 

(ColL Exam.) 

29. A smooth oval disc of moss if, turning on a smooth horizontal table with 
angular velocity « but without any translational velocity, strikes a smooth horizontal rod 
of mass m at its middle point. Prove that the angular velocity is diminished in 
the ratio 

(if+m)ifc*-l7war* : (if+»n)i*+wur*, 

where e is the ooefficient of elasticity, x the distance of the centre of gravity from the 
normal at the point of impact and h the radius of gyration about a vertical axis through 
the centre of gravity. (Coll. Exam.) 

30 . Two rods, each of length a and mass m, are jointed together at their upper ends 
and the system falls symmetrically, with its plane vertical, on to a sLuooth inelastic 
plane. Just before impact the joint has a velocity V and each rod has an angular 
velocity O, tending to increase its inclination a to the horizon. Shew that the Impulse 
between each rod and the plane is 

m (A*+ c* sin* a) ( F+ aO cos a)/{i:»-f c* +a (o ~ 2c) cos* a}, 
where e is the distance of the centre of gravity of each rod from the joint and mA* is the 
moment of inertia of each rod about its centre of gravity. (CoU. Exam.) 

31. Three equal unifoim rods AB, BC, CD, each of length 2a, and hinged at B and C, 
are in one straight liue and moving with a given velocity in a horizontal plane at 
right angles to their lengths. The ends A and D meet simultaneously two fixed ihelastic 
obstacles, reducing A and i> to rest. Determine when they will form an equilateral 
triangle, and shew that \ of the original momentum is destroyed by the impacts. 

(ColL Exam.) 

16-2 
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3S. A smooth uniform cube is free to turn about a horiiontal axis passing throu{^ 
the centres of two opposite faces and is at rest with two faoes horisontal ; an equal and 
similar cube is dropp^ with velocity a and without rotation so as to strike the former 
along a line parallel to the fixed axis and at a distanoe e from the vertical plane containing 
it, prove that the angular velocity imparted to the lower cube is 

(l-he)gtt 

c* 4* ^ (1 - sin 2a) * 

where a is the inclination to the horizon of the lower fece of the falling cube, 2a is the 
length of an edge, k the radius of gyration and e the coefficient of restitution. 

Find also the motion of the upper cube immediately after the impact. 

(Coll. Exam.) 

33. A perfectly elastic circular disc of mass M and radius c impinges without rotation 

upon a rod of mass m and length 2a which is free to turn about a pivot at its centre, the 
point of impact being at a distance h from the pivot Prove that if the component of the 
velocity of the centre of the disc normal to the rod be halved by the impact, the 

fricticm being sufficient to prevent sliding. (ColL Exam.) 

34. A perfectly rough sphere of radius a is projected horizontally with a velocity V 
from a point at a height k above a horizontal plane. The sphere has also initially 
an an gular velocity O about its horizontal diameter perpendicular to the plane of its 
motion. Shew that before it ceases to bound on the plane it passes over a horizontal 
distanoe 

where e is the coefficient of elasticity, and the distance is reckoned fVom the first point of 
contact 

Compare the final with the initial kinetic energy. (Coll. Exam.) 

35. A homogeneous elastic sphere (coefficient of elasticity 0 ) is projected against 
a perfectly rough vertical wall so that its centre moves in a vertical plane at right angles 
to the wall. If the initial components of the velocity of its centre are u and v, and 
its Initial angular velocity (Q) is about an axis perpendicular to the vertical plane, find 
the subsequent motion after impinging on the wall, and shew that if its centre returns 

to its original position the coordinates of the point of impact referred to this point are 

2eu (7«+6)v+2aO 
g 7 + lO0-f70* 

20 {( 7 e-f 6 )v+ 2 aO}{r( 74 ' 50 )- 2 a 0 O} 

““ g' (7 + 10«+7«*)* 

where a is the radius of the sphere. 


(ColL Exam.) 



CHAPTER IX 


THE PRINCIPLES OF LEAST ACTION AND LEAST CURVATURE 


98 . The trajectories of a dynamical system. 

The chief object of investigation in Dynamics is the gradual change in 
time of the coordinates (g,, which specify the configuration of a 

dynamical system. When the system has three (or less than three) degrees 
of freedom, there is often a gain in clearness when we avail ourselves of a 
geometrical representation of the problem : if a point be taken whose rect- 
angular coordinates referred to fixed axes are the coordinates g,, q^ of 
the given dynamical system, the path of this point in space can be reg^ed 
as illustrating the successive states of the system. In the same way when 
n > 3 we can still regard the motion of the system as represented by the path 
of a point whose coordinates are (^i, q^, ..., q^ in space of n dimensions; 
this path is called the trajectory of the system, and its introduction makes 
it natural to use geometrical terms such as “ intersection/’ adjacent/’ etc., 
when speaking of the relations of different states or types of motion in the 
system. 


99. Hamilton 8 principle, for conservative holonomic systems. 


Consider any conservative holonomic dynamical system whose configuration 


at any instant is specified by n i^idependent coordinates (g,, g,, and 

let L be the kinetic potential which characterises its motioa Let a given 


mABin space of n dimensions represent part of a trajectoiy of the system, 
and let CD be part of an adjacent arc which is not necessarily a trajectory : 
it would however of course be possible to make CD a trajectory by sub- 
jecting the system to additional constraints. Let t be the time at which 
the representative point (q^ qu qn) occupies any position P on AB: we 
shall suppose each point on CD correlated to some value of the time, so 
that there will be a |>oint Q on CD (or on the arc of which CD is a portion) 
which corresponds to the same value t ns P doea As the arc CD is 
described, the correlated value of t will be supposed to vary continuously 
in the same sense. A moving point which describes the arc CD will there- 
fore pass through positions corresponding to a continuous sequence of values 
qu q%, •••> wid consequently to each point on CD there will correspond 
a set of values of ^i, g,, ...» 
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Vfv sHhU denote by fi the variation by which we pass from a point of AB 
to that point of CD which is correlated to the same v^lue of the time, and 
shall denote by f,, fj, + the values of t which correspond to the 

tenninal points A, B,C, D respectively, and by the value of the function 
L at any point R of either arc. 

If now we form the difference of the values of the integral 

1^(4,. 4,. ... * qi, q; •, 9 n. 0 

taken along the arcs AB and CD respectively, we have 

[ Ldt-{ Ldt™LgC^tx‘-LJ^^■\‘{ hLdt 
/CD hh Ju 


- L.il, - ^ S},) it 

by Lagrange’s equations, 

- L,At, -L,AU + ( 2 S?.) dt 

“ (^2 || 8 ?.)^ - (^2 Sqr )^. 

But if {^qr)B denote the increment of in passing from B to D, we have 
(Ay,), = (8y,), + (qr)t^, 

and similarly if {^qr)A denote the increment of qr in passing from A to C, 
we have 

and consequently 


Suppose now that C coincides with A, and D coincides with B, and that 

the times correlated to C and J) are t, and t, respectively, so that ^gi, 

A/y.., A^a, M, are zero at A and B: then the last equation becomes 
[ Ldt-l Ldt - 0, 

J AB 

which shews that the integral jldt has a stationary value for auy part of an 

actvAil trajectory AB, as comimred with neighbouring paths CD which have 
the same terminal points us the actual trajectory and for which the time has 
the same Utmiml values. This result is called Hamilton s principle*, 

* HamiltoD, nit. Tmta, 1SS4, p. 807; iUid. 1838, p. 9d. 
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99 , 100 ] 


If the kinetic potential L does not contain the time explicitly, we can 
evidently replace the condition that the time is to have the same terminal 
values by the condition that the total time of description is to be the same 

* . 9i . 

for A B for CD, since S — which represents the total energy of 
the system, is in this case constant. 

Helmholtz, J. fUr Math. c. p. Iftl, remarked that the conditions for a stationary 
value of 

^2, gO '1-2 gj- 

(where the and are regarded as independent variables) are 

. . . dL d fdL\ , . . 

I'-'.*'".*)- 


(^»1, % n)j 


so that we again obtain Lagrange’s equations. 


100. The principle of Leaei Action for conser'vative holonomic systems. 

Suppose now that the dynamical system considered is such that the 
kinetic potential does not involve the time explicitly, so that the integral 
of energy 

i . dL j , 
r-=l oqr 

exists. Taking as before .d to be part of a trajecuu-y and CD to be part of 
any adjacent arc, to the successive points of which values of the time are so 
correlated as to satisfy an equation of the form 

Z . dL r L 
Z qr ^ - L = h Ah, 

r=l 

where Ah is a small constant, we have 


» [ (h + ^k) dt - [ kdt+ f Ldt - I Lit 
JCD JiS ho h> 


.(h + ak)(t, + M,-t,-/kt,)-h{t,-t,)->-\ t ^Aqr-hikt 

Lr=I 


i^:^qr + «m 1*. 
1 dyr • Jil 


If therefore we suppose that C coincides with A and D coincides with B, 
and that AA is zero, we shall have 
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which shews that the integral ^ ® stationary value for any 

part of an actual trajectory y as compared with neighbouring paths between the 

same termini for which the time is correlated ta the coordinates in such a way 
as to satisfy the same equation of energy. This is called the principle of 
Least Actiony the integral 

being called the Action. 

In natural problems, for which L is the difference of a kinetic energy T, 

homogeneous of the second degree in the velocities, and a potential energy 
Vy independent of the velocities, we have (§41) 

r-l Oqr 

and the stationary integral can therefore in this case be written jTdi. 


The Principle of Least Action originated in Maiipertuis’ attempt (Mtfm. de VAcad.y 1744, 
]). 417) to obtain for the corpuscular theory of light a theorem analogous to Fermat’s 
“ Priuciple of Least Time.” Maupertuis’ principle was established by Euler (Addit. ii. 
p. 309 of his Methodus inveniendi tineas curvaSy 1744) for the case of a single particle under 

a central force, and by Lagrange (Miscell. Tattrin. ii. (1760-1), OeuvreSy i. p. 365) for much 
mo. e general problems 


Example L Shew that the principle of Least Action can be extended to systems for 
which the integral of energy does not exist, in the following form. Let the expression 


2 j,. — - X be denoted by h ; then the integral 

rsi 

‘ - 

"Hr 


/(, 


^ • — .dh\ 


dt 


has a stationary value for any part of an actual trajectory, as compared with other paths 
between the same terminal points for which h has the same terminal values. 


Example 2. If a dynamical system which possesses an integral of energy is reduced to 

a system of lower order as in § 42, shew that the principle of Least Action for the 

original Hystem is identical with Hamilton’s principle for the reduced system. 


101 . Extension of Hamilton s 'principle to non-conservative dynamical 


We shall now extend Hamilton’s principle to holonomic dynamical 
systems in which the forces are no longer supposed to be conservative. 

n 

Let T denote the kinetic energy of such a system, and let 2 Qr^qr 

r»-l 

denote the work done on the system by the external forces in an arbitrary 
displacement (Sqi, Sq^, Sqn); the equations of motion of the system are 
therefore 

d (dT\ dT 
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Let a denote a part of a trajectory of the system, and let ^ be an adjacent 
arc having the same terminals, the times correlated to the path ^ at the 

terminals being the same as the values and ^ of the time at the terminals 
in the trajectory a ; then if S denotes the variation by which we pass from a 
position on a to the contemporaneous position on p, we have 



= 0 . 

This result 

rfST-h i QrSgr)dt^0 

Jio \ > 

is (like the theorem of § 99, which is really a particular case of it) known as 
Hamilton s principle. 

102. Extension of Hamilton s principle and the principle of Least Action 
to non-holonomic systems*. 

We shall now shew that Hamilton's principle, when suitably formulated, 
is true even for dynamical systems which are not holonomic. 

Consider a non-holonomic conservative system, in which the variations 
of the n coordinates (q^, q^, 7^) ar® connected by m non-in tegmblo 

kinematicai equations 

iiidji + + ... + Autd^n ifidtsO (1:= 1, 2, .... m) 

where il„, A„jn, ^1, --i m*e given functions of 7,, q., ..., qn '. so 

that if L denotes the kinetic potential, the motion is determined (§ 87) b) 
the n e()uations 

S (^) ^ 

together with the above kinematicai equations; the unknown quantities 
being 

q\, •••> ?». ^i. •••* 

Let AB he part of a trajectory of the system, and let CD be a pjith 
derived from AB by displacements consistent with the instantaneous kiiie- 

* Cf. Hdlder, UMt. Nach, 1896, p. 122, Voss, Oott. Nach. 1900, p. 322, Hamel, Math. Ann. cxi. 
(IttSfi), p. 94. 
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niatioal equations, i.e. the above kinematical equations with the terms T^dt 
omitted ; this path CD will not in general be itself a path whose continuous 

description would satisfy the kinematical conditions, so CD is really a kine- 

matically impossible path. 


It may naturally be asked why we do not take CZ) to be a kinematically posbible path : 
the answer to which is, that in that case the displacements from AB to CD would not be 

di8i>laoementa^con8iHtent with the kinematical equationa : for in non-holonomic systems, 
if two adjacent possible configurations are given, the displacement from one to the other 

is not in general a possible displacement ; there are infinitely more possible adjacent 
ixwitions than there are possible displacements from the given position. 


Proceeding as in the proof of Hamilton's principle given in § 99, h denoting 

usual a displacement irom a point of AB to the contemporaneous point on 

CD, we have 


- ii, + f'- g 6^, + 1 g) S<lr-(X,A„ + 


Bqr^dt 


dU 


Since the displacements obey the relations 

it follows that the terms of the type \,ArtBqr in the integral annul each 
Other, so we have 


L -L + 1 (^) ^ dt. 

From this point the proof proceeds as in § 99. We thus obtain the result 

that Hamilton 8 principle applies to every dynamical system, whether holonomic 
or not In every case the varied path considered is to be derived from the 

adual orU li/ iitpkctfmtii dicli io not mlatt tk Iwmlical tfiialm 

repj'esentiny the constraints; but it is only for holonomic systems that ike 
varied motion is a possible motion; so that if we compare the actual motion 

with adjacent motions which obey the kinematical equations of constraint 

Hamilton s principle is true only for holonomic systems. 

The same remarks obviously apply to the principle of Least Action, and 
to Hamilton 8 principle as applie<I to non -conservative systems. 


103. Are the stationary inteyrals actual minima ? Kinetic foci. 

So far we have only shewn that the integrals which occur in Hamilton's 
principle and the principle of Least Action arc stationary for the trajectories 
as compart d with adjacent paths. The question now arises, w’hether they 
are actually maxima or minima. 
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We shall select for consideration the principle of Least Action, and for 

convenience of exposition shall suppose the number of degrees of freedom 

in the dynamical system to be two, the motion being defined by a kinetic 
energy 

y— Jo,, (ji, 9i)9i* + 01 ,( 9 , , ft) ^>^« + io»(9i, 9t)9i*, 

and a potential enei^y 

^“^(fi.ft). 

The discussion can be extended without difficulty to Hamilton’s principle, 

and to systems with any number of degrees of fr^oni. The principle of 

Least Action, as applied to the above system, is (§ 100) that the integral 

has a stationary value for an actual trajectory as compared with other paths 
between the same termini for which dt is connected with the dififerentiais of 
the coordinates by the same equation of energy 

This latter equation gives 

a,, 9,* + 2a„g,9, -f « 2 

dt - (2 (A - i|r)| ~ i (a„ dqi* -f 2a„(i^, dq^ + Ondqt'A 
so the stationary integral can be taken to be 

/ = J(A - ^)1 (a,, + 2 o„ 5,' + Oaj,'*)! dq, , 

where stands for dqjdq ^ ; this integral is to be taken between terminals, 
at each of which the values of g, and g, are given. 

Writing this equation 

we shall discuss the discrimination of its maxima and minima (which was 

first effected by Jacobi) by a method suggested by Culverwell*. 

Consider any number of paths adjacent to the actual trajectory. These 
paths will be supposed to have the same terminals, and to be continuous, 
but their directions may have abrupt changes at any finite number of 
points. For such a path let (g„ g, + ^) be a point corresponding to a 
point (g,, g,) on the actual trajectory; we shall fi-equently write for Sg„ 
where a is a small constant the order of which determines the order of 
magnitude of the quantities we are dealing with, and ^ is zero at the terminal 
points. 

• i»roc. Lond, Math. Soc, xxiii. (IS02), p. *41. 
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Let the expansion of the function 

in ascending powers of a be 

f{q\* q** ?*) + a(?7*^+ + + 2i7o,<^^'+ ; 

let 8/ denote the terms involving a in the first degree in 

//( 9 » 9 , + a<l>, + a<l>) dq^, 

and let W denote the terms in a*. 

When the range of integration is small, and its terminals are fixed, the 

value of at any point is large compared with the value of For since ^ 

is zero at the terminals, we have 

where P and R denote the terminals. If therefore /3 be the numerically 
greatest value of <f>' between P and R, it follows that <f> can never exceed 
(qnsf — qiiPi) /3, &nd consequently by taking the range suflBciently small the 
ratio of <l> to <f>' can be diminished indefinitely. 

Thus if the range is very small, the most important term in W is 
i j Un<l>*dq \ ; and as the sign of this is always the same as that of (the sign 

of dqy is taken to be positive), we see that for small ranges, / is a maximum 
or minimum according as Uu is negative or positive. Now 

U„ = ^, = (A - f)^ (a„ + 2a„g,' + (a„a« - da*), 

oq^ 

and this is positive, since the kinetic energy is a positive definite form and 

therefore o„aa-(ii,’ is positive. We thus have the result that for mall 

ranges the Action is a minimum for tU actvid tragtdoTy. 

Now consider any point A on an actual trajectory, and let another actual 
trajectory be drawn through A making a very small angle with the first. If 
this intersects the first trajectory again, say at a point B, then the limiting 
position of the point B when the angle between the trajectories diminishes 

indefinitely is called the kinetic focus of A on the first trajectory, or the 

point conjugate to A. 

We shall now shew that for finite ranges the Action is a minimum, 
provided the final point is not beyond the kinetic focus oi the initial point. 

For let P and Q be the terminals ; we have seen that if Q is very near 
to P, the quantity is always positive and of order a* compared with the 
value of I fof the limits P and Q. It is therefore evident that as we remove 
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Q farther from P, the quantity 8*/ cannot become capable of a negative 
value until after Q has passed through the point for which can vanish 
for a suitably chosen value of a<^. 

Suppose then that PBQ is an arc of an actual trajectory, Q being the first 
point for which it is possible to draw a varied curve PffQ for which is zero ; 

we shall shew that the varied curve PHQ must itself be a trajectory. For if 

it is not a trajectory between two of its own points A and C (supposed near 
each other), let a trajectory ADC be drawn between these points. Then the 

integral taken along ADC is less than that taken along AHC, so the integral 
taken along PADGQ is less than that along PHQ, which by hypothesis is 

equal to that along PBQ. Hence h*I along PADCQ is negative, and there- 
fore Q cannot be the first point for which, as we proceed from P, the variation 

ceases to be positive ; which is contrary to what has been proved. It follows 
that PAHGQ is a trajectory, and Q is the kinetic focus of P. Hence the 
Action is a true minimum, provided that in passing along the trajectory the 
final point is reached before the kinetic focus of the initial point 

Lastly we shall consider the case in which the kinetic focus of the initial 
point is reached before we arrive at the final point. Suppose, with the notation 
just used, that the initial and final points are P and R ; and let two points E 
and F be taken, the former on the curve PHQ and the latter on the arc Qii ; 
these points being taken so close together that the trajectory EOF joining 
them gives a true minimum. Since the integral taken along EGF is less 
than that along EQF, it follows that the integral taken along PEGFR is less 
than that along PEQR ; but the latter is equal to that along PBQR, since 

both integrals are equal from P to Q and therefore the integral along PBQR 
is not a minimum ; but it is not a maximum, since the integral taken along 
any small part of it is a minimum. Hence when the kinetic focus of the initial 

point is reached before we arrive at the final point, the Action is neither a 
maadmwm nor a minimum, 

A simple example illustrative of the results obtained in this article is furnished hy the 

motion of a particle under no forces -on a smooth sphere. The trajectories are great- 
circles on the sphere, and the Action taken along any path (whether a trajectory or not) 
is proportional to the length of the path. The kinetic focus of any point A is the 
diametrically opposite point A' on the sphere, since any two great-circles through A 
intersect again at The theorems of this article amount therefore in this case to the 
statement that an arc of a great-circle joining any two points A and B on the sphere is 
the shortest distance from A to B when (and only when) the point A diametrically 
opposite to A does not lie on the arc, i.e. when the arc in question is less than half 
a great-circle. 

104 . Mepresentation of tlie motion of dynamical systems by means of 
geodesics. 

The principle of Least Action leads to an interesting transformation of 
the motion of natural dynamical systems with two degrees of freedom. 
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, Let the kinetic energy of such a system be 

i foii (gi , q%) 9)* + 20^ (9, , 9.) 9ii + 0. (9i . 9i) i*l » 
and let its potential energy be ^(911 91). By § 100, the orbits corresponding 
to that family of solutions for which the total eneigy is A are given by the 
condition that 

J (chjji* + 2a,*9,^, + a«9,*) dt 

is stationary for any part of an actual orbit, as compared with any other arc 
between the same terminals for which dt is connected with the differentials 
of the coordinates by the relation 

i (<hiq* + 2a„9,^ + onit*) ■»“ (9i» 9a) - 

The integral 

J(A - if-)* (a„a9,* -f ^dqidq^ 0*^9,*)* 

ia therefore stationary. But this integral expresses the principle of Least 
Action for the motion of a particle under no forces on any surisM^ whose 
linear element is given by the equation 

ds* » (A - ir){a^idqi* ■¥ 2 andq,dqt Ondq^^ 
and is therefore the defining condition of the geodesics on this surface. 
Consequently the eqvatione of the orbits in the given dynamical system are the 
same (u the equations of the geodesics on this surface. 

Example 1. Shew that the parabolic orbits of a free heavy projectile correepoikl 
to the geodesics on s certain surface of revolution. 

Example 2. Shew that the orbits described under a central attractive force (r) in a 
plane correspond to geodesics on a surface of revolution, the equation of whose meridian- 
curve is /(p), where 

and where r and p are connected bj the relation p’*r*{-^(r)4’A}. 

100 . The least-curvature principle of Oauee and Herts, 

We shall now discuss a principle which, like Hamilton’s principle, can be 
used to define the orbits of a dynamical system, but which does not involve 
the sign of integration. 

In any dynamical system (whether holonomic or non-holonomic) let 
(^n yr* ^r) be the coordinates of a typical particle rur At time f, and 
{Xr» Ff, Zr) the components of the external force which acts on the particle. 
Consider the function 

x,v./„ Zr\*\ 



104, 105] 


and Least Curvature 


255 


where the summation is extended over all the particles of the system, and 
where {Hr, yr. Zr) refer to any kinematically possible path for which the 
coordinates and velocities at the instant considered are the Siime as in some 
actual trajectory. This function substantially represents what was called by 
Gauss the constraint and by Hertz (who however considered primarily the 
case in which the external forces are zero) the curvature* of the kinematically 
possible path consijlered. In what follows Hertz s terminology will be used. 

We shall shew that of all paths consistent with the constraints {which 
are supposed to do no work), the actual trajectory is that which has the 
least curvature'^. 

In the simple case of a single particle moving on n smoot/li surface under no external 
forces, this result clearly reduces to the statement that the curvature in s}>ace (in the 
ordinary sense of the term) of the orbit is the least which is consistent with the condition 
that the particle is to remain on the surface. 

To establish this result, let the equations which express the constraints 
(using Xr to typify any one of the three coordinates of any particle) be 

Ixjtrdxr^O 2 m), 

r 

where the coefficients are given functions of the cooidmates. Differ- 
entiating these relations, we have 

= 0 (4: = 1, 2, . . . , w). 

r r S VXf 

Let ir,. be a typical component of acceleration in the path considered 
(which is supposed to be kinematically possible, but is not necessarily the 
actual trajectory), and let be the correspjnding component of acceleration 
in the actual trajectory. Subtracting the preceding equation, considered as 
relating to the actual trajectory, from the same equation, considei*ed as 

relating to the kinematically possible path, we have (since the velocities are 

the same in the two paths) 

(iCr - iro) = 0 (A: - 1, 2, ..., w). 

r 

This equation shews that a small displacement of the system, in which 
the displacement of the coordinate ar, is proportional to {Xr - Xrd\ is con- 
sistent with the cijuations of constraint, i.e. is a possible displacement. 

The components of the. forces exercised by the constraints are typified by 

* Strictly speaking, the square root ol this fauction, and not the function itself, was called 
the curvature by Hertz. 

t Gauss. Crelle'i Journal, iv (1829), p. 232: Werke, v. p. 23. Gauss mt*a8ured the conitraint 
by “the sum of the masses of the partioies, each multiplied by the square of its deviation from 
unconstrained motion." The above analytical expression for it was first given by H. Scheffler, 

/uiUihiij't J'lir Math. iii. (185S), p, 197. Hertz’s theory is given in his Merfuniik. Cf. Gugino, 
Lincei Rend. ix. (1929), p. 1090. 
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— Xt ) : and in any possible displacement the forces of constraint do no 
work. We have therefore 

r 

an equation which may be written in the form 

2m, ^2, “ 

or (reverting to the use of ys and #'s) 

+ Imr K«r - ««)• + ( j?, - y«)* + (ir r 



Since the terms in the last summation on the right-band side are all 

positive, it follows that 


which entriblishes the result stated. 


106. Expression of the curvature of a path in terms of generalised 

cool diuates. 

Li[)schitz has shewn* that the curvature of a kinematically possible path 

ill a holonomic dynamical system with » degrees of freedom can be expressed 

ill terms of the derivates of the n independent coordinates which define the 
[msition of the system. 

I.et (q„ ?, g«) be the coordinates; let (g,, % .... 5,) be the accelera- 

lions of these coordinates in any kinematically possible path, and let 
(9»i. •••» ?iw) ^ accelerations in the actual trajectory which corre- 

Hjsmds to the same values of (q^ ji, ..., qn)- Using Xr to typify 

any one of the three rectangular coordinates of any particle mr, and Xr to typify 
the corresponding component of force, the Gauss- Hertz curvature of the path 

is lm,{x, - XrlmrY ] and it has been shewn in the last article that this can 
r 

be written in the form 

r r 

* Jourrud fiir Math, lxxzii. p. 83S. Cf. sIro Wawmoth, IVitn, SiU, oiv. (1895); sod for 
farther work conpocted with the principle of Leaet Curvature see Leitinger, IVien. Sitt, cin. 
il908), p. 1821 and Scheokl, U ien. Sitz, Cxxii. (1918), p. 731. 
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The first of these summations is the same for all the paths considered, since 

it depends only on the actual trajectory : we can therefore omit it without 
causing the whole expression to lose its minimum-property, and we can call 

the remaining sammation Smr(xr - £»)* the curvature of the path. 

r 

Let the kinetic energy be 

where the quantities a« are given functions of (^i, ja, let D denote 

the determinant formed of the quantities and let denote the minor of 
au in this determinant 


From the equation 




k i 


we have 


Now 


V dXr dXr 

- 3Xr ^ ^ d^Xr . . 
4?r = i qi + 2 ^ ^ — — q^qi , 

* 9?* k I dqtdqi 


and consequently, since the coordinates and velocities are the same for all the 
paths considered, we have 


But if we write 


since this expression is zero for the actual trajectory, we have 

d /dT\ 

S* the difierence of the values of ^ considered and 

the actual trajectory, 

or St=So«(g,-gto) 


whence we have 
and consequently 






(k=l, 2, «), 

(*=1, 2, .... n); 


The curvature, is therefore 

r 


or 


^222 XauAuA^SfSj. 


w. D. 


17 
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But by a well-known property of determinants, we have 

2 >“ DA^, 

i k 

and therefore finally the curvature can be expressed in terms of the coordinates 
(9i» 9si •••» Qn) awd their derivates in the form 


107. AppeWs equations. 

The Gauss- Hertz law of Least Curvature is the basis of a form in which 
Appell has proposed* to write the general differential equations of dynamics. 
This form, as will be seen, is equally applicable to holonomic and non- 
holonomic systems. 

Consider any dynamical system ; let 

Ajtdqi^^ A^dqt-\- Afutdqn-^ Tkdt^^O (ifc=l, 2 , m) 

be the non-integrable equations connecting the variations of the generalised 
coordinates q^^ q^, ..., qn ’t in holonomic systems these equations will of course 
be non-existent. 


Let S denote the function i'imk{xit ' -f y** + V)> where w* typifies the mass 

of a particle of the system, whose rectangular coordinates at time t are 
(^*1 Vkf By means of the equations which define the position of the 
particles at any time in terms of the coordinates (^i, 9,, q^^^ it is possible 

to express 8 in terms of (^i, q^) and the first and second derivates of 

these variables with respect to the time. Moreover, by use of the equations 
of constraint we can express m of the velocities (^,, 9 , 9n) in terms of the 

.others : let the coordinates corresponding to these latter be denoted by (pi, j)|, 
* M Pnr-m)- By differentiating these relations we can express 91, 9,, q^ 
in terms of the quantities p„ ji,. jh, p%, ■-.pn-m, q„ q„ .... g*. and 

hence S can be expressed in terms of this last set of variables. 

Now any small displacement which is consistent with the constraints 
can be defined by the changes (bjh, bp^) in the quantities 

(Pu p%» let 2 Prbpr denote the work done by the external forces 

r-l 

in such a displacement. As in § 26 , we have 




Journal ftir Math, cxxi, (1900), p. 810. Cf. Seeger, J. Wath. Acad. Set. xx. (1980), p. 481. 



106, 107] cmd Least Curvature 


266 


Let the equation which expreeees the change in in terms of the changes 

.... pii-m)be 


where (wi, tt,, ...» Tr^-m) are known functions of the coordinates: the 
equations of this type are of course non-integrable. From this we have 
dxjtldpr^Wn and so the equation which expresses in terms of 

(/h. P»* •••» 

will be of the form 


H-lll 

2 WrPr + a, 
r«*l 


where a denotes some function of the coordinates, 
equation, we have 


n-m 

— 2 


.. , dwr , da 
^rPr+ 2 -7rPr+^. 


Differentiating this 


whence 

It follows that 


ap/ 


dpr' 




-dSIdpr, 


and therefore the equations of a dynamical system, whether holonomio or not, 
can be expressed in the form 

go 

(r«l, 2, m), 

where S denotea the function i2m*(5** +y **+ and {px, pnr-^) are 

coordinates equal in number to the degrees of freedom of the system*. 

It is evident that the result is valid even if the quantities jh. ...» Pn-m 
are not true coordinates, but are quasi-coordinates. 


Example, Obtain from Appsll’s equations the equations 

for the motion of a rigid body one of whose points is fixed; where (#i, ms) are 
the components of angular velocity of the body resolved along its own principal axes 
of inertia at the fixed point, (d, C) are the principal moments of inertia, and (L, if, N) 
are the moments of the external forces about the principal axes. 

* On the connexion of these eqnatione with the Principle of Least Action, cf. H. BreU, Wien, 
SiU, cxxn. (1918), p. 988. 


17—8 
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106 . Berimnd*9 tkecrm. 

A theorem in impulsive motion, which belongs to the same group of 
results as the least-curvature principle of Qauss and Hertz, is. due to 
Sturm • and may be stated thus : If a given set of impuUee is a^ied to 
different points of a system (whether holonomic or non-holonomic) in motion, 
the kinetic energy of the resulting moiim is greater than the kinetic energy 
of the motion which the system would acquire under the action of the same 
impulses and constraints and of any additional constraints due to the reactions 
of perfectly smooth or perfectly rough fixed surfaces, or rigid connexions 
between particles of the system. 

For let m be the mass of a typical particle of the system, and let (u, v, w) 
(u, v', w'), (ui,Vj, Wi) denote the components of velocity of this particle before 
the application of the impulses, after the application of the impulses, and in 
the comparison motion, respectively. 

Let (X, F, £) denote the components of the external impulse acting on 
the particle: (X', Y\ Z') the components of the impulse due to the con- 
straints of the system: and (Z' + X,, F'4' Fj, the components of 

the impulse due to the constraints in the comparison motion. 

The equations of impulsive motion are 
m(u' ^u)»X + X', «i(» - v)— F+ T\ m(uf ^w)»Z-\-Z\ 

— tt) =X + X' + Xi, — v)= F-h F'+ Fi, m(«;, — + 

Subtracting, we have 

TO (ui — w') » Xi , TO (wi — v') — Fj , TO (w, — of) ■■ Z,. 

Multiply these last equations by Wi, r,, w,, respectively, add, and sum for 
all the particles of the system ; we thus have 

2f» [(«i -«')«»+ (*1 -»')»!+ (<"1 “ ® ) "'ll * s (-TiUi + + Z, w,). 

Now from the nature of the constraints, it follows that finite forces 
acting on all the particles of the system and proportional to the impulsive 
forces (X,, Fi, Zi), would on the whole do no work in a displacement whose 
components are proportional to the quantities (Uj, v,, w^); and therefore we 
have 

2 (Xitt, + FjV, + ZiWi) *« 0, 

or 2 to ((tti - tt') Ui + (vi- v') V, + (w, - fiO tSi} » 0 ; 

this equation can be written in the form 

2to (u'* + s'* + ul*) - 2to (ill * + + tt'i*) - 2 to {(u - UiY + (s' - Si)* + (w' - Wi/}, 

* Stonily CmySts Rmdm, mu (1841), p. 1046. It ii olwoyi known •• BsrttmSi thscfim. 
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jSm {u'* + v'* + w'*) > J Sm (wi* 4* + Wi*), 

and so establishes Bertrand’s theorem. 

The theorem may readily be extended to the case when the forces are not 
impulsive but continuous: in this case the increase of kinetic energy per 
unit of time is diminished by the introduction of fresh constraints that do 
not affect the potential energy. 

The following result, due to Lord Kelvin and generally known as ThomtorCi theorem. 
can easily be established by a proof of the same character as the above : If any number of 
pointt of a dynamical eystem are suddenly set in motion with prescribed velocities^ the 
kinetic energy of the resulting motion is less than that of any other kinematically possible 
motion which the system can take with the prescribed velocities^ the excess being the energy of 
the motion which must he compounded mth either to produce the other. 

Lord Rayleigh has remarked + that the theorems of Thomson and Bertrand may both 
be comprehended in the statement that the introduction of fresh constraints increases the 
inertia, or moment of ineHia, of a system. 

Example. A framework of (« - 1) equal rhombuses, each with one diagonal in the 
same continuous straight line, and two open ends, each of which is half of a rhombus, is 
formed by 2n equal rods which are freely jointed in pairs at the corners of all the 
rhombuses. Impulses P perpendicular to and towards the line of the diagonals are 
applied to the two free extremities of one open end ; shew that the initial velocity, 
parallel to the diagonal, of the extremities of the other open end is 

ZP sin a cos a 
m cos* a sin* a’ 

where m is the mass of each rod, and 2a is the angle between each pair of rods at 
the points of crossing. (Canib. Math. Tripos, Part I, 1896.) 


Miscellaneous Examples. 

1. If the problem of determining the motion of a particle on a surface whose linear 
element is given by the equation 

ds^ = Edid + 2Fdu dv-\-G tfv*, 

under the action of forces such that the potential energy' is V (m, v), can be solved, shew 
that the problem of detennining the motion of a particle on a surfiice whose linear 
element is given by 

V{u, v){Edu^-\-lFdudv-\-Od»^\ 

under forces derivable from a potential energy 1/ r(M, v), can also be solved. 

(Darboux.) 

2. If in two dynamical systems in which the kinetic energies ai*e respectively 

and and the potential energies are i-espectively 6’^ and T, the trajectories 

* Thomson and Tait’a Natural Philosophy, § 317. 
t Theory of Sound, Vol, i. p. 100. 
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am the eame curves, though described with different velccitiea, so that the relations 
between the coordinates (ji, 91, .... qj are the same in the two prbUsma, shew that 

yV+»> 

where a, /S, y, d are oonstanta, and that 

l^dqidqu-^iyU^i) Saa<ig<<<y». (PainlevA) 

3, If all the tn^jectoriee of a particle in a plaDe^ described under forces such that the 
potential energy of the particle is V (x, y), with a value A of the constant of energy, are 
subjected to a transformation 

n y-f (X, n 

where 0 and ^ are conjugate functions of ( Jf, F), shew that the new curves so obtained are 
the trajectories of a particle acted on by forces derivable from the potential energy 

ni(x,r))-A]{(^)' 

with a aero value of the constant of energy. (Qoursat.) 

4. If T and V denote respectively tne kinetic and potential energies of a dynamical 
system, shew that 

diflen from 

by a quantity which does not involve the accelerations; and hence that 

is a maximum when the accelerations have the values corresponding to the actual motion, 
as compared with all motions which are consistent with the constraints and satisfy 
.the same integral of energy, and which have the same values of the coordinates and 
velocities at the instant considered ; provided the constraints do no work. (Forster.) 
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HAMILTONIAN SYSTEMS AND THEIR INTEGRAL-INVARIANTS 


109. Hamilton's form of the equations of motion. 

We shall now obtain for the differential equations of motion of a con- 
servative holonomic dynamical system a form which constitutes the basis 
of most of the advanced theory of Dynamics. 


Let (^'i, 9n) he the coordinates and L{quqi, gn, gi, g*, gn, t) 

the kinetic potential of the system, so that the equations of motion in the 
Lagrangian form are 


Write 


d /0L\ __ dL 
dt Ugr/ ^qr 
dL 
dqr 


(r = l, 2, n). 


so that 



(r = l, 2,..., n). 


From the former of these sets of equations we can regard either of the 
sets of quantities (g,, g^, gn) or (p,, pa, •••> Pn) as functions of the other set. 

If 8 denote the increment in any function of the variables 

(gi, g«, gn,pi,i?a, or (gi,g3, ...,gn,gi,ga, gn) 

due to small changes in the arguments, we have 

n 

= 1 {pr^r+pMr) 

r»l 

n n 

= 8 S Prir + 2 (prSgr - qr^Pr), 

r=l r«l 

8 1 2 p^g^-xl= 2 (grSpr-jOrSgr). 

lr-1 ) r«l 


or 
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Thus if the quantity 2 pr^r— when expressed in terms of 

r«l 

2** “*» Pi* Pi* •••tPnt t)t 

be denoted by H, we have 

i (qr^r-prBqr) ( 1 ), 


dt dPr’ dt ^ (r-1, A....n) 


.( 2 ). 


dpr* dt dqr 

The motion of the dynamical system may be regarded as defined by these 
eqticUionSy which are said to be in the Hamiltonian or canonical form; the 
dependent variables are (^i, 5 ,, ^n, Jh* P%> •••» Pn\ and the system consists 

of 2n equations, each of the first order; whereas the Lagrangian S 3 r 8 tem 
consists of n equations, each of the second order. 

The Hamiltonian form was introduced by Hamilton in 1834*. In part he had been 
anticipated by the great French mathematicians : for Poisson in 1809t had taken the step 
of introducing a function 

2 pAt-T 
r»l 

and expressing it in terms of {qu P\i Pn)> and had actually derived half of 

Hamilton’s equations: while Lagrange in 1810 1 had obtained a particular set of equations 
(for the variation of elements) in the Hamiltonian form, the disturbing function taking the 
place of the function H. Moreover the theory of non-linear partial differential equations 
of the first order had led to systems of ordinary differential equations possessing this form : 
for, as was shewn by Pfatfg in 1814-15 and by Cauchy|| in 1819 (completing the earlier 
work of Lagrange and Monge), the equations of the characteristics of a partial differential 


equation 











Tit 

where 



II 

are 

0^1 

_ dlrj 

dXn dp^ 

Wpi 




dpn 

Hamilton’s investigation was extended to the cases when the kinetic potential contains 
the time, etc. by Ostrogradsky II in 1848-50 and by Donkin** in 1854. 

The equation ( 1 ) above is often called the Hamiltonian form of the 
equation of virtual work. It may be written in the more symmetrical form 

8(2 Prdqr — Hdt) ■■ d ( 2 - Hit\ 

r=l r«l 


* Brit. Au. Rep. 1884, p. 618; Phil. Tram. 1886, p. 96. 
t Journal de vicoU polyt. viii. (Cabier xv), (1809), p. 266. 

: Mem. de VImt. 1809, p. 848. 

I Berlin Ahhand. 1814-16, p. 76. 

II Bull. toe. philomath. 1819, p. 10. 

H Meianget dt VAead, de St.-Pit. Oct. 1848 ; Mim. de VAcad. de St.-Pit. n, (1860), p. 886. 
*♦ Phil Tram. 1864, p. 71. 
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which directly suggests the importance of the differential form 

S Pfdqr — JBdt 
r-1 

in connexion with the differential equations of dynamics : c£ § 137 below. 

When the kinetic potential L does not involve t explicitly, the Hamiltonian 
function H will evidently likewise not involve t explicitlyi and the system 
will possess (§ 41) an integral of energy, namely 

r-1 

where A is a coniTtant This equation can be written 
H (qu qu •^ >qn»pi>p%> 

and this is the integral of energy, which is possessed by the dynamical system 
when the function H does not involve the time explicitly. For natural problems, 
it follows at once from § 41 that H is the sum of the kinetic and potential 
energies of the system. 

ExampU. Shew that the equations of motion of the simple pendulum are 

^ dH 
* cjp * By * 

wh«« 

and where q denotes the angle made by the pendulum with the ▼ertical at time t,l vs 
the length of the pendulum, and the mass of the bob is taken as unity. 

110. EqwUioTis arising from the Calculus of Variations, 

From the preceding chapter it appears that the whole science of Dynamics 
can be based on the stationary character of certain integrals, namely those 
which occur in Hamilton’s principle and the principle of Least Action: 
similarly the differential equations of most physical problems can be regarded 
as arising in problems of the Calculus of Variations. 

Thus, the problem of finding the state of thermal equilibrium in an isotropic 
conducting body, when the points of its surface are kept at given temperatures, can be 
formulated as follows : to find, among all functions V having given values at the surface, 
that one which makes the value of the integral 



integrated throughout the surface, a minimum. 

We shall now shew that all the differential equations which arise from 
problems in the Calculus of Variations, tuith one independent variable, can be 
etepreseed in the Hamiltonian form*. 

* Cf. Oitroeradiky, Him. de tAtad. dt SL-Pit. vi. (1860), p. 888. 
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Suppose, for clearness, that there are two dependent variables ; the proof 
is equally applicable to any number of variables. 

(m) (») 

Let L{t, y, y, y, y, z, i, z, ..., z) be a function of the independent 
variable t, the dependent variables y, z, and their derivates up to orders m, n, 
respectively. 

The conditions that the integral 

f (««) (n) 

L(t, y, y, ..., y, z, i, ...,z)dt 


may be stationary, can, by the ordinary procedure of the Calculus of Varia- 
tions, be written in the form 


Now write 




dt \dy} 

d /aL\ 
dt V0i/ ■■■ 



P> 

P> 


^ /dL\ 
0y dt \0y/ 





dJL 


dt \0y7 




dr-* 



Pm = 



dL 

~(m) » 

dy 

dL d 

(i)- 

fjn—\ 

+(- 1 )«-»—— 1 

dir' 

(“)■ 

Pm-|.2 = 

dL 

d-i 

d”— * 

+ 


Pm+n = 



dL 
(■) » 

0^ 


and write 

(*-») (w-l) 

qi = y, •••, 9m = y, 3m+i = *. 3m+»“*. •••> 

Then if 

H--L + ptgt+p,q,+ ... +p«y + l>m+i3m+« + ••• 

+ "h jpm+n 
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(where H is supposed expressed as a function of {t, 9 ,, Pi> •••> 
the quantities y and t being eliminated by use of the equations pm “ dL/dy, 

and if 8 denote an increment due to small changes in the 
arguments 9 ,.+,, p,. Pt. — . P«+n. we have 

— S S.y “ 2 (r) ^»+r+l (IT) 

3y 0 y dz dz 

•i-i <•) «i -1 («) 

+ 2 p, 89 r+i + PmSy + 2 g,+.^, + y 8 p« 

r-1 r»l 

• 1 + 11-1 (•) ■i+ii-l (•) 

+ 2 PrSqr+i + Pm+»i* + 2 g,+,8p, + «Sp,»+,. 

r-ni+l raw + l 


Using the relations 

dL . dL . , 


»L . , 3L 

•••» -(=>*Pm» etc., 

^ ay 


this becomes 


•!+• ••+» 

01f a — 2 prBqr + 2 ^r^Pr. 
r*l r-1 


Thus, if jET is expressed in terms of the variables 

•••»Pm+n» (Ji, <l%f •••» y»i+»)» 

we have (»- 1 - ^ m + n). 

and the differential equations of the problem are thus expressed in the Hamil- 
tonian form. 

The systems of differential equations which arise in the problems of the 
Calculus of Variations are often called isoperimetrical systema 


111. Integral-invariants. 

The nature of Hamiltonian systems of differential equations is funda- 
mentally connected with the properties of certain expressions to which 
Poincard* has given the name integral-invariants. 

Consider any system of ordinary differential equations 

dxy v- V T 

^.X., i^-X, -J-J.. 

where Xu •••» ar® given functions of a:,, a;,, Xn, t We may regard 
these equations as defining the motion of a point whose coordinates are 
space 01 n dimensions. 


• Aeta Math. zin. (iSdO). 
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If now we consider a group of such points, which occupy a p-dimensional 
region J; at the beginning of the motion, they will at any subsequent time i 
occupy another p-dimensional region f. A p-tuple integral taken over f is 
called an integr<d^invar%antf if it has the same value at all times the 
number p is called the order of the integpral-invariant. 

Thus, in the motion of an inwmpressible fluid, the integral which repre- 
sents the volume of the fluid, when the integration is extended over all the 
elements of fluid which were contained initially in any given region, is an 
integral-invariant; since the total volume occupied by these elements does 


not vaiy with the time. 

Example 1. Consider the dynamical problem of determining the motion of a particle 
in a plane no forces : let (jr, y) be the coordinates of the parade, and (k, v) its 

ocnnponents of velocity. The equations of motion may be written 

1>, ii-0, ^«0. 

The quantity 

j(Sx-tSu\ 

where the int^^ation is taken, in the four-dimensional space in which (x, y, a, *) 
are coordinates, along the curvilinear arc which is the locus at time t of points which were 
initially on some given curvilinear arc in the space, is an integral-invariant, For the 
solution of the dynamical problem is given by the equations 
u«a, r = 6, Xfmat+Cf 

where by e, d are constants; and therefore we have 


and this is independent of t. 


-jic, 


BxampU S. In the plane motion of a particle whoae ooordinaiee are (*, y) and whoae 
velocity-components are (u, v), under the influence of a centre of force at the origin whose 
attraction is directly proportional to the distance, shew that 


is an integral-invariant 


l(ubx^xdu) 


112. variational equations. 

The integral-invariants of a given system of differential equations furnish 
integrals of another system of differential equations which can be derived 
from these. 

For let the given system of equations be 

^ = ....aw, 0 (r-1, 2, n). 

Let .... «,) and (», + &:„ + &«») be the values of 

th^ dependent variables at time t in two neighbouring solutions of this set of 
equations ; where (&Ci, . . ., are infinitesimal quantities. Then we have 

^ (dPf + &Cr) * (^i + ^ •• •» » 0 (f* * li 2, . . w), 
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and consequently, 

^ ^ (’■ = 2 n). 

These last n equations, together with the original n equations, may be 
regarded as a set of 2n equations in which (a;,, a?„ x^, &ri, 8x^, 

are the dependent variables. 


Now if 



Xn)BXr 


denotes an integral-invariant of the original system, the quantity 

must, since the path of integration is quite arbitrary, be zero in virtue of 
precisely this extended system of differential equation^ ; and therefore 

XFr {xit x^, ..., Xn ) =» constant 

r 

must be an integral of these equations : so that to an integral-invariant of 
order one of the original system of equations there corresponds an integral of 
the extended system of equations, and vice versa. 


If a particular solution {Xx,x^, ^n) of the original equations is known, 

we can substitute the corresponding values (ar„ x^, apn) in the extended 
differential equations, and so obtain n linear differential equations to deter- 
mine (&F„ hx ^, ..., &r»), i.e. to determine the solutions of the original equations 
which are adjacent to the known particular solution. These n equations are 
called the variational equations. 


113 . Integral-invariants of order one. 

Let us now find the conditions to be satisfied in order that 

j(AfiSxi -f MfSxgi- ... + AfnSx^), 

where (Ifi, if„ ..., if») are ftinctions of (x^, ..., x^, t), may be an integral- 

invariant of order one of the system of differential equations 

dxrjdt ■■ X.r{Xi, x%, ..•! i) (t* 1» 2, n\ 

We must have 

^ {Mihxi 4 * ** 0 , 

where the derivates of are to be determined by the 
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extended system of differential equations introduced in the last article *, and 
therefore 

Since (&ri, &r„ ^n) are independent, the coefficient of each quantity 

hxr in this equation must be zero : and consequently fA-c conditions for 
integral-invariancy are 

(r » 1, 2, n\ 


^ + 2 ^'Z*+ 2 -*^*^* = 0 

ot k=l lr=l 


Corollary 1. If an intefjral of the differential equations, say 

...» Xn, 0“co*i8tant, 

is known, we can at once determine an integral-invariant. 

For we have 

dt\dXf] *«i04Ck dXf\dt ) 


dWr\dt) 

■ 0 . 


and therefore tJu expression 

MM--) 

is an intsyral-invariant 

Coivllary 2. The converse of Corollary 1 is also true, namelj? that if 
is an integral^variant of the differential equations, where U is 
a given function of the variables, then an integral of the system can be found. 
For we have 

a a 

\ 9t ,.i dx, */ ’ 
and ocoueqaently the expreaaion 


iU S.dU 
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which is a given function of («„ x„ . . . , t), is independent of (x„ x„) ; 

let its value be <^ (^) : this is a known quantity. 

Then we have dlJjdt^ ip (t), 


or 


U — l<l>(t)dt — constant ; 


and this is an integral of the system. 


114. Relative integral-invariants. 


Hitherto we have only considered those integral-invariants which have 
the invariantive property when the domain of the initial values, over which 
the integration is taken, is quite arbitrary ; these are sometimes called 
absolute integral-invariants. We shall now consider integrals which have the 
invariantive property only when the domain over which the integration is 
taken is a closed manifold (using the language of n-dimensional geometry) ; 
these are called relative integral-invariants. 

The theory of relative integral-invariants can be reduced to that of absolute 
integral-invariants in the following way. 


I'Ct J(Af I SiVi -j- Jif ...+il/n^^n) 

be a relative integral-invariant of the equations 

dxr/dt-Xr (r= 1, 2, n), 

where (if,, i/,, ..., X^, ..., Xn) are functions of (.r,, a?,, ..., a:„, t); 

so that this expression is invariable with respect to t when the integration# is 
taken, in the space in which (a?i, a?*, ..., a?n) are coordinates, round the closed 
curve which is the locus at time t of points which were initially situated on 
some definite closed curve in the space. 


By Stokes’ theorem, this integral is equivalent to the integral 



diVi) 


BxiBxj, 


where the integration is now taken over a diaphragm bounded by the curve ; 
this diaphragm c»n be taken to be the locus at time t of points which were 
originally situated on a definite diaphragm bounded by the initial position of 
the closed curve : and since the diaphragm is not a closed surface, this integral 
is an absolute integral-invariant of order two of the equations. 


Similarly, by a generalisation of Stokes’ theorem, any relative integral 
invariant of order p is equivalent to an absolute integral-invariant jf 
order (p-hl). 
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110. A relative integral-invariant which is poeseeeed by all Hamiltonian 
eystme. 

Consider now the case in which the system of differential equations is a 
Hamiltonian ^tem, so that it can be written 

dJS 

0pi* dt 

where iris a given function of (q^ q^PuPu •••yPm 0- 


dt ■ 


(r = l, 2, 


For this system let 

11 a jZ/dt 

denote Hamilton’s integral, so that L is the kinetic potential ; let 

(fli, «„ «», ft, ft, ft) 

be the initial values of the variables 

•••> qnt Pit Pit Pn) 

respectively, and let B denote the variation from a point of one orbit to the 
contemporaneous point of an adjacent orbit By § 99, we have 

Sn* i prbqr- 2 ft&v. 

r«l r»l 


Let denote any closed curve in the space of 2p dimensions in which 
(9i» •••! 9tit Pn J>i, ••., Pn) are coordinates, and let G denote the closed 

curve which is the locus at time t of the points which are initially on ft. 
Integrating the last equation round the set of trajectories which pass from 
ft to ft we have 

j* ^ Pr^r * 2 ftSfl,., 

y <? r-l J C, r»l 

and this equation shews that the quantity f 2 prBqr is a relative integral- 

J r-»l 

invariant of any Hamiltonian system of differential equations. 


116. On systems which possess the relative integral-invariant 1 2p8([. 


We shall next study the converse problem suggested by the result of 
the last article, namely that of determining all the systems of differential 

equations which possess the relative integral-invariant f 2 prbqrt where 

J r-l 

(^ 11 qm) Bie half the dependent variables, and (pi,ptt *•*> Pn) nre the 
other hal£ 
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Consider then a system of ordinary differential equations of order 2n in 
which the variables can be separated into two sets, qn) 

(Pi»l>a» such that 

JipiSqj -i- PiSq^ ^ ... + pn%) 

is a relative integral-invariant of the equations, and consequently by Stokes 
theorem 

• j + . . . + ^Pn^qn) 

is an absolute integral -in variant 

Let the system of differential equations be 



where (Qi, Q 2 , .... Qn. Pu ^ 2 . •••. Pn) are given functions of 
(qu •••, qn,Pi,Pi, pn,ty 

As the domain of integration of the absolute integral-invariant is of two 
dimensions, we can si^ppose that each point in it is specified by two quantities 
X and ft, which do not vary with the time but are characteristic of the 
trajectory on which the point in q\iestion lic^s. The absolute integral- 
invariant can therefore be written in the form 




and as X and ft ao not vary with the time, we must have 

i y g (<?.•■ Pi) ._o 
dl ,ti d (\, n) 

or 1 P - 0 

or S i Pi ) , ?Qi 9( Pt. Pi) . 9^. 9((/,, qt) d (q,, pk) ] ^ ^ 

i=i*=.il99t p) 9(X, 0}* d{\.n) dpk 0 (A., p)j 

Owing to the complete arbitrariness of the domain of integration and 

the choice of X and fi, the coefficients of ^ , nnil ^ in this 

9X Ofi 9X Ofi oX Ofi 

equation must vanish separately. We thus obtain 


oqk dpi 
^PiJPk^Q 
dqt dqi ” 

aQi dQk .. 


(i, 1, 2 n). 


w. a 


18 
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These equations shew that a function H{q„ q,, q^, Pi,pt, •■■,Pn> t) 

exists such that 

Q, = ZHIdpr, P, = -9ir/3g, (r = 1 , 2 , .... n); 
and thus we have the result that if a system of equations 




= Qr. 




= Pr 


(r = l, 2 n) 


(r = 1, 2, .... n) ; 


dt " dt 

•possesses the relative integi'al4nvariant 

J(p,Sq,+p>Sq, + ... +PnSqn), 

then the equations have the Hamiltonian form 

dqr _ dH dpr _ dH 
dt dpr ' dt dqr 

this is the converse of the theorem of the last article. 

Corollary, If 

I (pi +pM»+ — + Pn ^9») 

is a relative integral-invariant of a system of equations 

dqrldt « Qr. dpr/dt ^ Pr * 1. 2, . . . , A?), 

where k is greater than n, it follows in the same way that the equations for 
( 9 i» 9 a» 9 n.. P 2 i fonn a Hamiltonian system 


dqr _ dH dpr _ dH 
dt dpr ’ it dqr 


(r=:l. 2, n), 


where H is a. function of ( 9 ,, q^, 9 ^, Pu P%^ 1) only, not involving 


117. The expression of integral-invariants in terme of integrals. 

If the solution of a system of differential equations 

-^=Xr{x„x„ ...,x„,t) (r- 1 , 2 . ...,n) 

is known, the absolute and relative integral-invariants of the system may easily 
be constructed. 

Thus, let 

y\ (^l» • •• > 0 ~ Cii 2/s (^1 1 ^2i • •• » ^n> 1) ^ ^2f ••• t yn (^1 ) ^'2» • ♦ * » ^ni 0 ** 

where Cj, c^, Cn are constants, be 71 integrals of the system; the absolute 
integral-invariants of order one are evidently given by the formula 

+ S,Sy, + ... + SnSpn). 
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where (i7i, .... Nn) are any functions of (yi, ya, y^) which do not 

involve t ; and the relative integral-invariants of order one are given by the 
formula 

^ 1 3yi + 4* ... + n^yn 4 )» 

where F is any function of (a?,, a?,, ...» a:n, t\ since the term j^SF vanishes when 
the domain of integration is closed. 

It follows from this that any system of differential equations possesses an 
infinite number of absolute and relative integral-invanants of the first order. 

118. The theorem of Lie and Koenigs. 

The preceding results enable us to establish a theorem due to Lie* and 
Koenigs t on the reduction of any system of ordinary differential equations to 
the Hamiltonian form. 

Let -^^Xr (r = 1, 2, Ar) 

be the given system of equations, and let 

J(fi S®, + f,&r, + ... + ft&s*) 

be any relative or absolute integral-invariant of order one of this system, 
where f,, f*, are given functions of the variables; we have seen in the 

last article that an infinite number of such integral-invariants exist. 

Now let the differential form 

+ + ... + ?*&»» 

be reduced to the canonical form 

+ PtSjs 4 ... + Pn^n - Sn, 

where {pi,p„ —,Pn, q„ qt 9>>. 

are independent functions of («,, xt), in number not greater than. A;, 

and where ft maybe zeroj. Let («,, Uj «»-».) be a set of other functions 

of («,, <t„ ..., «*), such that (u,, u, Una,, g„ q, qn,pi,p>, ....p.) are 

a set of A; independent functions of (;r,, Xh); and suppose that the 


• Arehiv for Math, og Natur. ii. (1877), p. 10. 
t Comptei Renduif ozzi. (1895), p. 875. 

t The proof of the poesibilitjr of this reduction (which however requirea in general the 
lolution of a number of ordinary differential equations) will be found in any treatise on PfafTe 
problem. 
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system of differential equations, when expressed in terms of these k functions 
as independent variables, becomes 

dqrldt = Qr, dpridt » Pr (»• « 1, 2, . . . , n), 
dUf/dt « (tf » 1, 2, 4; - 2n), 

where (Q,, Qa, On, Pi, Pa, •••, -Pn, Pi, Pa, *••, P*-an) are functions of the 
new variables. 


The expression 


(piSqj + p^Sqt 4- . . . + PnSqn) 


is an integral-invariant (relative or absolute) of this system, since integral- 
invariancy is a property unaffected by such transformations as have been 
performed : and consequently it follows (§ 116) that the first 2n equations 
have the form 


dt 


(r-1, 2, 


«), 


^ m 

dpr * dt dqr 

where JT is a function of (qi, q^, ..., ^n, Pi, Pa, •••, Pn, t) only. The given 
system of differential equations is thus reduced to a Hamiltonian system of 
order 2n, together with the {k— 2n) additional equations 


dt 


(s = 1, 2, A: -- 2n). 


1I9. The Last Multiplier. 

Before proceeding to discuss integral-invariants of higher order than 
those hitherto considered, we shall introduce the conception, introduced 
by Jacobi* in 1844, of the Last MuUipli&r of a system of equations. 

y , dxi dx^ dXfi dx 

Trrr-~x-rx' 

where (Xi, Xa, . . . , X ) are given functions of the variables («ri, « 9 , of)* 

be a given system of equations: and suppose that (n — l) integrals of this 
system are known, say 

/r(a?„ x^, ...,Xn,x)^ar (r « 1, 2, ...,n-l). 

From these equations let (a;,, x^^^) be expressed as functions of 

and x: then there remains only the solution of the equation of the first 
order 

dx^ dx 

to be effected ; in which accents are used to denote that (Xu x^» have 

been replaced in Xn and X by the values thus obtained. 

* CrelU*t Joumalt zxvn. p. 199, xxn. pp. 918, 888. 
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We shall shew that the integral of thie equation is 

f M* 

{Tdxn - Xndx) * constant, 

where M denotes any solution of the partial differential equation 

^(IfX.) ^ (KXJ + . .. + A („x.) I . 0, 

and A denotes the Jacobian 

0 (a?i, flJj, . , ^n— i) 

The function M is called the Last Multiplier of the system of differential 
equations. 

For the proof of this theorem, we shall require the following lemma: 

If a system of differential equations 

dxr/dt^Xr (r = 1, 2, w) 

is transformed by change of variables into another system 

dyrjdt^ Yr 2, n), 


then 

where D denotes the Jacobian 


t 

racl 


I 

D 


I 

r^l dyr 


9(yi,yi, ..Myn)' 

To prove this, we have 

i 2 A.f i Tt—] 

t>»>l r=l \*«1 91/*/ 

= 2 i l.(s Y — 
ri=l *=1 dXr dyt \ifc=i 9i/*/ 

rZi ,=i *"i V * dg.dyt dy, dyj ' 

• • . ** 0V 03? 

In this expression the coefficient of dYkldy, is 2 ^ ^ ' which is zero 

or unity according as 5 is different from, or equal to, k. Also dygjdXr = 
where Ar, denotes the minor of dxr/dy^ in the determinant D : so the coefficient 
of Yu in the above expression, which is 


j I 9^^r 

r*i «»i 93?r ^y$dyu 
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may be written 

1 » • . 8*ar 1 j 9(4^, iTt ay-i, 8g,/8yt, «») 

D *, .:i ” 0y.3y* ’ D 3 (y., y.. . • . . y«) 

1 dD 

" D 0y*- 

We have therefore 


i 

r-1 


*»l k«l 


y I 

Ddyt 


1 « 3(JF0 
^ i=i 0yt 

which establishes the lemma. 


Now in the original problem write 


ddC'^ 


dx 

X 


dtf 


and consider the change of variables from 

(a?i, •••, Xfit (^i» •••» 1> ®n> ^) • 


by the lemma, we have 

dX, dX, JJnJJ 

dxi^ dxf * dxn dx 



dx 


(?))■ 


so the quantity M, which is a solution of the equation 

l_dM dX, .d^.dX 

M dt^ dx, dx, “• dxn dx " 


satisfies the equation 


or 


j_^ a a /Z'N 

AAfrf«^ax,U'/ 0»U'/ ’ 

aa:„V A' )^dx\ A' ) ’ 


which shews that the expression 

^{X'ds^-Xn’dw) 

is the perfect differential of some function of x^ and x ; this establishes the 
theorem of the Last Multiplier. 


BoUmann cmd Lamar^i hydrodynamical repreientoUum of the Laet Multijolier, 

The theorem of the Last Multiplier may also be made apparent by physical con- 
siderations. For simplicity we shall take the number of variables to be three, so that the 
differential equations may be written 

tt " V w* 
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where (m, v, w) are given functions of (j?, y, z ) ; and the last multiplier M satisfies 
the equation 

fx ^ ^ = 0- 

This equation shews that in the hydrodynamical problem of the steady motion of 
a fluid in which (tf, % w) are the velocity-components at the point {x, y, z\ the equation of 
continuity is satisfied when M is taken as the density of the fluid at the point (x, y, z). 

Now let (x, y^t) — C 

be an integral of the difterential equations; then the flow will take place between the 
surfaces represented by this equation ; thus we can consider separately the flow in the 
two-dimensional sheet between consecutive surfaces (7 and C-hdC. The flow through the 
gap between any two given points P and Q on C must be the same v’hstever be the 
arc joining P and Q across which it is estimated : and since the flow across arcs PR and RQ 
together is the same as that across PQ^ we see that the flow across an arc joining P and Q 
must be expressible in the form f{Q) - /{P)^ So if ds denotes an element of this arc, and 
r the (variable) thickness of the sheet, so that T»={(0<^/0x)* + (0(^/0y)^-t-(c!(^/c 2 ) 2 } , SC, and 

if ( denotes the velocity-comixinent perpendicular to ds, we have 

so that M^rds is the perfect differential of a function of position. But it is easily seen 
that this expression can be written in the form MiC{vdx-udi/)l(d(f>j?z ) ; and consequently 

M{vdx-udy) 

d<l>ld2 

is a perfect diflerential ; this is the theorem of the last multiplier for the case con- 
sidered. 


We readily find for (ds the value 

u V w 
<t>x i>v 4>s 

so the theorem really states that + is an integrating factor of the 

equation 

j d.v dy di j = 0. 

tl V ^^10 


I ' 

This, as was remarked by Appell {Comptes Rendus, clv. (1912), p. 878), is a symmetrical 
form of the theorem of the Last Multiplier. 


120 . Denvation of an integral from two multipliers. 

Suppose now that two distinct solutions M and N of the partial differential 
equation of the last multiplier have been obtained, so that 




and 




dX 


J ? 


dX. 


dX 

dx. 

dXn 

0X 


0 . 
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Subtracting these equations, we have 

but this is the condition that the equation 

log {MjN) = constant 
shall be an integral of the system 

doci d%Cf dwfi dec 

and we have therefore the theorem that the quotient of two last multipliers of 
a system of differential equations is an integral of the system. 

The reader who is acquainted with the theory of infinitesimal transformations will be > 
able to prove without difficulty that if the equation 


admits the infinitesimal transformations 

then the reciprocal of the determinant 

X, X,... 
fii (\i ••• 




(i=l, 2, 


is a last multiplier. 


X, X 

(in (l 


$n\ $nn $n 


121. Application of the last multiplier to Hamiltonian systems : use of a 
single known integral. 

If the system of differential equations considered is a Hamiltonian system, 
we have evidently ^dXyldxr = 0, and consequently if = 1 is a solution of the 

r ^ 

partial differential equation which determines the last multiplier ; so the last 
multiplier of a Hamiltonian system of equations is unity. 


From this result we can deduce a theorem which enables us to integrate 

completely any conservative holonoraic dynamical system with two degrees of 
freedom when one integral is known in addition to the integral of energy. 

Let the system be 

hpx dp, dqt dq. 


and in addition to the integral of energy H (g,, q,,pi, p,) = h, let an integral 
V (qi, q„ Pi, Pi) = c be known. From the theorem of the last multiplier it 
follows that 

dipl.p,) 
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is another integral ; where, in the integrand, p, and p, are supposed to be 
replaced by their values in terms of and obtained from the known 
integrals H and V. 

But if we suppose that the result of solving the equations H=^h and 
F > c for j>, and p, is represented by the equations 

Pi =/i (?i, 9.. c), 

Pi=/i(q>, 9ii. h, c), 


then we have identically 


and therefore 


mdf, dHd£, 

dp, dc"^ dpidc' 

3V^ djd/,^ 

dp, dc^ dp, dc ' 


df, dHidp, a/. -dHidp, 

aF° aTCT . Tc“d T^r 

3{p„Pt) 3(p„p,) 

so the theorem of the last multiplier can be expressed by the statement that 




M an integral. 

This result leads directly to the theorem already mentioned, which may 
be thus stated* : If in the dynamical system defined by the equations 


dqr _ dH dpr _ dH 

dt dpr' dt ” dqr 


(r-1, 2), 


the integral of energy is H (qu p,, p<^-h, and if V {q^, q^, p^, pt) = c 
denotes any other integral not involving the time, then the expression 
Pi<ig\ + p%dq^, where p, and have the values found from these integrals, 

is the exact differential of a function 6{qi, Jj, h, c); and the remaining 
integrals of the system are^ 


^ = constant, and = 
dc dh 


■ t -f constant. 


This amounts to saying that if any singly-infinite family of orbits is 
selected (e.g. the orbits which issue from a point 9i = «,, (^2 == which have 


• Thii theorem is really an application of the well-known method for the solution of a 
partial differential equation of the first order, the equations of the dynamical system being 
the equations of the characteristics of the partial differential equation. As a dynamical 
theorem, it was published for a simple case (motion of a single particle) by Jacobi in 1836 
{Comptes Rendus, in. p. 69), and for the general case given here by Poisson in 1837 {J. de M. 
n. p. 317) and Liouville in 1840 {J. de Af. v. p. 351). 
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the same energy, so that to any point (y,, jj) there correspond definite values 
of p, and Pi (namely the values of p, and pj corresponding to the orbit which 
passes through the point q^, and belongs to the family), then the value of 

the integral jp,dq,+ptdq, taken along any arc joining two definite points 
(9io, 9*)) and (q„, q^) is independent of the arc chosen. 

To complete the proof, we have on differentiating the equations H = k 
and ’'=c, 

dq, dp, dq, dp, dq, 


and consequently 


dv . djdj , dv ^,^ 

dq, dp, dq, dp, dq, 


d(V,H) 


d(V, H) 


or 


trMr S-lfeg-r 

9(pi,Ps) 8(Pi.P») 

But since F * c is an integral, we have 

37 . . 37 . 37 . 37 . . 

0(F,F) 8(F,g) ^ 

^(quPi) d{q^,pt) 
dqi dq^ 


and therefore 


This equation shews that fidqi -H f»dq 2 is the perfect differential of some 
function d{qu q%, K c): and the result derived above from the theory of the 
last multiplier shews that dOjdc =* constant is an integral. 

Moreover, we have 

°'^~dUidp,~dHidp,’ 

and therefore 

^ — r — dq^ 
a ( Pi * Pi ) 

But obtaining dfi/dh and df^/dh in the same way as dfi/dc and dfi/dc were 
found, we have 


dk 


_37/3ft 

5(7,)/) 


3 (Pi. p.) 
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Consequently 


or 




dh 


4 4 4 

< = ^ + constant, 


which completes the proof of the theorem. 


Example. In the problem of two centres of gravitation (§ 53), if (r, /) denote the 
radii vectored to the centres of force, and (d, &) the angles formed by r, / with the 
line joining the centres of force, obtain the integral 

- 2c (/i cos ^ + p cos ff ) » constant, 
and hence complete the solution by the above theorem. 


122. Integral-invariants whose order is equal to the order of the 
system. 

The theory of the last multiplier of a system of differential equations is 
connected with that of the integral-invariants whose order is equal to the 
order of the system. 

Let (r = 1.2,...,it), 

where (Zi, X^, .... Z*) are given functions of (x,, x,, xjfe, ^), be a system 
of ordinary differential equations ; and let us find the condition which must 
be satisfied in order that 

ifSxjSxg ... Sxjfc 


may be an integral-invariant, where if is a function of the variables. 

Let (c,, Ca, . . . , cjfc) be any set of constants of integration of these equations, 
so that, by solving the equations, (x,, Xg, ..., x*) can be e.xpressed in terms 
of (c,, c,, Cfc, t). Then we have 




IIH‘ 


I if^Xi^Xa ... 8xjt 

and therefore the condition of integral-invariancy is 

0 . 

dt I 0 (Cj , Ca , • • • , j 


7/ sc.8c....sc„ 

V (Cj, C-iy . .. , Cjk) 


dM 0 {Xif Xa, . . . , Xjb) ^ ^ 0 (Xt, Xa, ..., X,wi, Xr, ^<-fi> ••• > _ q 

dt 0 (Ci, C|, . . . , Cjt) r=si 0 (Ci, Ca, . . . , Cjfc) 

dM 0 (X| , Xa, . . . , Xjfc) ^ ^ dX f 0 (Xi , Xa, . . . , Xfc ) ^ ^ 

0(Ci, C*, ..., Cj) r=l 0a?r 9 (Ci, Ca, ..., Ct) 

dt r»l CXr 

which shews that M mvst he a last multiplier of the system of eqmtions. 


or 


or 


01 
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This result gives immediately the theorem that far a dynamical ayHem 
whosi motion is determined hy the equations 


dqr 

dt dp/ 


dpr^ dH 
dt dqr 


(r-1, 2. 

where H is any function of{qu qt* qn* Pi* Pt* ^•tPny the expression 

Bq,Sq,...Sq,Sp,Sp,...fyn 


is an integral-invariant ; since in this case unity is a last multiplier. This 
theorem is of importance in the applications of dynamics to thermodynamics. 


Example. For a system with two degrees of freedom^ let the energy-integral when 
solved for pi take the form 

Shew that, for trajectories which correspond to the same value of the constant of 
energy, the quantity 

is independent of t and also of the choice of coordinates : and hence shew that the 
trajectories of the problem can be represented as the stream-lines, in the steady motion 
of a fluid whose density is dH'/dk. 


123. Reduction of differential equations to the Lagrangian form. 

Another question to which the theory of the last multiplier can be 
applied is the following; To find under what conditions a given system of 
ordinary differential equations of the second order 

qk=fk(qi>q 2 . 91 , 9 *. •••9n) (A?- 1,2 n) 

is equivalent to a Lagrangian system 


d 

dt \dqr) dqr 


(r-1. 2 n), 


where i is a function of (j„ j, q„, q^, 5,, 9,, t). 

If these two systems are equivalent, the equations 

d^L .. d^L .\ dFL dL^ 

^ dqrdt dqr 


1 ( d^L .. ^ d^L . \ 

k=i \dqrdqk dqrdqt 


(r-1, 2 n) 


must evidently reduce to identities when the quantities gjk are replaced by 
the expressions /* ; and therefore the required condition is that a ^notion L 
shall exist satisfying the simultaneous partial differential equations 


I d^L . d-L d^L dL r. , w « 

Xdqrd^k dqrdqit^j ^ djrdt dqr^ (r* » »•••»«)> 

where q^, 9 i, 9 ,, .... 9 », 0 are regarded as the independent variables. 


1 

k^l 
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When n s 1, the question can be solved in terms of the last multiplier. 
For the equation satisfied by L is then 


from which we have 


dqdt dq ’ 


_ 9 

dq V9(j'‘ 


fHi 


dq\dqdq^ ^ dqdt dq 
d^L . ^ 

dfdq ^ ^ dq^dt ’ 


and therefore if we write d^Ljdq^^ M, the function if satisfies the equation 


but this is the equation defining the last multiplier if of the system of 
equations 

? /(«> <1^ 0 

and therefore when n== I, the determination of the function L reduces to the 
determination of the last multiplier of the system. 

124. Case in which the kinetic energy is quadratic in the velocities. 

When n>l, the most important case is that in which each of the functions /,. 
consists of a part /V which is homogeneous and of the second degree in (ji, jj, and 
a part 0^ which does not involve (ji, jj, and it is required to determine whether 

the equations 

'qr-FT^‘0, (fs=l, 2, 

are equivalent to a system 

where T is homogeneous and of the second degree in (ji, and also involves the 

variables (^j, q^y and (^i, §j, $*) are functions of (g^i, only. 

The value of T is clearly not dependent on ((?i, O, O',,), and therefore we can 


consider the problem in which ((?,, 0^ 
a function T such that the equations 

, (/„) are zero, 

i.e. the problem of finding 


qr^Fr 

li 

are equivalent to the system 



d (dJ 

It 


r) 


The condition for this is the existence of a function T satisfying the peirtial differential 
equations 

^ d*T d*T dT 

n 

Since is homogeneous, we have 2 q$^Fkldq^^2F^y and therefore 


T F-l i \ 6 


-ill (r-1,8, n) 

«-i *-i dq, dqrdqt 

S S)' 
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But siuoe dFIdqr is homogeneouSy we have 

an 

and therefore 


; • ^ 
.V’39,3^.’ 


The equations to be satisfied by T may consequently be written 


.-1 ^ V t»i 3}, *i»i 2jr 8}. dq^dq, dq, “ 

(f-1, 2,., 

..,«), 

» . 0 /, • dFtdT an / » ai'’,a7’ an „ 

2,.. 

,., n), 

and evidently these may be replaced by the eqxiations 



. ; dFthTdT . 

(r*!, 2,.. 

n). 


Thus, writing/,, for (iV+^r), we have the theorem that if the tyitem of equationt 

?f «/r (r-1, 2, n), 

where ootuitU of a part which i$ homogeneous of degree two in the velocities and a 
part which does not involve the velocities^ is reducible to the form 


±(^T\JT 
dt \^/ 


then T must he an integral of the system 




(r-l, 2, 


(f ■«1, 2, ... , n). 


Miscellaneous Examples. 


1. In the problem of two centres of gravitation, the distance between the centres of 
force is 2c, and the semi-major axes of the two conics which pass through the moving 
particle and have their foci at the centre of force are (^i, ^t). Writing 


P\ 






dqt 


shew that the equations of motion are 


dt ^dpr* W’" 


where 




and fsi and pt are constants. 




(r-l,S), 


1 Shew that 

III /^****^**®<*p>> 

where the sammation is extended over the ^n(n- 1) combinations of the indioes i and y, 
is an integral-invariant of any Hamiltonian system in which (qt^ q ^, ..., pi^ /p*, ...» pj 
are the variaUes. (Poincar^.) 
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shew that 


3. In the problem defined by the equations 

^ iJl , . gV 

di~dpr' dt dqr 

where H= q^px - q^pt - a ji* + bq^^ 

shew that ^ — ^■■constant 

is an integral ; and hence by the theorem of § 121 obtain the two remaining integrals 

Mi = constant, 
log ^ 1 = < + constant. 

4. If Jf is a last multiplier of a system of differential equations 

dxx dx^ _ _ dxy^ _ dx 

Tx'-~^--^x:'-x^ 

of which the equation 

f(xiy X 2 y ^», J?)= Constant 

is a known integral, and if an accent annexed to a function of Xi^ X 2 y x is used to 

indicate that Xf^ has been replaced in the function by its values found from this integral, 
shew that M’l{dfldx^y is a last multiplier of the reduced system 


dx 

Ty- X\,x^ r' 


(Jacobi.) 


5. If « Constant, dj «* Constant, ..., d„ = Constant are a set of integrals of the 
equations 

dx dxx dx 2 dtX^ 


X~Xx X2 -V 

X 3(^1, X2, x„) 


shew that ‘ 

X 3(^1, X2, .... x„) 

is a last multiplier. 

6, Let (mi, ttj, ..., «„) be n dependent variables, and let /i, 4, ..., /„ be a set of 
linear dififerential expressions defined by the equations 


2 {pr*(0«t + ?r*(0 + 

ifc=l 

If (Vj, V*, ..., v„) are functions of t such that 


(r»l, 2. 


is an exact differential, shew that the functions (»|, v*, ..., v«) satisfy a set of n linear 
differential equationt,, which will be called the system adjoint to the system of linear 
differential equations 

^ 7,-0 (r=l,2,...,n). 

If Fr denotes the expression 

dtKqJ-^r 

where L is any given function of (jj, jj, ...» jn, ?i, ? 2 » •••» ?n» 0i system of 

linear differential equations 


/dFr . dFr . dFr 




(r«l, 2, ..., w) 


is adjoint to itself. 

Shew that the converse of this latter theorem is also true. 


(Hirsch.) 



CHAPTER XI 


THE TRANSFORMATION-THEORY OF DYNAMICS 

125 . Hamilton’s Characteristic Function and Contact-Transformations, 

We have seen* that the integration of a dynamical system which is 
soluble by quadratures can generally be effected by transforming it into 
another dynamical system with fewer degrees of freedom. We shall in 
the present chapter investigate the general theory which underlies this 
procedure, and, indeed, underlies the solution of all d 3 mamical systems. 

The origin of the method is to be found in a celebrated memoir on 
optics, which was presented to the Royal Irish Academy by Hamilton in 
1824t : the principles there introduced were afterwards transferred by their 
discoverer to the field of dynamics. 

In order to follow Hamilton’s thought, we must refer to the connexion 
between dynamics and optics — a connexion which is perhaps less obvious in 
our day than in his, when the corpuscular theoty of light was still widely 
held. If a ray of light traverses an optically heterogeneous but isotropic 
medium, the refractive index at any point {x, y, z) being fi, the path of 
a ray may be determined by Fermat’s Principle namely that the integral 

J/* («. y. a) ds 

has a stationary value when the integration is taken along the actual ray 

joining two given terminal points, as compared with neighbouring paths 

joining them. If on the other hand we consider the motion of a free particle 
of unit mass in a conservative field of force where its potential energy is 
<fc {x, y, z\ and its constant of energy is h, the path of the particle may be 
determined by the Principle of Least Action (§ 100), which in this case asserts 
that the integral 

has a stationary value for the actual trajectory as compared with neighbouring 
paths joining the same terminal points. Comparing these two statements, we 

« Cf. Chapter III, 9$ 88-42. 

t Tram, R, Iruh Acad. xv. (1828), p. 69; xvi. (1880), pp. 4, 93; xvn. (1887), p. 1. 
t Cf. my HUiory qf the Theoriet of Aether and Electricity, pp. 9-10, 102-8. 
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see that the trajectories of the particle in the dynamical problem are the 
same as the paths of the rays in the optical problem, provided a suitable 
correspondence 

/A = (/I - 

is set up between the potential-energy function in the one case and the 
refractive index in the other. 

In the corpuscular theory of light, this was regarded as furnishing the 
explanation of the optical phenomena, the ray of light being conceived as 
a procession of rapidly-moving corpuscles. But the statement in itself is 
true whatever hypothesis regarding light be adopted: and therefore it 
supplies a means of connecting dynamics with the undulatory hypothesis. 
This idea is the starting-point of Hamilton’s theory. 

When the undulatory hypothesis is adopted, we have the choice of two 
different methods of discussing the propagation of light mathematically: 
the first is to consider rays, the second is to consider wave-fronts. The 
latter method, which was introduced by Huygens in 1690, may be thus 
explained. 

Consider a wave-front, or locus of disturbance in an optical medium, as 
it exists at a definite instant t, having the form of a surface cr. Each element 
of this wave-front may be regarded as the source of a secondary wave, 
propagated outwards from it; so that at a subsequent instant t', the 
disturbance originating in any point {x, y, z) of the original wave-front will 
extend over a surface. To obtain the equation of this surface, we observe 
that the time taken by light to travel through the medium from an arbitrary 
point (ic, y, z) to another arbitrary point {x\ y', z') depends only on the six 
quantities {x, y, z, x\ y\ z) : let it be denoted by V (x, y, z, x , y\ z). This 
function V (x, y, z, x, y\ z') was called by Hamilton the characteristic function 
for the medium in question. A disturbance which originates at a point 
(fc, y, z) of the original wave-front at the instant t will therefore at the 

instant t' extend over the surface whose equation in the coordinates 
{a^, y, z) is 

V (x, y, z, a, y, z') = t' -t (1). 

Now according to the principle of wave-propagation laid down by 
Huygens, the wave-front which represents the whole disturbance at the 
instant t' is the envelope of the secondary waves which arise from the 
various elements of the original wave-front. Call this new wave-front 2; 
and denote the direction-cosines of the normal to the wave-front a at 
{x, y, z) by {I, m, n), and the direction-cosines of the normal to the wave- 
firont 2 at the corresponding point* {x\ y', z) by (/', m\ n) : these are the 

* The point («', y\ t') is eald to correspond to (x, y, *) if the secondary wave propagated 
from (x, y, t) tooohes the envelope 2 at (x', y\ s'). 


W. D. 


19 
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direction-coeines of the rays at {af, y\ x') and («, y, x) respectively, since in 
an isotropic medium the ray is normal to the wave-front*. Then since 
2 is the envelope of the surfaces V corresponding to points on <r, the 
equation 

37, 37, ^37 , - 

must be satisfied by all those values of the ratios dx \dy : dz which 
correspond to directions in the tangent-plane to i.e. which satisfy the 
relation 

/(ir + mdy -f ndz = 0. 

Hence we have 

\dV_l dV_ldV 
I da: m By ^ n dz 

Moreover, since (f, fn\ n) are the direction-cosines of the normal to the 
surface V at the point y", -s'), we have 
ldV_ 

I' da:* ^ m'dy n* dz' ^ 

Now a ray of light which passes through the point (a?, y, z) in the direction 
{i,fn,n) at time t passes through the point («',y', /) in the direction 
at time t' : and equations (1), (2), (3), together with the equation 

P + m'» + n'*-l (4), 

are six equations, from which we can determine the six quantities (a/, y', o', 
V, to', n') in terms of (x, y, x, I, to, n). Thus by these equations the behaviour 
of rays of light in the medium is completely specified in terms of the single 
Ruction V (ic, y, z, y', z'). It will be observed that they are not differential 
equations, but that they give directly, in the integrated form, the changes in 
any system of rays after a finite interval of propagation through the medium. 
It is evident therefore that all problems in optics depend on the deter- 

minatioD of Hamilton’s characteristic function x\y,z') for the 

optical medium or system of media through which the rays pflSS. 

From the point of view of Pure Mathematics, we regard the change from 

the set of variables {x, j/, z, i, w, n) to the set of variables l\ m\ w'), 

dr (to express it geometrically) from the surfaces cr to the surfaces 2, as 
a transformation. The function V is thus to be regarded as determining a 
transformation of space which changes any surface <r into a new surface 2. 
It is evident that if two surfaces a and a touch at a point, the corresponding 
transformed surfaces 2 and 2' also touch at the corresponding point : on this 
account the transformation has been called by S. Lie a contact-transformation. 
Thus any function V(x, y, z, y', /) defines a (mtcui-trimformation, which 

• For fimpUoity wo ore tnppotiog that the medium, though optically heterdgeneone, if 
iiotroplov Hamilton considered also the more general case of a crystalline medium. 
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transforms any wave-front <r into the wave-front S which is derived from 
a by propagation through the medium in the interval of time f —t. 

A simple example of a contaoi-transformatioD is the well-known geometrical trans- 
formation known as reciprocation. In order to find the reciprocal of any given surface Cr 
with respect to a given surface, we correlate to every point {x^ y, 2 ) on <r a plane, namely 
the polar plane of y, s) with respect to the quadric. When the point (x, y, z) takes all 
possible positions on the surface cr, the plane envelopes a surface Z, which is the reciprocal 
of <r. The transformation from cr to 2 is evidently a contact-transformation. In this 
case Hamilton’s function V is linear with respect to (x, y, z) and also with respect to 


Proceeding now with Hamilton’s problem, equations (2) and (3) may be 
written 


daf 


ul. 

dV 

dV 
dz ” 

W, 

dv ^ , 

li 


where tc and \ are quantities not as yet determined. They can however be 
readily found. For the equations may be written 

dP = « {Idx + mdy + ndz) + X (Vdx' + m'dy' + n'd/) (6). 

Now by proceeding a small distance ds along the ray at («', y\ /), we 
increase V by the time which light takes to travel along ds'. But if the 
units are so chosen that the velocity of light in free aether is unity, then 

the velocity of light in the medium at (Xy z) is 1//, where y! denotes 
the refractive index at this point. Thus the time taken by light to describe 
de' is or pf (V* + m* + n'*) da', or p,' {I'dx' -h m'dy' 4- n'dz'). Comparing 

this with equation (6), we see that Similarly where p 

denotes the refractive index at (ar, y, z). Thus Hamilton’s general formula 
becomes 

if • ft! {{dfi m'dff' + n'ii) -fi{ldxi rndy + ndz), 


If we write 

/J-f, pm^rfy pl'^i\ pm'^fi\ 

this takes the form 

dV ^ f 'do?' + ff'dy' + f'd/ — ^dx — ffdy — ^dz (6). 

The quantities (f, 1 ;, f), (f ly', i) were called by Hamilton the components 
of normal slowness of propagation of the wave at (x, y, z) and {x\ y\ s') 
respectively. 

Consider now the particular case in which the interval of time 
between the two positions a and 2 of the same wave-front is very small : 

19—2 



292 


The Trar^formation-Theory of Dyrumiea [oh. xi 


denote it by At. In this case the contact-transfonnation is said to be 
infinitesimal. Write 

a!' = ® + «At, y'«=y + /9At, «'**+7At,1 

f'=f + wAt, + (7). 

V=FAt ) 

Then equation (6) becomes 

d W . At «= (f + «At) (da + d« . At) + (i> + «At) (dy + d^ . At) 

+ (f + wAt) (dz + d 7 . At) - f da - y dy - ?di 
= uAtda + vAtdy + wAtdz + f Atda + yAtd^ + f Atd 7 , 
or dir»«da + «dy + «)dz + fdo + yd^ + ?d7, 

or d(fa + i;/3 + ?7- W) = «df+/9dy + 7df-uda-tfdy-«>de. 

Thus if we denote the function fa + »j3+?y- ^ supF®® ^ 

expressed as a function of a, y, z, f, y, f, we have 

djff = adf + /9d»j + 7 d? - ttda - »dy - wdz (8). 

df 1 da 

Now evidently, from (7), in the limit u becomes , a becomes ^ , etc. 


Thus we have 




so the rates of increase of the six variables (a, 
equations 

^ dja ^ 

dt “ af ’ dt au ’ 


dt~ dx‘ dt dy’ 


y, s, f, •?, ?) are gi^e“ '’X 


dz _ 

dH 

di~ 

K 

df 

_dJH 

dt 

dz 


and this is a Hamiltonian system of equations, such as occurs in dynamics. 

Out inmti^ion shews that it may be regarded as representing an in- 
finitesimal contact-transformtion, thai is to say, tk motim of a mvefr^ 
from one position to a position indefinitely near it. The integrals of this 
Hamiltonian system are the equations (1), (2), (3), (4) above : they represent 
a finite contact-transfonnation, that is to say, the motion of a wave-front 
from one position to the position which it acquires after a finite interval of 
time. Thus we see how by using the ideas of the undulatory the^ of light, 
Hamilton was able to obtain an integrated form far the differencial equations 
of dynamics, depending on o single unknown function. 


126 . Contact-transformations in space of any number of dimensions. 

The rest of the present chapter will be concerned with the application of 
Hamilton’s ideas, described in the preceding article, to the general case of a 
dynamical system with any number of degrees of fieedom, and the connexion 
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of the results with certain theorems due to Lagrange, Poisson, Pfaflf, and 
Jacobi. ^ 

We shall first define a contact-transformation in n-dimensional space, 
using for this purpose a generalisation of equation (6) of the last article. 
Let ( 9 i, ^2. •••» (Iny Pu Pa. •••.Pn) ^ » set of 2/1 variables, and let 

(Qi> Qa> Qn. -Pi. Pa. •••» Pn) 

be 2n other variables which are defined in terms of them by 2n equations. 
If the equations connecting the two sets of variables are such that the 
differential form 

+ PidQi + . .. + PndQn -Pidqi- p^dq^ ~ - p„d^n 

is, when expressed in terms of (^i, ^2. •••, ^n, Pi. pa. •••. pn) and their differ- 
entials, the perfect differential of a function of q^, ..., pi, pa, ...,Pn)> 
then the change from the set of variables {q^ q^, .^.^qn^Pu Pa, •••,Pn) to the 
other set (Q,, Q^, .... Q„, P,, Pj, ...» Pn) is called a contact-transformation. 

It may be obsen'ed that this is different in form from the definition which is most 
convenient when contact-transformations are studied with a view to their applications in 
geometry and in the theory of partial differential equations : the latter definition may be 
stated thus : a contact-transformation is a transformation from a set of (27i-f 1) variables 
(?!» ^n.Pi.Pi. •••. Pn. to . another set ($ 1 , § 2 , «.♦> Q«. Pi> Pa. — > Pn. A f’^r 

which the equation 

dZ-- P^dQi- PndQ^=p{dz-pxdq^-pidqi- >^^-Pndqn) 

is satisfied, where p denotes some function of (^ 1 ,^ 2 . •••» 9»» Pi. Pa. •••. Pn. ^)- 

If the n variables (Q,, Q2. •••, Qn) are functions of (g,, q^, ...» qn) only, 
the contact-transformation from the variables , 92. •••, ?n, Pi. •••>Pn) to the 
variables (Qi, Q2, On, Pi, •••. Pn) is called an extended point-transformation, 

the equations which connect (^1, 92 qn) with (Q,, Q3, Q») being in this 

case said to define a point- transformation. 

From the definition it is clear ttiat the result of performing two contact- 

transformations in succession is to obtain a change of variables Avhich is itself 

a contact-transformation. It is also evident that if the transformation from 

( 7 ..g. qn,Pu:;Pn) to (Q„ . . . , , A -P») « a contact-trans- 

formation, then the transformation from (Qi, Q. Qn. P^, Pi, Pn) to 

q»,pup, Pn) is also a contact-transformation; this is generally 

expressed by saying that the inverse of a contact-transformation is a contact- 
transformAtion. This, together with the foregoing, shews that contact-trans- 
formationa possess the group-property. 

Example 1. Shew that the transformation defined by the equations 
( §=(2j)Mcosp. 

(P-( 2 j)^e“*sinp, 


18 a contact-transformation. 
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Id this OMO we have 

{(2j) "“^(508 pdq - (2^)^ sinjjrfp} -jj dq 
{q sin p cos jp - qp\ 
which is a perfect differential. 

ExampU 2. Shew that the transformation 

l^-logQsinp), 

*P = ^COtjt), 

is a contact-transformation. 

Example 3. Shew that the transformation 

’^«log(l+5ricoep), 

P=s2 (1 cos p) q^ sin p, 

is a Gontact-transformat.ioD. 

We shall now obtain the explicit analytical expression of a contact- 
transformation. 

Let the transformation from variables (^i, 9* , . . . , ^n» Pi, • • • , Pn) to variables 
(Qi, Q*i •••, Qn, Pfi) be a contact-transformation, so that 

2 (PrdQr-prdqr)^dW, 
f«l 

where dW is a complete differential. 

From the equations which define (Qj, Q*, ...» On » -Pi > •••> Pn) in terms of 
(?i, 9*, • • . »9ii,Pi» . . . ,Pn) it maybe possible to eliminate(P, , P„ . , Pn,pi , . . . ,Pn) 
completely, so as to obtain one or more relations between the variables 

(Ox> Oa» •••» On» 9i» •••. ?n)'> 

let the number of such relations be k, and let them be denoted by 

.... Qn)=*0 (r=*l, 2 A:).. .(A). 

The meaning of these relations may be illustrated by reverting to the geometrical 
tiieory of contact-transformations in ordinary tbree-dimeittional space, when there are 

three cases to consider : 

(fl) There may be only a single relation between the new and old coordinates, say 

0-0. 

When (or, y, *) are given, this equation, regarded as the locus of a point (:c', y, *'), 
represents a surfhoe ; so that each point (jr, y, z) is transformed into a nurfouie, which we 
may call an O-surface : and any arbitrary si^ace <r is transformed into a surface S which 
is the envelope of the Q-surfaces corresponding to the individual points of (r. This is the 
general case, and is the only one we considered in $ 125. 

(fi) There may be two relations of this kind, say 

(^r y, y» *')-0, 0| (x, y, V, y, /)-0. 

If (Xf y, z) are given, these two equations in (j/, y, d) represent a curve : so each point 
{Xf y, z) is transformed •into a cufM, which we may call a jT-curve : and any arbitrary 
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Burfftce <r is transformed into a surface S which is the envelope of the JT-curves corre- 
sponding to the individual points of tr. 

{y) There may be three relations of this kind, say 

0 - 0 , 02 (^, y, h Oy', 0=0, z, y,y, /)=o, 

in which case each point ( 47 , y, z) is transformed into a point (O y\ z \ and any arbitrary 
surface tr is transformed into a surface 2 which is the locus of the points corresponding to 
the individual points of <r. 

Since the variations (dqi, dqn, dQu •••, ciQn) in the equation 


S (PrdQr -Prdqr) = dW 

r=l 


are conditioned only by the relations 

da 


0fi^ , dar , 
^dq, + ^^dq,+ .. 


J dar Jn a 


we must have 


4.x 

'~dQr^^dQr-^^^dQr 


dW 9ft, 

'dqr~' 




da^ 

dqr) 


dQn 

(r=1.2,...,k). 


(r= 1, 2, ..., n) (B), 


where are undetermined multipliers and where W is a function 

of (g,, g, g„, Q„ Qa Q„). The equations (A) and (B) are (2?i + fc) 

equations to determine the (2n q- A;) quantities 

(Qi» •••> Qn, P\y •••, •••> ^k) 

in terms of (^i, . . . , gn. Pi . • • • » Pn)- These equations may therefore be regarded 
as explicitly formulating the contact-trarisformationy in terms of the functions 
(IT, 111 , Hj, n*) which characterise the transformation, 

Convei^ely, if (TF, H,, n,, are any (Ar + 1) functions of the variables 

(?i, g, gn, Qi, •••. <2n). where fc ^ n, and if 


(Qi, Qit •••> Qni Pi> •••> Pn> \ ^t) 

are defined in terms of Pi» •••, Pn) hy the equations* 


Or(gi, g* gn> Qit Qti Q«) ^ 

(»-=l, 2, .. 

A;), 


(r-=l, 2, .. 

.. n), 

dW ^ 9ft, . 9ftt 

dqr~^dqr ■■■ ‘^gr 

(.• = 1, 2... 

n), 


'* These equations were first given in Jacobi’s Vorlesungen fibrr Dynamik (18b6), p. 470, where 
their utility in the transformation of partial differential equations of the first order (to which 
dynamical problems can be reduced) was indicated. Their place in the theory of contact-trans- 
formations was pointed out by Lie. 
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then Ihe imnsformation from (q^ g*, ...» gn.Pi, • -.Pn) to (Qi, Qa, Qn, 
-Pi> w « contact4ran8format%on] for the expression 


X {^PrdQr ““ Prdqr) 

r=l 

becomes, in virtue of these equations, d W, and so is a perfect differential. 
Example, If §=(2g)H“^oo8|9, ainjp, 


shew that 


P- 


0IF 


0fr 


where Wm^^Q{2qk- -^arocos 

80 that the transformation from ( 9 , p) to (Q, P) is a contact>transformation. 


127 . The bilinear covariant of a general differential form. 

Now let (aJi, . .., jfn) he any set of n variables, and consider a differential 
form 

Xidxi -f Xidx2‘^ ••• + XndoCf^f 

where (X,, Za, .... Zn) denote any functions of {xi,X 2 , ...,Xn)\ a form of this 
kind is called a Pfaff^s expression* in the variables (a?!, X 2 , a?n)* Let this 

expression be denoted by 9^, and write 

sa Zi + Za^^a + • • • + XnSXft , 

where 8 is the symbol of an independent set of increments. Then we have 
S9a — d9i = 8 (X\dxi + Zjcf^ra + ••• + X^^dx^^) — d (XiSxi -i- Za8a^ Xf^SXf^) 
*■» SEidxi + . . • "f* hX ndx^ + X x^dxi + . . . -f- Xnbdxn 

— dZi8a>'i — ... — dXnbxn — XidBxi ~ — XndBxn. 

Using the relations hdxr^dhxr, which exist since the variations d and 8 
are independent, and replacing dZ^, hXr by 


31,, 31,, 31, 


&ri + . . . + ^ respectively, 


1* n 

we have — 2 2 Oijdxihxj, 

<«i y=i 

where denotes the quantity dXi/dxj - dXj/dxi, 

Let (y,, ya» •••> yn) be a new set of variables derived from (a?i, a?*, •••! ^n) 
by some transformation ; let the differential form when expressed in terms of 
these variables be 

Yidy, -f F,dy, + ... + Y^dyn- 


* PfdTt eelebratod memoir on these expressions was presented to the Berlin Academy in 1610 : 
Abhandl, Akad. der Ww. 1814.16, p. 76. 
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and let the quantity dYijdyj — dYj/dyi be denoted by hij. Then since the 
expression — dOt has obviously the same value whatever be the variables 
in terms of which it is expressed, we have 

2 2 dijdxihxj*^ 2 2 bijdyi^yj, 

t«=i i-i j^i 

The expression XoijdxiBxj is, on account of this equation, called the 
bilinear covariant of the form 2 XrdXf. 

r-l 


128. The conditions for a contact-transformation expressed by means of 
the bilinear covariant. 

1^1* {Qu Qai •••! Qm Pi, Pn) be variables connected with q^, 

n 

•••,Pn) by a contact transformation, so that 2 PrdQr differs from 

r=l 

n 

2 prdqr by an exact differential. 

r*l 

It is clear from the last article that the bilinear covariant of a differential 
form is not affected by the addition of an exact differential to the form, since 
it depends only on the quantities dXildxj-dXj/dxi, which are all zero when 
the form is an exact differential: and we have shewn that the bilinear 
covariant of a form is transformed by any transformation into the bilinear 
covariant of the transformed form. It follows that the bilinear covariants of 

« n 

the forms 2 PrdQr and 2 prdqr are equal, i.e. that 

r-l r-l 

2 {SPrdQr — dPrSQr)^ 2 {Bprdqr — dqr&Pr) 
r-l r-l 

SO that if the transformation from 

(^Ii Jai •••» 9n> P\* Pn) ^ (Qi> Q 2 , •••» Qm P 1 , •••» P n) 

is a mM4ransf()rmim, tiie expression 

n 

2 (Sprdqr - dqrSpr) 

r«l 

is invariant under the transformation. 

Example. For the transformation defined by the equations 

( 2 ^)i ifc ■“ i cos p, (25^)* fliu p, 

we have 

dP^ ( 2 ^) ■" i irl sin pcfy +{ 2 ^)^ cos pofp, 
bQ ■■ (2^) ■■^i?“^coflpfi5'“ (29)^ it “ ^ sinpdp, 

I dP»( 3 q) ” ^ it^ sin pdg + ( 2 ^)^ ifc^ cos p dp, 

COS pdp - (29)^ Jt ^ sin pdp. 
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By multiplication we have 

dPdQ-6FdQ^m ^Bm*p{dqbp-bqdp)-^cob^p {dphq^hpdq) 
m^dptq-hpdqy 

and oonsequently the transformation is a contact-transformation. 


129. Ths conditions for a contacUtransformation in terms of Lagrange* s 
bracket- expressions. 

We shall now give another form to the conditions that a transformation 

from variables (q„q, q„, p, p„) to variables (0„0„ Q„,P, P„) 

may be a con tact- transformation. 

(?i. •••« are any functions of two variables (w, v) (and 

possibly of any number of other variables), the expression 

r=i \3u 0t; ^ dv ) 

is called a Lagrange's bracket-eapression* . and is usually denoted by the 
symbol [% v]. 

If now (qiy ..., q^^ -.iPn) are any functions of 2n variables 
(Qi» Q*, •••, Qn, -Pi> i^n)> then in the expression 


2 {dprhqr- ^Prdqr) 


we can replace dpr by 
^ . ^Pr . 




dpr 


dpr 


and similarly for the other quantities ; we thus obtain, on collecting terms, 

n 

2 (dpfSqr — Bprdqr ) « 2 [m*, mJ {du^Bu^ - Buiduh), 

r=l I 

where the summation on the right-hand side is taken over all pairs of 
variables (w*, w,) in the set (Q„ ..., ..., P„). 

But if the transformation from the variables (q^qy, ...,?n,pi. •••.Pn) 

\o the variables (Q,, Q„ is a contact-transfonnation, ^ 

have 


2 (dprhqr-iprdqr)^ 2 (dP.SQ, - SP,iQ.), 

r-1 ,.l 

and this holds for all types of variation 8 and d of the quantities ; comparing 
with the above equation, we have therefore 


[P<. PJ = 0, [Q<, Q,]»0 (t, 2, n), 

[ft.P*]-0 (i,A:-l,2 n-,xik), 

Wi.PJ-1 (»-l,2 n). 


lAgrange, Mim, dg VInttitut ds Frdnu, annte 1808; nprintod OeuvrUy vi. p. 718. 
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These ma/y he regwrded as partial differential equaitons which must he 
satisfied hy {quq^y considered as functions of 

(Qi» Qtt Qn» Tn) 

in order that the transformation from one set of variahles to the other may he 
a contact-transformation. These equations represent in an explicit form the 
conditions implied in the invariance of the expression 

2 (dprSqr-^rdqr)- 

r-l 


130. Poisson's hracket-expressions. 

We shall next introduce another class of bracket-expressions which are 
intimately connected with those of Lagrange. 

If u and V are any two functions of a set of variables (^i, •••^qn* 

i>i. •••yPn)> the expression 

i /du dv du 3v\ 
rmiKdqr dpr~‘dpr dqj 

is called the Poissons hradcet-expression* of the functions u and Vy and is 
denoted by the symbol (w, v). 

Suppose now that li*, ...» u^) are 2n independent functions of the 
variables ...,PnV 80 that conversely (q^ --iPn) 

are functions of (Ui, ...» Wan). There will evidently be some connexion 
between the Poisson-brackets (Ur, and the Lagrange-brackets [ur, u,] : 
this connexion we shall now investigate. 

We have 


S K. - A (I; ^ 1 1) e g g 


2 }» n » 

2 2: 

Now multiply out the right-hand side, remembering that 

|!f« and 2 


t-idqidiH t^idpidut 

are each zero if t ^ j and unity if i ; and that 

I and 2 

t.idpidut 


e-1 dqi dut 
are each zero ; the equation becomes 




and consequently 


2 (ttt,iir)[we> when r ^ s, 

tmt 

In 

2 (Ux, ttr)[«t, 

• Poitton, Jewrnal di VteoU polytech. vni« (Cahier 16), (1809), p. 266. 


while 
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But these are the conditions which must be satisfied in order that the 
two determinants 


K. “il [«i. “»]••• [«i. «»] 
[u,. «,] [«,. [u,. 

and 

(«,, «,) (u,, M,) ... (Um, U.) 

(itj, Wj) (Uj. ... (t<2fii Uj) 




Ui] [U„i. 


(tti. «») («»n. M») 


may be reciprocal, i.e. that any element in the one should be equal to the 

minor of the corresponding element in the other, divided by this latter 

determinant ; the product of the two determinants being unity ; and thus the 
connexion between the Lagrange-brackets and the Poisson-brackets i$ expressed 

hy the fact that the determinants formd from 1km are reciprocal. 

Example 1. If are any three functions of pi, p»), shew that 


Example 2. If F, ♦ are functions of (/i, /j, /*), which in turn are functions 

(Vi» Vi. Vii, pu Pn\ shew that 




3/’a*\ . . 


where the summation is taken over all combinations /,, /■,. 


131. The conditions for a contact-transformation expressed by means of 
Poisson's bracket'expressions. 

Now let (Qi, Qa, Qn, Pi, .... P„) denote 2n functions of 2n variables 
(Vi> Va» we shall shew that the conditions which must be 

satisfied in order that the transformation from one set of variables to Vie other 

may be a contact-transformation may be written in the form 

(ft.ij) = 0 (t.i=1.2 n;iij), 

(Qi.Pi) = l (t = l,2,...,n). 

For we have seen in § 129 that the conditions for a contact-transformation 
are expressed by the equations 

\[Pu P,] = 0. Q,]-0 (f,y- 1. 2, .... »). 

J [(>i,-P>] = 0 

( [Q.-.P<]-1 (*-1.2 n). 

Hence the relations 

2s 

2 («», t * r ) [«•>«»] -0 


(*•5*) 
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of the last article become 

«2i.«i) = 0 (Pi,Pj) = 0 (t,i= 1,2,. 

(Pj, 0<) = 0 (t,j = l. 2 

while the relations 

2» 

2 (Uc. Ur)[Ut, Wr] = l 

e = i 

give (Q{, P<)= 1 (t = 1, 2, ..., n); 

the theorem is thus established. 


Exam'fle 1. If ($i, Pi, P«) are connected with (gi, gs, ... , Pu ••• » P*) 

by a contact-transformation, shew that 

r-1 “ 3^ ^ * 

80 that the Poiaaon-brackets of any two fiiDctiooa (fiandf with reapect to the two aeta of 

variables are equal. 

Exam^ 2. If are given functions of (ji, p^, and 

satisfy the partial differential equations 

(^r, ^•)=0 2, ..., n\ 

shew that n other functions (Pi^ P„....,PJ can be found such that the transformation 

from (j,, ft, ft, p^ p,) to ($„ §a, ..., §„ Pu P,) is a contact-trans- 

formation. (Lie.) 

132. The sub-groups of Mathieu transformations and extended point- 
transformations. 

If within a group of transformations there exists a set of transformations 
such that the result of performing in succession two transformations of the 

set is always equivalent to a transformation which also belongs to the set, this 
set of transformations is said to form a svh-group of the group. 

A sub-group of the general group of contact-transformations is evidently 
constituted by those transformations for which the equation 

2 P,(iQ,= 2 
r=l r=l 


is satisfied. These transformations have been studied by Mathieu*. 


They are essentially the same as the transformations called homogeneous contact- 
transformations in (ji, ..., j,, pi, ...,p»)” by Lie. 


In this case, we see from § 126 that (Qi, 0„ A. •••» -Pn) are to be 

obtained by eliminating (Xi, X*, ..., X*) from the (2n4'A:) equations 


/ 




?*» •••> ^ 

. 00 . . 00 , ^ 


(r = l, 2, .... k), 
(r=l, 2, ...,n), 

(r-1.2 n). 


• Jownal d€ Math, xix. (1874), p. 266. 
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From the form of these equations it is evident that if (|hi J>b» are 

each multiplied by any quantity /*. the effect is to multiply (P,, P„ P^) 
each by/*; and therefore (P,, P„ P*) must be homogeneous of the first 
degree (though not necessarily integral) in ...,pn). 

A sub-group within the group of Mathieu transformations is constituted 
by those transformations for which {P ^ , A, . . . , Pn) are not only homogeneous 
of the first degree in (pi, p., ...» p») but also integral) i.e. linear, in them ; so 

that we have equations of the form 


Pr-^PtUiqi, qt, ?.) (r = 1, 2, .... n). 

Substituting in the equation 

2 PrdQr- 2 Prdqr’^O, 

r-l r -1 

and equating to zero the coefficient of p), we have 


3 1 ’ ^* " 4» - 1, 2, , n), 

■ 80 (}„ q „ .... },) are fiinctionfl of (Q„ Q, Q,) only, and 

/r* «= dqkIdQr (r, ^ » 1, 2, . . . , n). 

It follows that transformations of this kind are obtained by aesi^ir^ 
n arbitrary relations connecting the variables (g,, g*, with ihe variables 

(Q\i Q%t •••! Cs)» <^nd then determining (P,, P,, P,^) from the equations 


Pr 



(r-1, 2 n). 


These transformations are extended point-transformations (§ 126). 


ExampU. If 

ibewthat 


2 PrdQr^ 2 Prdqr, 
r-l r -1 

S ^ A ? fL P 


188 . Injmtetimal emtact-trarwformatvm. 


We shall now consider transformations in which the new variables 

(ft. Q»> Pi> •••> •?«) differ from the original variables (g„ ... 

Pi, by quantities which are infinitenmal. Let these differences be 

denoted by (*g„ .... ..., Ap,), whwe 


....qn.Pi, ■..,!>«) At) 

APr-V'f(?i. ?t. .... ?„ Pi P»)AtJ 

and- At is an arbitrary infinitesimal constant; so that 

Qr “ Jr + Aj, - Jr + Atl 

.Pr*|V + Apr-;V+ +rAtJ 


(r— 1, 2, .... n), 


(r — 1, 2, ... , 



^3 


182 , 1333 The TT€i/n^orrn4itioiii^!rheory of l^yruMnics 
and the transformation is specified by the functions 

(<^i. <^n, V^n). 

Now suppose that the transformation is a contact-transformation. Then 
we have 

i {PrdQr-prdqr)^dW, 

r«l 

where W is some function of (^i, •••» pi, Pn); or 

2 ((?'■ + (*%'■ + ^ -Pr<igr} = d 

r-1' 

or A< 2 (+rd^r+Pr<^<#>r) 

r*l 

It is evident that the fanction IT must contain as a factor : writing 
W “ (/At, where U is some function of (9,, p,, p„), the equation 

becomes 

ti 

t, {^rdqr+Pri4r) = dU. 

r»l 

Hence we have 


2^ (yjTrdqr — 4>rdpr) = d (jl — 


and therefore 


==-dK (?„ qt, .... qn, Pi Pn) say, 




(r = l,2 n). 


Thus tAe mott general infinitesimal c(mbKHraiui/ormation is defined by the 
equations 


Qr- 


.9^ A. 


„ »*A, 


(r = l, 2,..., n), 


where K xe an arbitrary function of (q^ ?*, 9n> Pu •••» Pn), At « an 

arbitrary infinitesimal quantity independent of {qu q^y 9n, Pi, •••, Pn)> 

The increment in any function fiq^ }i, ?n. Pi, •••) Pn) when its argu- 

ments (9i, 9i, ...» 9«,Pi, -.^Pn) are subjected to this transformation is 

r.\\dqrdp, dprdqrJ 
or 

on this account the Poiason-bracket (/, K) is said to be the symbol of the 
most general infinitesimal transformation of the infinite group which consists 
of all oontact*tmnafinination8 of the 2n variablee (91,91 9ii>Pi> "mPii)- 
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134. The reeidting new view of dynamics. 


The theorem established in the last article enables us to extend to all 
conservative holonomic dynamical systems, whatever be the number of degrees 
of fireedom, the conception which was formulated at the end of § 125 for 
certain simple i^stems. For the motion is expressed (§ 109) by equations of 
the type 


dqr _ dH d^ dH 

dt dpr* dt dqr 


(r = l, 2, 


and from the last article it follows that we can interpret these equations as 
impljdng that the transformation from the values of the variables at time t 
to their values at time ^ 4- dt is an infinitesimal contact-transformation. 21ie 
whole course of a dynamical system can thus he regarded as the gradual self- 
unfolding of a contaet-tramformation. This result is really a generalisation 
of the statement that the paths of the rays in a pencil of light can he specified 
by the gradual propagation of a wavefront. Taken in conjunction with 
the group-property of contact-transformations, it is the foundation of the 
transformation-theory of d 3 mamical systems. 


From this it is evident that if (g„ g*, ..., qny Pi> ‘--yPn) are the variables 
in a d 3 mamical system, and (a,, ..., a,j, )8i, ..., fin) are their respective 

values at some selected epoch t =* <o> the equations which express (gi , . . . , 

p,, p») in terms of (ai, a,, flfn> •••, fin, t) (and which constitute the 
solution of the differential equations of motion) express a contact-transforma- 
tion from (Ui. a,, ..., Ofn, A, ...> fin) to (gi, 9 a, ..., qn,Pi, ...,Pn); ^ this t is 
regarded merely as a parameter occurring in the equations which define the 
transformation. 


135. Helmholtz's reciprocal theorem. 

Since the values of the variables (g, , g, , .... 5,, , p, Pn) of a dynamical 

^stem at time t are derivable by a contact-transformation from their values 

(a„ 0 ,. On, A, )8n) at time U, we have (§128) 

2 (^piBqi-hpi^qi)= t (A/8<8a<-8/9<Aa<), 

4»1 <-i 

where the symbols A and 8 refer to increments arrived at by passages finm 
a given orbit to two different adjacent orbits respectively. 

Now suppose that 8 refers to the increments obtained in passing to that 
orbit which is defined by the values 

(ttii fiit fit* •••» fir-it fir"^ ^fir, fir+it •••» fin) 

at time U \ ftad let A refer to the increment obtained in passing to that orbit 
which is defined by the values 

p^i,p. + Ap„p,+i, ...,p») 
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at time ti j then the above equation becomes 

\p,hq,» 

80 the increment in q, due to an increment in fir (when cr,, er,, a„, 
fiit fir-.\i fir^xt are not varied) is equal to the increment (with sign 

reversed) in ffr corresponding to an increment in (when , 93 , . . . , > Pit * • m 

Pi-i» Ph- 1 . ...» Pn are not varied) equal to the previous increment in fir. 

This result can for man^^ systems be physically interpreted, as was 
observed by Helmholtz* ; for a smaM impulse applied to a system can be 
conveniently measured by the resulting change in one of the momenta 
(Pit •••! P»)t And the change in due to a change in />, can be realised in the 
reversed motion^ i.e. the motion which starts from some given position with 
each of the velocities corresponding to that position changed in sign, so that 
the subsequent history of the system is the same as its previous history, but 
performed in reverse order. We can therefore state the theorem broadly 
thus : the change produced in any interval by a small initial impulse of any 
type in the coordinale of any other (or of the same) type, in the direct motion, 
is equal to the change produced in the same interval of the reversed motion in 
the coordinale of the first type by an equal small initial impulse of the 
second type\. 

Example, In elliptic motion under a centre of force in the centre, if & small velocity 
dv in the direction of the normal be communicated to the particle as it is passing through 
either extremity of the major axis, shew that the tangential deviation produced after 
a quarter-period is dv, where ^ is the constant of force. Shew also that a tangential 
velocity Sr, communicated at the extremity of the minor axis, produces after a quarter* 
period an equal normal deviation hv. (Lamb.) 


136. Jacobis theorem on the transformation of a given dynamical system 
info another dynamical system. 


It appears frx>m § lltS that if a Hamiltonian system of difrerential 
equations 


is transformed by change of variables, the system of diflferential equations so 
obtained will still have the Hamiltonian form 


dt^dpr’ dt dq 


^ dK dj^ dK 

dt “0P,’ dt ’‘~dQr 


(r-1, 2 n), 


provided the new varisbies (Q„ Q, Qn, P» P») such that 

j P,iQ, + P,8Q, + ... + P,iQn 

is an integrabinvariant (relative or absolute) of the system. 


JmemelJSr Math, a (1886>. 
t Of. Lamb, Froc. Load. Math, 3oc. xn. (1896), p. 144. 

so 


W. a 
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A transformation of this kind is, in general, special to the problem 
considered, i.e. it transforms the given Hamiltonian system into another 
Hamiltonian system, but it will not necessarily transform any other arbitrarily 
chosen Hamiltonian system into a Hamiltonian system. Among these 
transformations however are included transformations which have the pro- 
perty of conserving the Hamiltonian form of any dynamical system to which 
they may be applied : these may be obtained in the following way. 

We have seen (§ 115) that 

[ i Prbqr 

Jr=l 

is a relative integral-invariant of any Hamiltonian system. Let (Qi, Qa> • • •» Qn, 
Pj, ..., P„) be a set of 2n variables obtained from (qi, •••.Pn) 

by a contact-transformation, so that 

I PrdQr - a Prdqr^d If. 

r»l r=l 

where dW denotes an exact differential. The equations which define the 
transformation may involve the time, so that (Q^, ..., Qn» Pu •••» -f^n) 

functions of (^i, ^ 2 . •••> •••tPn, t); but in the variation denoted by d 

in this equation the time is not supposed to be varied : if t is supposed to 
vary, the equation becomes 

1 PrdQr - 1 Prdqr = dlf 4 Udt, 

r=l r«l 

where U denotes some function of the variables. 

Now the variation denoted by S in the integral-invariant is a variation 
from a point of one orbit to the contemporaneous point of an adjacent orbit ; 
if therefore we regard the variables as functions of (tti, a*, where 

•••» are the constants of integration which occur in the solution of 

the equations of motion, the variation 5 is one in which (a^, a*, ...» a^) are 

varied but t is not varied : we have consequently, as a special case of the last 

equation, 

i PrbQr- i Pr^r-iW, 
r=l r=l 

and therefore f 2 PrSQ^ 

J r«l 

is a relative integral-invariant; so the transformed system of differentia! 
equations, in which (Qi, Qj, ...» Qm Pn) are taken as dependent 

variables, will have the Hamiltonian fonn and can be written 

^r ^ ^ JA 

dt "dPr' dt ” dQr 

where K is some function of (Q„ Q,. P„ ..., P*, t). 


(r-l, 2, .... n), 
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Hence a contcu^irtrarisforTnaium of the variables q^, Pn) 

of any dynamical system conserves the Hamiltonian form of the equations of 
the system^. In the case of an ordinary “change of variables” in the dynamical 
8378tem, in which (Q,, Qj, Qn) are functions of (^Tj, 9,, only, the 

contact-transformation is merely an extended point-transformation. 

Example. Shew that the oontact-transformation defined by the equations 
j.(2e)U-i 008 P, p — sin P, 

changes the system 

dt^ dq * 

where 

into the system 

^ ^ ^ _dK 
dt’^dP' dt“ 

where K^kQ. 


137 . Representation of a dynamical problem by a differential form. 

The reason for the importance of contact-transformations in connexion 
with d37namical problems is more clearly seen by the introduction of a certain 
differential form which is invariantively related to the problem. 

Let any differential form with { 2 n + 1) independent variables (xi, a?,, ..., 
^as+i) he 

jS^idxi + X^dx^ +«..*♦* ^^211+1 d^2n+i ) 
we have seen (§ 127 ) that its bilinear covariant 


2n+l 2S+1 

]£ ^ OijdxiBxj, 

<-i j=i 

where denotes the quantity {dXijdxj — dXjjdxi), is invariantively related to 
the form. If we equate to zero the coefficients of Sa?!, Sx^, ...» bx^n-^-u we 

obtain the system of (2n+l) equations 

211+1 2s+l 2n'»^l 

i-l 

Since the determinant of the quantities Oij is skew-symmetric and of odd 
order, it is zero, and these equations are therefore mutually compatible. 

They are known as the first Pfoff's system of equations corresponding to the 

2 »+l 

differential form 2 Xrdxr, and from the mode of their formation are in- 

r*»l 

variantively connected with it ; that is to say, if any change of variables is 
made, the new variables (y^yt* ym+i) being given functions of (ar,, ar„ ..., 
«in+i), and if the differential form be changed by this transformation to 

2fi+I 

t Yrdyr. 

r-1 


* This imporUnt thsonm wm first given by Jsoobi, .Comptes Rending n (t8S7), p. 61. 

20—2 
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and if 


2 hdyi-O, 


i-1 


2 bifdyi — 0, 


u+i 

2 


i-i 


Ktn+idyi - 0 


be the first Pfafi^s system derived from the differential form 

211+1 

2 Yrdyr, 

r=l 

then this system is equivalent to the system 

2ii+l Sn+l Sii+l 

2 atida:<*=0, 2 di^daim^O, 2 


Consider now the special differential form 

... ^pndqn-Hdt 

in the (2n+ 1) variables (g,, qn, Pi, ...» Pn» t\ where H is any function 
of (qi* Sit - ‘i 9ny P\* . . . , Pn > t). Forming the corresponding quantities we 
find that the first Pfiiff’s system of differential equations of this differential 
form is 

-dpr-^dt<M0 (r-1, 2, n), 


Of these the last equation is a consequence of the others ; and therefore the 
system of equations can be written 


dpr* dt dqr 


(r«« 1, 2, n) ) 


but these are the equations of motion of a dynamical system in which the 

Hamiltonian function is H, It follows that the dymmical syetm whm 

HamUtonim function is H ie inmriantively connected with the differential 
form 

Pidqi + ptdqt + ... + pndqn - Hdt, 


inasmuch as the equations of motion qf the dynamical system, in terms of any 
variables {xu t) whatever, are the first Pfaff*s system of the 

differential form 

Xjdxi 4* Xfdxf '^' ... + XfudXfn + Tdr 
which is derived from the form 

Pidqi + Pidq^ 4- ... + Pnd^n - Hdt 

by the transformation from the variables (q^ *•*» Sn»Pit •••fPnt t) to the 

variables («i, . . . , t). 
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188. The Hamiltonian function of the transformed equations. 

The result of the last article furnishes another proof of the theorem that 
the equations of dynamics 

dqr dU 


(r = l, 2, n) 


dpr ^ dH 

dt hpr' dt dqr 

conserve the Hamiltonian form under all contact-transformations of (^i, ^2 

9ntP\* •••tPnX and moreover it enables us to find the Hamiltonian function 
K of the system thus obtained, 

d;t ^dP/ dt ^''dQr 

For let the contact-transformation be defined by the equations 
/i^r = 0 (r = l,2, 


Pr- 


dW , ^ 9n, an, 

T - 


^ + A,- 3 ^ + X,”^+...+Xt^* (r = 1.2 «). 

dw . da, .an, s » 

^dqr ■■■ ^ dqr 

where (ll,, fl*, 11*, W) are any functions of the variables (qj, g*, g«, 

Qif Qtp •••> Qnt 0* 

From these equations we have identically 

and hence (the symbol d denoting a variation in which all the variables, 
including t, are changed) 

" *• air * an 

1 Prdqr^ 2 PrdQr-\-^dt^dW+l X. ^ 

r-l r»l w *=1 

or i prdqr -Hdl- l^PrdQr-{H-^~- S\. — dt - dW. 


The perfect differential dF on the right-hand side can be neglected, 
since it does not affect the first Pfaff s system of the differential form : and 
hence the contaot^transformation transfortns the system of equations 



dq, dH dpr ^ dH 

~dt^ dp,’ dt dq. 

II 

to the system 

dQ, dK dP, dK 
dt^dP,' 'W‘ dQr 

ii 

9^ 

uihen'e 

1 

H 


K being supposed expressed in terms o/(Qi, Qt, ...» Pi, 

....Pn.ty 
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139. Transformations in which the independent variable is changed. 

The result of § 137 also enables us to determine those transformations of 
the whole set of (2n + 1) variables (g,, 9,, ...» ...» |Jn. t) to new variables 

(Qi» 02> •••> Qni •••! ^n> by which any Hamiltonian system 


dqr _ ^ ^ ^ 

dt ^ dpt* dt dqr 

is transformed into a system of the Hamiltonian form 

d^^dK ^r___dK 

dT~‘dPr* dT^ 


(r*l, 2, ...,n) 

(r=l, 2, 


For this is the same thing as finding the transformations which change the 
differential form 

Pidqi + p%dq^ + . . . + pndqn + hdt, 

where the variables (q^ q-u qn> Pi* Pn* f^) are connected by the 
e<{uation 

Hiq^qi. •••»qnf Pu 0 + ^ = 0 , 

into the differential form 


PidQi + P^dQt + . . . + PndQn + hdT + a perfect differential, 

where the variables (Q,, Qa, Q„, Pi, P„ Pn, T, k) are connected 
the relation 


K{Q„Q,, ...,Qn, Pu.,.,Pn> T)^k^ 0 . 


by 


But any contact-transformations of the (2n 4 2) variables (^1, gai • •^qntti 
Pu />n, /t) to new variables (Q,, Qt. •••! Qn. P, Pi, Ps, •••> Pn,Ar)will satisfy 
this condition ; when the transformation has been assigned, the function K is 
obtained by substituting in the equation 

H{qi, ga, gn, Pi, t)+h^0 

the values of (g,, g*, g«, t, pj, ...,pn. h) as functions of (Q,, T, 

Pi, ...» jPn, Ar), and then solving this equation for k, so that it takes the form 

= 

the required transformations are thereby completely determined. 


140. New formulation of the integration-problem. 

We have seen (§ 137) that if any change of variables is made in the 
dynamical system 

dqr dH 

H^-'dqr 

the new differential equations will be the first Pfaff’s system of the fonn 
which is derived fix)m 

Pidqx +p*dg, + ... + Pndqn - Hdt 
by the transformation. 


dpr dH 
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Supposing that a transformation is found, defined by a set of equations 


9r= <t>r(Q„ Qt, 
Pr=^r(Qu Q., 


Qn,P,....,Pn.ty 


(r = l. 2. 


which is such that the above differential form, when expressed in terms of 
the new variables, becomes 


P,dQ, + P,dQ, + . . . + P^dQ^ - dT, 


where* dT is the perfect differential of some function of the variables 
(Qi, Q*i •••. Qn. P\, •••. Pfi* t)\ the corresponding first Pfaff’s system of 
equations is 

= dP, = 0 (r= 1, 2, ... n), 


and the integrals of these equations are 

Qr = Constant, Pr = Constant 

so the equations 

qr aa <f>r {Qi, Qj, ..., Pj, t)] 

Pr ■■ Qa> •••» Qn» •••» -Pn. 01 


(r = 1, 2, ..., n); 
(r=l,2 n) 


solution of the dynamical system, when the quantities (Qu Q.^, ..., 
Qnt Pit Pn) regarded as 2a arbitrary constants of integration. 


The integration-problem is thus reduced to the determination of a trans- 
formation for which the last teiifn of the differential form becomes a perfect 
differential. 


Miscellaneous Examples. 


1. Shew that the transformation iefined by the equations 

2X/>, = arcUn (^^-arctan A=X arcta«(^j , 

is A oontact-traiisfonnation, and that it reduces the dynamical system whose Hamiltonian 
function is to the dynamical system whose Hamiltonian 

function is Qt 


2. If (Xit Sty ,.,y JTj,,) denote any functions of iqiy q^y . > Pn if 

. .. + p»dgR= A'lciri -h Jr2rfjr,+ . .. + ; 

if moreover denotes dXyJdXn — dXyy/dXy,^y D denotes the determinant formed of the 
quantities denotes the minor of a,fc in P, divided by P, and u and v denote 

arbitrary functions of the variables, shew that 


5 ^ 


n n 

S I 




(Clebech.) 
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3. Shew that for any Hamiltonian system the integral -ioTariants 


and 




extended over corresponding domains, are equal if {qi, p^^ 

(9i» Qt} •••! ^iij P*) are connected by a contact-transformation. 


4. Prove that the contact-transformation defined by the equations 
j, = X, - i (2§,)* 006 P, + X, - * (2%)* 006 P„ 

9s=. - Xr ^ (2«i)* 008 A +X, - i (2ft)* cos Pg, 
'b>i=i(2X,ft)* sin Pi + i (2X,ft)* sin Pg, 

U“ -i(2X,ft)* sin ^i+i(2>»ft)* sin Pg, 

changes the system 

dt dt hq^ 

where 

^=Pi* +P j* -»* i^i* (9i - ?*)* + i Xg* (5i + yg)*, 

into the system 

3jr air 

dt'^dlV dt^'“dQr 

where 

^~Xi$i+Xg§|. 

Integrate this system, and hence integrate the original system. 


[ou. XI 


... p,) and 


(<•=1,2), 


('•-1.2), 
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PROPEBTIES OF THE INTEGRALS OF DYNAMICAL SYSTEMS 


141 . Reduction of the order of a Hamiltonian system by use of the integral 
of energy. 

We have shewn in § 42 how the Lagrangian equations of motion of a 
conservative holonomic system can be reduced in order by use of the integral 
of energy of the system. We shall require the corresponding theorem for 
the equations of motion in their Hamiltonian form ; this may be obtained as 
follows. 


Consider a dynamical system with n degrees of freedom for which the 
Hamiltonian function U does not involve the time explicitly, so that 

where A is a constant, is the integral of energy of the system. 

Let this equation be solved for the variable pi, so that it can be written 

...,pn, qu •••, qn, ^)+p, = 0. 

The dilFerential form associated with the system is 

P\dq^ -k- ptdq^ 4- . . . -H pndqn + hdt, 

where the variables (g„ 9, q»,pi,Pi, 0 connected by the 

last equation : the differential form can therefore be written 

Pidq^^Pidqt-^... + pndqn + hdt - K ( p^, p„ ...,pn, qi> ?n, h) dq^, 

where we can regard (ji, q^, ..., 9 », pa, ...» Pn, A, t) as the (2n+ 1) variables. 


But the differential equations corresponding to this form are (§ 137) 


dqr _ dK dpr _ _ 

dqi dpr ’ dqi dqr 


(r*2, 3, ..., n), 


dg, dit * dqi 


The last pair of equations can be separated from the rest of the system, 
since the first (2a ~ 2) equations do not involve t, and & is a constant. 
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The original differential equations can therefore he replaced by the rediuxd 
system 

= (. = 2,3 n), 

dqi dpr dq, dqr 

which has only (n — 1) degrees of freedom. 

This result is equivalent to that obtained in § 42, as can be shewn by 

direct transformation. 


Example. Consider the system 

M, J)B f , 2^ 

di Zpr dl "bqr ’ ’ 

where 

fs being a constant ; these are easily seen to be the equations of motion of a particle 
which is attracted to a fixed point with a force varying as the inverse cube of the distance : 
qi and qi are respectively the radius vector and vectorial angle of the particle referred to 
the centre of force. 

Writing - k, and applying the iheorem given abov**^ the equations reduce to the 
system 

dq2_^E dp2_^ dK 

dqi''^2' dy,” 

where 

Since K does not involve ^i, the equation Constant is an integral of this last 
system, and we can therefore perform the same process again : writing K= we have 




and the system reduces to the single equation 

«72 <// \ / 

the integral of which (supposing ft<k^) is 






where t is an arbitrary constant. This is the equation, in polar coordinates, of the orbit 
described by the particle. 

142. Hamilton's partial differential equation. 

If follows from § 138 that if a contact-transformation defined by the 
equations 

(r- 1, 2, n), 


dQr' 

where W denotes a given function of {q^ ...» ^n. Qi» Qt> •••! Qn» 0» 

performed on the variables of a dynamical system defined by the equations 
dqr __ dH dpr _ (^H 

dt ^ dpr * dt ~ dqr 


(r = 1, 2, 
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the resulting system is 


Dynamical Systems 


(r = l, 2, .... n), 


dt “dP,’ dt ” dQr 
where K^B + BW/dt. 

If the function K is zero, the system will be said to be transformed into 
the equilibrium’prohlenu Now the function K will be zero, provided Tf is a 
function such that 

0 

^ ^(9i> 9a» •••» 9n» Qi> •••» Qm t) 4- Pit •••> Pnt 0“ 

i.e. provided W, considered as a function of the variables (5,, g*, qn, t), 
satisfies the partial differential equation 

dw dW dW \ . 

This is called Hamilton's partial differential equation associated with the 
given dynamical system. It was published by Hamilton in 1834*, being the 
extension to dynamics of the partial differential equation which he had 
discovered ten years previously in connexion with optics. 

Suppose that a “ complete integral '' of this equation, i.e. a solution con- 
taining n arbitrary constants in addition to the additive constant, is known. 
Let (a,, flfa, ..., ttn) be these arbitrary constants, so that the solution can be 
written W {q^, g,, ..., a,, t) ; and perform on the original 

d3aiamical system the con tact- transformation from the variables (91, 92. ...,9»i» 
Pit •••t Pn) to variables (cti, •••. /^n\ defined by the equations 


Pr = 


dW 

dqr ’ 






(r-1,2 n). 


Since W satisfies Hamilton’s equation, the Hamiltonian function of the 

new system is zero, and consequently the equations of the system are 




(r = l, 2, ...,n), 


80 that (o,, ttj, a„, /8j, are constant throughout the motion. It 

follows that if W denotes a complete integnd of Hamilton s partial differential 
equation, containing n arbitrary constants (a^, a., then the equations 


^ da, ' 


Pr = 


dW 

dqr 


(r =a 1, 2, ...» n) 


constitute the solution of the dynamical problem, since they express the variables 
(9i>9a> ••••9n» j?i» •••tPn) in tei'ms oft and 2n arbitrary constants (a,, a,, On, 


Phil Tran 9 , 1S84, p. 247; ibid 1835, p. Vo. 
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• • • > lo this way the solution of any dynamical system with n degrees 

of freedom is made to depend on the solution of a single partial differential 
equation of the first order in (n -h 1) independent variables. 

It should however be observed that the converse of this theorem— namely the theorem 
that the solution of a partial differential equation such as Hamilton’s depends on the 
soluticm of a set of ordinary differential equations (the differential equations of the 
oharacteristics), which in this case are of the Hamiltonian form, had been discovered by 
Pfaff and Cauchy (completing the earlier work of Lagrange and Monge) before Hamilton 
and Jacobi approached the subject from the dynamical side. 

On the use that can be made of an incomplete int^al of Hamilton’s partial differential 
equation (i.e. one containing less than n arbitrary constants besides the additive constant), 
cf. Lehmann-Filhes, Aetr. Nach. clxv. (1904), col. 209. 

It may be noted that Hamilton’s ^lartial differential equation is not applicable as it 
stands to non-holonomic systems : for an extension to such systems, cf. Quanjel, Palermo 
xxii. (1906). p. 263. 

The integration of Hamilton’s equation by separation of variables is discussed by 
F. A. Dali’ Acqua, Math. Ann. lxvi. (1908), p. 398. 

Example. Consider the system 

dt hp' dt ^ ’ 

where 

and is a constant. The Hamilton’s equation corresponding to this system is 



a complete integral of this equation may be found in the following way. Assume 

where / and ^ are functions of their respective arguments : then we have 
o=/' (O + i{ 0 ' 

This ^uation can be satisfied by writing 

where a is a constant ; which gives 

/(<) =p</a, ( 9 ) = ( 2 ^)i arcsin {qja)^ + { 2 ^^ (a - q)ja)\ 

W » fit I a + ( 2 pa)^ arcsin (^/a)^ 4 * { 2 p^ (a -^)/a}^. 

The solution of the original problem i.s therefore given by the equations -8 If /0a, 

p’^dW/cq^ where o and /3 are the two constants of integration. 

143. HamUton’a integral as a solution of Hamilton's partial differential 
equation. 

There are an infinite number of complete integrals of Hamilton’s partial 
differential equation ; and each one of them furnishes a contact-transformation 

* This Iheoretn is due to Jacobi, Crelle'e J. xxvii. (1887), p. 97 and LiouviUdg J, ui. (1887), 

pp. 80, 161. 
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from the vanables (q^q^y •••t qn, Pu •••* of the dynamical system to 
variables («„ «„ ...,etn, A, ...,)9n), (the transformation involving <), such 
that the equations of motion of the system when expressed in terms of 
(«i, «ii •••» ®n» A. •••» /^n) become the equations of the equilibrium-problem, 
ie. the quantities (fli, a,, ...» ...» i8n) are constants. 

Among this infinite number of transformations there is one of special 
interest; namely that in which the quantities (a,, or*, are 

the initial values of (g,, q^y .^-yqny Jh Pn) respectively, i.e. their values at 

a time /„ which is taken as an epoch from which the motion is estimated. In 
this case we can find in an explicit form the corresponding complete integral 
of Hamilton's partial differential equation. 

For consider Hamilton’s integral (§ 99) 

Ldt, 

Jt. 

where L denotes the kinetic potential of the system. Suppose that S denotes 
a variation due to small changes (8i„ ..., 8ctn, SA, ..., in the initial 

conditions. 


Then (§ 99) we have 

sf^Ldt^ 1 (prSqr-/3rSar). 

Ju 

It follows that if the quantity f Ldt, when the integration is performed, 
be expressed in terms of (g, , g*, . . . , g*, «i , . • • » suppose this possible, 

i.e. we assume that it is not possible to eliminate p,, .... Pf») 

from the relations connecting (o,, ..., a^, ...» gi» •••» •••»/>»). so 

as to obtain relations between (g,, ..., g^, ctj, ..., ot„)) and if the function thus 

obtained (which Hamilton called the Principal Function) be denoted by 

W{qi, qt qn, «i, — . «»> <). then we shall have 


3f ij 
8», 

and therefore* the transformation from 


-0r 


(r = l. 2 n), 


iq\y qty qny Pu Pn) ^0 (« 1 » ® 8 » •• • » ®»» • • • ' 

is a contact'-transformcUioii, and the integral of the kinetic potential is the 
determining function of the transformation. 


• HamUfeon, Phil Tram, 1884. p. 807 ; ibid, 1885. p. 95. In hU earliest dynamical investi^ 
tioni, Hatton need a ‘‘charaoteriatio fonotion” atriotly analogoos to the oharaoteristio function 
which he had employed with such sucocm in optics: this ftinction being the Action inte^, 
expiecsed In terms of the final and initial coordinates. He found however that this function, 
when employed in dynamics, involved the constant of energy, end so enbetitated for it the 
** principal ftinction’* deeoribed above. 
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Also we have 


or 

or 


IE 

dt“dt’^ rZl dqr dt ’ 


and therefore the integral of the kinetic potential satisfies the equation 






0 , 


which is Hamiltms partial differential equation. 

Some interesting develo[)menU in connexion with Hamilton’s PrinciiMil Function arc 
given by Conw'ay and M'^C’onncll, /Voc. It. Irish Ac. xi-i. (1932), p. 18. 


Example. Let 
(qu ?»» 

equation! 


(oi, » «•» •••» A.) he the initial values (at time ^o) of 

p,) respectively, in the dynamical system lepieeented by the 


dq^ 8jEf dpr dfST 
dt dr " hqr 


(r«l, 2, 


Suppose that fron the relations connecting (oi, ot, ...» a^, ^l) fin) with 
(qu qti •••♦ q»f Pu —ip*) « possible to eliminate Op fit, fin, pu ...» P*) entirely, so 

that a number (say m) of distinct relations exist between (qy, qt, ..., y«, oi, ..., «») ; let 
these be solved for (a,, at, a,.), so as to take the form 

Fr^ftkqu — i?*i«» + l» O-flr-O (r-1, 2» ..., TO;, 


and let V denote Hamilton’s integral 


/: 


Ldt 


for the system, expressed in terms of (g,, qt, 
equations 



9'*! 


/3r- 


ar 


2 

S-l 




where (Xi, X|, ...» X^) are arbitrary ; Aud shew that the function 


a«). Establish the 


If- f + a x»/» 

is an integral of the partial differential equation 

0 ff^„/ dW dW \ . 

gj-. IJ-O. 


144 7%e connexion of integrals mth infinitesimal transformations 

admiUed by the system, 

dt dpr dt dqr 


Let 


(r-1, 2....,n) 
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be the equations of any dynamical system, and let 

4(3i, 3« .3n,Pi. —.Pn, t) = Con 8 tant 

denote any integral of the system ; we shall shew that the knowledge of this 
integral enables us to find a particular solution of the variational equations 
(§ 112 ). 

For the variational equation for Sj, is 


but we have 


03, 0 p, 


Bqi + ... + 


^ ^ 5 — OJPj -f . . . + 
dqnOPr ^ dpidpr ^ 


d*H 

dpndpr 




d^H 0<jb d^H ^ _ d^H ^ 

dqidpr cIPi dqndpr dpn dpidpr dq, **' dpndpr dqn 

3 / 2 dpk 3^ _ ^ ^ 3^\ _ ^ ^ ^ ” dH d^(f> 

“0pr\ ifc -1 dt dpk k=i dt dqj dq^ dpkdpr t=i 3/)* dq^dpr 

^ \ ^ 0« / dt \0pr/ dt \dpj 

“ dt [dpj ’ 


and hence the variational equations for (Sqi, Sq^, Sqn) are satisfied by the 


values 




(r = 1, 2, n), 


where € is a small constant. Similarly the variational equations for 

(Sp,, 5pa, Sp„) 

can be shewn to be satisfied by these values; and hence the equations 


8qr^ 


dpr 


6pr-=-*^ (r = l, 2 n), 


where e it a smaM constant and ^ is an integral of the original eguahons, 

constitute a solution of the variational equations. 


This result can evidently be stated in the form: The infinitesimal contact- 

transformation of the variables ( 3 ,, 3 t, .... 3n» Pi> •••> Pn)> which is defined by 


the equations 


hr 


d<h 

*9pr’ 



(r=l, 2 . 


transforms any orbit into an adjacent orbit, and therefore transforms the 
whole family of orbits into itself. Adopting the language of the group- 
theory, we say that the dynamical system admits this infinitesimal contact- 
transformation. We have therefore the theorem that integrals of a dynamical 
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9yBtem^ and (xmt(ict4ran8fornuUiona which change the eyetem into itself, are 
substantially the same thing; any integral 

♦ Pi, ..•,Pii, 0- Constant 

corresponds to an infinitesimal transformation whose symbol (§ 133) is the 
Poisson-bracket (^,/). 

It will be observed that the ignoration of coordinates aiises from the particular 
case of this theorem in which the integral is Constant, where qr is the ignorable 
coordinate ; the corresponding transformation is that which changes q^, without changing 
any of the other variables. 

145 . Poissons theorem. 

The last result leads to a theorem discovered by Poisson* in 1809, by 
means of which it is possible to construct from two known integrals of a 
dynamical system a third expression which is constant along any trajectory of 
the system, and which therefore (when it proves to be independent of the 
integrals already known) furnishes a new integral of the system. 

Let <h{qu q%> •••> qn>Pu 0* Constant 

and —»qn,piy pn, 0 = Constant 

denote the two integrals which are supposed known. Consider the in> 
^itedimal contact-transformation whoso symbol is the Poisson-bracket 
(/» is an integral, this (§ 144) transforms every orbit into an 
adjacent orbit. 

The increment of the function <f> under this transformation is € y^), 

where e is a small constant; but since ^ is an integral, (f> has constant values 
along the original orbit and along the adjacent orbit: the value of (<f>, yjr) 
must therefore be constant throughout the motion. We thus have Poisson's 
theorem, that if ^ and yjr are two integrals of the system, the Poisson-hracket 
{^, yp) is constant throughout the motion. 

If (^, yfr), which is a function of the variables (g,, g„ ..., p,, pn, <)> 

does not reduce to merely zero or a constant, and if moreover it is not 
expressible in terms of yjr and such other integrals as are already known, 
then the equation 

y^) B Constant 

constitutes a new integral of the system^. 

The following example will shew how Poisson’s theorem can be applied to obtain new 
integrals of a dynamical ^stem when two integrals are already known. 

* Journal de VEcole polyt, vin. (1S09), p. 206. 

t A discasiion of this theorem it given by Bertrand in Note VII to the third edition of 
Lagrange’s M^e. Anal. (1868) : cf. Oeuvra d§ Lagrange, t. xi. p. 484. 

On the extension of Poisson’s theorem to non-holonomio systems, of. DantbeviUe, BuU, de la 
8oe. taath. de France, xixvii. (1909), p. 190. 
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Consider the motion of a particle of unit mass, whose rectangular coordinates are 
(?!> whose components of velocity ai'e (pi, ^> 2 , pa), which is free to move 

in space under the influence of a centre of force at the origin. The integrals of angular 
momentum about two of the axes are 


and 


- Wi ■» Constant, 
pi ^ 3 — qiPi =7 Constant. 


Let these be taken as the two known integrals (f> and ^ ; the Poisson-bracket (^, ^), 
which is 


becomes in this case 
and in fact, the equation 


3 /00 

r=l Sjr W ’ 

piqi-qiPi ; 

Pi9i ~ 93 Pi ■'Constant 


is another integral of the motion, being the integral of angular momentum about the 
third axis. 


146 . The conetancy of Lagrange s bracket-expressions. 

The theorem of Poisson has, as might be expected, an analogue in the 
theory of Lagrange^s bracket-expressions. 

Let Ur = ar (r= 1, 2, ..., 2n) 

denote 2n integrals of a dynamical system with n degrees of freedom, con- 
stituting the complete solution of the problem: the quantities Ur being given 
functions of the variables {qi, q^, qn>Pi* •••> Pn> 0> the quantities Or 
being arbitrary constants. By means of these equations we can express 

(qiy qn, Pu y Pn) as functions of (Oi, a,, ... , a,,,, ^), and form the 

Lagrange’s bracket-expressions [a,., aj, where and a, are any two of the 
quantities (ai, a,, ..., o^). 

Since the transformation from the variables q^, ...,qn,Piy •••yPn) at 

time i to their values at time t+dtka, contact-transformation, we have (§128) 

1 (^qrSp,-iq,■^Pr) = 0, 
at r=l 

where the symbols A and 8 refer to independent displacements from one 
trajectory to an adjacent trajectory. Tf now we take the symbol A to refer 
to a variation in which a, only is varied, the rest of the quantities 

(®i> a^y ••• J ®«n) 

remaining unchanged, and take b to refer to a variation in which aj only is 
varied, the last equation becomes 

dt r^iKdoidaj dajdOi/ 


w. D. 


21 
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which shews that the Lagrange-bracket [a,-, Uj] has a constant value during the 
motion along any trajectory ; this theorem wa« given by Lagrange in 1808. 

Lagrange’s result, unlike Poisson s, does not enable us to find any new 
integrals ; for we have to know all the integrals before we can form the 
Lagrange’s bracket-expressions. * 

147. Involution-systems. 

Let (til, Uif denote r functions of 2n independent variables 

(quqt. ...,pn); 

if it is possible to express all the Poisson-brackets (m<, w*) as functions of 

(u,,Wa, the functions (wi.iia Ur) are said to form a fanction-group* 

Any function of (itj, w,.) belongs to this group. 

If the quantities (uj, ?(*) are all zero, the functions (wj, u^, ..., Wf) are said 
to be in involution, or to form an involution-system. 

Now suppose that (i/i.Wa, are functions in involution: and let 

vs=U and w = 0 be any two equations which are consequences of the 
equations 

Wi * 0, w* = 0, . . . , a, = 0 ; 

we shall shew that v and w satisfy the relation (v, tu) — 0. 

For since (w,, iz,, ...» Ur) are in involution, each of the equations 

w, = 0, It, = 0, ..., Wy = 0 

admits each of the r infinitesimal transformations whose symbols are 

(^ 1 ,/), («»,/). (Ur,/) ; 

and consequently the equation v = 0, being a consequence of these equations, 

must also admit these transformations ; that is say, we have 

(«*.«)= 0 (A:-l, 2, ..., r), 

and therefore each of the equations 

0, ..., Wr * 0 

admits the infinitesimal transformation whose symbol is (v,/). Since the 
equation t(; » 0 is a consequence of these equations, it follows that the 
equation w»0 must also admit this transformation, and therefore we have 

(v, m;) = 0, 

which establishes the result. 

* Lie, Math. Ann. mi. (1875). p. 215. 
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Hence we see that if tn involution, and the equcUians 

V, *0. tg-O, ..., Vy = 0 
are consequences of the equations 

=0, Wb = 0, Wy =0, 

then the functions (vi, v®, .... t;,) are in involution 


li8. Solution of a dynamical problem when half the integrals are known. 


The result which was established for systems with two degrees of freedom 
in § 121 can now be extended to systems with any number of degrees of 
freedom. The theorem may be thus stated*: If n distinct integrals 

<hr{quq%> (^=1, 2, n). 


where (a,, Un) are arbitrary constants, are known for the dynamical 

system 

dqr dH dpr dH 

dt ^dpr’ dt dqr 


(r = l, 2, 


where H is any given function of (qy, qt* » qn* Pit •••»/>»» 0> f ^ 
functions ...» ^n) are in involution, then on solving these integrals for 

(PifPit •••tpn) 80 as to obtain them in the form 

pr^fr {qit q%t •••> qnt a^t Of, On, t) (r == 1, 2, ,,,, n) 


and substituting (/, ,f, /n) respectively for ( , pi, . . . , ^ the expression 

Pidqy ■+• ••• +Pndqn - Hdt, 

the latter expression becomes a perfect differential : denoting it by 

dV (^i, .... qnt «!, «!» •••» ant t), 

the remaining integrals of the system are 

(r=l, 2, n), 

COf 


where (6i, 6,, ...» in) are arbitrary constants. 

For since the functions — -^^t^ — an are in involution, it 

follows by the last article that the functions p, -/i, Pi-/s Pn-/n are 

in involution, and therefore 

( Pr -frt p. -/.) = 0 (r, « - 1, 2. . . . , h), 

or (r. *-1.2, 

dqr dq» 

* This theorem is eisentlally the epplicetion to Hemilton’e partial ditferential equation of the 
well-known method for finding a Complete Integral of a non-linear partial differential eqoatiou 
of the first order* As a dynamical theorem it is due to Liouville, Journal de Math, zx. (1856), 
p. 187. 

81—2 
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Also 


and consequently 


dH dpr ^ d fr 

dqr dt dt 

dt gr-.idqtdt 

JA^ s ^fj^JL 

dt g^idqrdpg* 


dfr^_dj[_ ^ d^dfg 

dt dq^ $sii dpg dqr 

^_dH, 

“ dqr ’ 

where Hi stands for the function H when expressed in terms of the arguments 

(9li ^ 2 t ?!»• ® 1 > •••■ ®ni 0" 

The equations 

dqr dq,’ dt^ dqr’ 

shew that /i dq^ -^-ftdqt + . . . -^-/ndqn — Hidi 

is the perfect differential of some function Ff^i, gt> •••> 9«. ®i> •••> ®»i Oi 
which establishes the first part of the theorem. 

If now the symbol d denote the total differential of the function V with 
respect to all its arguments, we have therefore 

dV 

dV = fidq, -Vfidq, + . . . +fndq» - Hidt + ^ ^ <^r- 

In this equation replace the quantities by their values <f>r- we thus 
obtain an identity in {qu q 2 ^ 0» namely 

0 

dF— X ^ d<pr = pidqi -f p*d^a + . . . -^pndqn — ^dt, 

f Odf 

where on the left-hand side of the equation we suppose that ui dV and 

dOr 


the quantities (Oi, Oj, ...» an) are replaced by their values (^, ...» ^n). 


This equation shews that the differential form 

Pidqi 4 -psC^, 4 * ... ^pndqn- Hdiy 

when expressed in terms of the variables (g,, q^, ...» qn* 0» 

takes the form 


% 0F 

— X ^ — d(f>r •¥ dV t 

r-l vOr 


and hence the differential equations of the original dynamical problem are 
equivalent to the first PfeiTs system of this differential form, namely 
didVjdOr)’^ d(f>r^0 (r* 1, 2, .... n). 
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The expressions dVjddr are therefore constant throughout the motion, i.e. 
the equations ^ . 

dVldar^hr (r-1, 2, 


where (6i, 6*, bn) are new arbitrary constants, are integrals of the system ; 
this completes the proof of the theorem. 

Example. In the motion of a body under no forces with one point fixed, let (d, <j>, 
denote the three Eulerian angles which specify the position of the body relative to any 
fixed axes 0X7Z at the fixed point, (i, B, C) the principal moments of inertia of the 
body at the fixed point, a the constant of energy, the angular momentum about 
the fixed axis OZ, and Oj the angular momentum about the normal to the invariable 
plane: and let (dj, ^i) denote dT/dd, dT/d^, dTfd^ respectively. Obtain the 

eqviationa 

6 -aretan {(o,*- o,>- -arctan {(o,*- f,*- 
I, .1. ( 

arctan i}+arctan | ^ (2Aa A)fA ' 


Hence shew that 

is the perfect differential of a function V, and that the remaining integrals of the 
system are 


ar . , A 


dr 


where 6, fci, ere arbitrary constants. 


(Siacci.) 


149 . Lm-Cmta’s ikeorm. 

Levi-Civita* has established a connexion between the integrals of a 
dynamical system and certain families of particular solutions of the equations 

of motion. 

Consider first a system in which some of the coordinates are ignorable. 

Let ignorable and (?«+i,..M3n) the non-ignorable 

coordinates ; and let L denote the kinetic potential. 

The integrals corresponding to the ignorable coordinates are 

dLjdqr - Constant (r = 1 , 2, . . . , m), 

and carrupmding to those integrals there exists a class of f^rti<^r solutions 
of the system, namely those steady motions (§ 83) in which {q„ q, qm) 

have constant values which can be chosen arbitrarily, while (g«+.. W 

have constant values which are determined by the equations 

aZ,/0g,*O (r-wH-l.TO + a »); 

there are ao- of these particular solutions, since the m constant values of 

• Head. esW Ac. AH Unci. x. (1901), p. 8. Cf. Burgslti. itid. xi. (1909), ^ 809. 
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(9ii «••> 9») the m initial values of {q^q^ ^m) can be arbitrarily 

assigned. The theorem of Levi-Civita, to the consideration of which we 
shall now proceed, may be regarded as an extension of this result. 


Let 


dt^dpr* df ** dqr 


(r«l, 2, ...,n) 


be the equations of motion of a dynamical system, the function H being 
supposed not to involve the time explicitly. 


Let Fr(qi,qu ...,pn) = 0 (r=l, 2, ...,m)...(A) 

be a system of m relations, which when solved for (pu pt, take 

the form 

Pr^fr{quq^. ...,Pn) (r = 1, 2, ..., T7l)...(A,), 

and which are invariant rdations with respect to the Hamiltonian system, 
i.e. which are such that if we differentiate the relations (Aj) with respect 
to t, we obtain relations which are satisfied identically in virtue of the 
Hamiltonian equations and of the equations (Aj) themselves. These 
invariant relations include, as a particular case, integrals of the system : 
in this case, they will involve arbitrary constants. 


Since the relations (A,) are invariant relations, we have 

(-1. 2 H 

and writing 


this becomes 


dq, dt j.m+idpjdgf 

( V ITl s 5 ^2^ 

' ’ ' J.t^Adpidqf~dqj 


dV dW dV 

W’ 




this equation becomes an identity when for each of the quantities 

{fxift) I fm) we eubatitute the corresponding function ff, 


Moreover, we shall suppose that the relations (A) or (A,) are in involution 

among themselves. This condition is expressed by the equations 

|;-|+IA/J-0 (r,..l,2 »)...(!), 

L«t K denote the function obtained from H on replacini; ( p, , n. p_) 

by their value* (/„/, /,). *o that 


3pr dpr ,^\dp,dpr 


and 


2 dSdf, 

dqr dp, dqr 

I 

dqr ,.i dp, dqr 


[ (r = »»+ 1, m + 2, .... n) ...(3) 
(r-l,2.....m)...(4). 
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From (3) we have 

m ^JJ 

{H.fA={K,fr}+ S (r= 1,2, 

»=l OPs 

and combining this with (4) we have 

g + iH, /.I H- 1 ^ [-|+ i/../,r . 

Substituting in (1) this value of dH/dqr + and using (2), we obtain 

the equations 

g+{fi',/4 = 0 (r=l,2 m)...(5). 

We shall now shew that the system of equations 

( Pr=fr{Pm+l,Pm+i,—,Pn,qi,--;qn) (r = 1, 2, . . . , Til) 




(r = m + 1 , 7)1 + 2, . . . , )i) . . .(B) 


I3pr ’ 99r 

is invariant with respect to the Hamiltonian equations, i.e. that 


■(^) (r = r)i + 1, 777 + 2, ri) 


are zero in virtue of equations (A), (B), (1), (2), (3), (4), (5). 
We have from the Hamiltonian equations 

d /dK\ ( „ 0AD ^ d^K dU\ 


\dprJ I ’dpr) g^idprdq,dpt 

d I 0^) g d^K dH 

dt \dqr) 1 ’ 09 r ) ^qrdqt dp. 


(r= 771 + 1, n) ...(6), 


and (5) gives on differentiation, using (B), 


3f I »•=«»+ ”‘+2. 

5—5“ + ■ 5— > /, ' * 0 

99rO<?. (o^r ] 

now taking account of (B), we have from (3) 

dpr" ..,dp.dpr\ + + 2 n) 

03r t=lSp,dqr, 


and hence equations (6) become 


d /dK\ ^dH\d‘K (dK r 

3tVclpJ ,-1^, Wr’n, 

dt V 09 ,/ “ .ti t 09 r ’ 


(r« 771 + 1, 771 + 2, ..., 7l), 
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or by (7), 


dt \dpr) 


0 , 


(r = m + l.m+2.....«). 


which proves that the S3r8tem of equations (A) and (B) is invariant with 
respect to the Hamiltonian equations. 


Now from the equations (A) and (B), let the variables 

(Pl, Pt. JPn. gm+i, . 

be determined in terms of froiii the invariant character of 

(A) and (B) it follows that on substituting these values in the Hamiltonian 
equations, we shall obtain m independent equations, namely those which 

express {dq^ldt, dq^dt , .... dq^ldt) in terms of (5,, q^ qm), the others being 

Identically satisfied : and the general solution of this system, which will 
contain m arbitrary constants, will give 00 particular solutions of the 

Hamiltonian equations. The solution of this system can, by making use 
of the integral of energy, be reduced to that of a system of order (m — 1) : 
and thus we obtain Levi-Civita’s theorem, which can be thus stated : To any 
set of m invariant relations of a Hamiltonian system^ which are in invohtiony 

there corresponds a family of particular solutions of the Hamiltonian 
system^ whose determination depends on the integration of a system of order 

(m-l). 

If the invariant relations (A) are integrals of the system, they will contain 

another set of m arbitrary constants : and hence to a set of m integrals of a 

Hamiltonian system, which are in involution, there corresponds in general 

a family of particidar solutions of the system, which are obtained by 

integrating a system of order (m-l). 


Example, For the dynamical system defined by the Hamiltonian function 


shew that the Levi-Civita particular aolutions corresponding to the integral 

— hqf)lq\ = Constant 

are given by the equations 

? 1 = 0 , 

where f is an arbitrary constant. 


160 Systems which possess integrals linear in the momenta. 

We shall now proceed to the consideration of systems which possess 
integrals of certain special kinds. 

Suppose that a dynamical system, expressed by the equations 

dqr dH dpr __ dH 

dt dpr * dt dqr 


(r-1, 2, 



149 , 160 ] Dynamical System 329 

has an integral which is linear and homogeneous in p^, ...,pn), say 

fiPi +/ai>2 + ... +/n/)n = Constant, 
where (/, , /a, . . . , /n) are given functions of (9, , ^2 , • . , ^n). 

Consider the system of equations 

A A *" fn ’ 

which is of order (« — !); suppose that the (a — 1) integrals which constitute 

its solution are 

Qr (gi, 9a, . . . , 9n) = Constant (r « 1, 2, . . . , n - 1 ) : 
and let be a function defined by the equation 



where in the integrand the variables (92, 93, ...» 9n) are supposed replaced 
by their values in terms of (9,. Q., Q,, before the integration 

is carried out. 

Then if the variables change in such a way that (Q,, Q„_,) remain 

constant and Qn varies, it follows from the above equation that 

A~ A 

so that if (Qi, Q, Q„) are regarded as a set of new variables in terms of 

which (}„ ?«) can be expressed, we shall have 

^gkl^Qn —fk (^ == 1 , 2, . . . , n). 

Suppose then that we consider the contact-transformation which is the 

extension of the point-transformation from the variables (9,, 9 9„) to the 

variables ((^„ (^j, (2n), so that the new variables (.P,, Pg, P,^) are 

deilned ( 1 132) by the equations 




By this transformation the differential equations of the dynamical system 
are changed into a new set of Hamiltonian equations 

dt~dPr’ dt ~ dQr 

and the known integral becomes 

Pn = Constant. 


Since dPnjdt « 0, we have dK/dQn == 0, so the function K does not involve 
Qn explicitly : and thus we obtain the result that when a dy^namical system 
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an integral which is linear and homogeneous in (p^y ;>♦»), there 

eadsts a point-trans/brmation from the wiriahles (g,, 9*, ...» 9„) to new variables 
(Qii Qit Qn)* which is such that the transformed Hamiltonian function 
does not involve Q^. The system as transformed possesses therefore an 

ignorable coordinate, and we have the theorem that the only dynamical 

systems which possess integrals linear in the momenta are those which possess 
ignoraUe coordinates , or which can be transformed by an extended point- 

transformation into systems which possess ignorable coordinates. 

The converse of this theorem is evidently true. 

This result might have been foreseen from the theorem (§ 144 ) that if 

</»(?!. ? 2 , Pm «)-Con8taut 

is an integral of the syatcin, then the differential equations • of motion admit the 
infinitesimal transformation whose symbol is (<^,/). For when 0 is linear and homogeneous 
hi {p\i /> 2 » />»), this transformation is (j^ 132) an extended point-transformation: if 
this point- transformation is transformed by change of variables so as to have the symbol 
it is clear that the Hamiltonian function of the equations after transformation 

cannot involve §,» explicitly. 


Considering now in particular systems whose kinetic potential consists 

of a kinetic energy qn, qn) which is quadratic in the 

velocities (q^y q^y q^) and a potential energy V (q^, q^, q^) which is 

independent of the velocities, we see that in order that an integral linear in 

the velocities may exist the -system must possess an ignorable coordinate, 
or must be transformable by a point-transformation into a system which 

possesses an ignorable coordinate. But in either case the functions T and V 

evidently admit the same infinitesimal transformation, namely the trans- 
formation which, when the coordinates are so chosen that one of them is the 
ignorable coordinate, consists in increasing the ignorable coordinate by a 

small quantity and leaving the other coordinates and the velocities unaltered ; 
and conversely, if T and Y admit the same infinitesimal transformation, then 

there exists an integral linear in the velocities. This result is known as 
Levy's theoreniy having been published by L4vy* in 1878. 

Example 1. Shew that if the differential equations of motion of a particle admit an 
integral linear in the components of momentum, the line of action of the force must 
belong to a linear complex. 

(Cerruti, Collect, math, in mem. D. Chelini : cf. P. Grossi, Palermo Rend. xxiv. (1007), 
p. 2fi.) 


Example 2. If the equations 





(r=l, 2, ...,n). 


Comptei JUndus, lxxxvi. 
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where ^ where (^i, an, ou, ..., a*») are given functione 

of (^1, q%y •••> posness an integral of the form 

C^qx + Ciqi'\‘,„ + C* Constant, 

where ((7i, (7,, ..., C», C) are functions of {q^y q^y ..., j*), shew that it is possible to 
displace an invariable systein in one direction from any one of its positions in the apace 

defined by the form 

n n 

<i**= 1 ^ikdqidqk- 

Shew that for this a necessary and sufficient condition is that the can be trans> 
formed in such a way that one of the variables becomes absent from the coefficients. 

(Cerruti and L^vy.) 


161. Determination of the forces acting on a system for which an 

integral ia known. 

Before proceeding to discuss systems which possess integrals quadratic 
in the velocities, we shall obtain a result due to Bertrand*, namely that 
in the motion of a dynamical system of given constitution, for which however 

the acting forces are unknown (it being supposed that the forces depend 

solely on the coordinates of their points of application, and not on the 
velocities of these points), we can discover the unknown forces provided one 

integral is known. Moreover, this integral cannot be chosen at random, but 

must satisfy certain conditions. 


Let (j'l, . . , , be the n independent coordinates of the system, T the 

kinetic energy, and (Q,, .... Q») the unknown forces, which are supposed 

to depend only on (7,, 9,, 9n) i so the equations of motion are 


dt \dqr/ dqr 




Let ^ ?»> ?! ?»' 0 “ Constant 

be an integral of the system ; on differentiating it, we have 

di 




- + 
r’^xMr f«=ldjr 


Substituting in this equation for (9,, 91, qn) their values as given by 
the equations of motion, we have a relation involving (Qi, Qt> Qn) linearly. 

This relation, as it contains only the quantities (91, 92, ...» 9111 --m 9n. 

all of which we can assign* arbitrary independent values, must be an identity: 
we can therefore differentiate it with respect to (9,, 92, ..., 9n), and so form 
n new equations which, likewise containing (Qi, Q2, Qn) linearly, will 
suffice in general to determine these unknown quantities. The integral will 


Journal de Math, (i) xvii. (1863), p. 131. 
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relate to an actual eystem only when these values of (Qi, Qt> •••> Qm) satisfy 
the equation 

n 
1 
r -1 

the cases in which the equations for the determination of (Q,, Q. Qn) are 

not independent, so that (Q„ Qt, Qn) are indeterminate, are those in 
which the integral is common to several distinct dynamical problems. 

£xampU, If an integral of the equationa of motion of a point in a plane is common 

to two different problems, shew that it is of the form 

^9 y* 0**CoDStaDt, 

where (x, y) are rectangular coordinatee and ia the derivate with respect to < of 
a function <p (jr, y) which, equated to a constant, represents the equations of a set 
of straight lines. (Bertrand.) 




152. Application to the case of a particle wiiose equationa of motion 

posmt an integral quadratic in the velocities. 


As an application of Bertrand’s method, let it be required to find the 
nature of the potential energy function V in order that the equations of 
motion of a particle which is free to move in a plane under the action of 

conservative forces, 

dV .. dV 

may possess an integral (other than the integral of energy) of the form 

+ Qiy + + 5y + + iT ■ CoDfltant, 


where P, Q, P, £f, T, K are functions of * and y. 

Differentiating the last equation, and substituting for 2 and from the 
equations of motion, we have 



( dy ^ ox) ^^(a«^ay/ 


av as., ar^ 


/3-S . 3r\ 


3y> 


JK.JK. -37 37 ^ 




dx 


(A). 


Equating to zero the terms of the third degree in x and g, we have 


dP 

dx 



0 + 

’ 8 » 


0 ?«.»* 
' dy dx 


0 , 


from which it is readily deduced that the terms of the second degree in the 
integral must have the form 

(ay*+iy + c)i*+(<w*-f + + 2axy^h'y-hx-^0i)hy, 

where (a, h, c, b\ o\ c,) are constants. 
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Elquating to zero the terms of the second degree in x and y in equation 
(A), we have, 

ay ’ a* ’ ax^ay ’ 

from these equations we deduce 

S = rrw:-f*j>, T=-my + q, 

where (m, p, q) are constants. 

Equating to zero the terms independent of x and y in (A), we have 

oy ox 

or ^(mx + p)- ^(my-q) = 0. 

This equation shews that if (m, p, q) are different from zero, the force is 
directed to a fixed centre of force, whose coordinates are -plm and y/m; we 
shall exclude this simple particular case, and hence it follows that the con- 

stants (m, p, q) must each be zero, so that the integral contains no terms of 

the first degree in x, y. 

Equating to zero the terms linear in x and y in (A), we have 

Differentiating the former of these equations with respect to y, and the 

d*K 

latter with respect to x^ and equating the two values of thus obtained, 

we have 

^^dxdy^^ dx dy'^^ df^dy dy dxdy dx dy dx dx dx^ 

and replacing P, Q, R by their values as found above, we have 


+ |^(6oy + 36) + (- 6ax - 36') “ 0. 

Darboux* has shewn that this partial differential equation for the function 
V can be integrated in the following way. 

• Arehivu m^rlandaitet, (li) wi. p. 871 (1901). 
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Excluding the particular case in which the constant a is zero, we can 
always by change of axes reduce the given integral to the simpler form 

i ” yi)* + ci* + cy + if = Constant, 

which amounts to supposing that 

a = ^, 6 = 0, 6' = 0, c, = 0; 

if moreover we replace c-c' by ic*. the partial dilferential equation for V 

becomes 


<?y <fV\ 


o'V 


dv „ dV 




'dxdy ' dx ~ dy 

To integrate this equation, we form the differential equation of the 

characteristics 

xy (dy^ — da^) 4- («* ~ y* — c*) dxdy == 0. 

If in this equation we take and y* as new variables, it becomes a 
Clairaut's equation: we thus find that its integral is 
(m 4- 1) (ww:* - y*) — me* «= 0, 

where m denotes the arbitral^ constant. By a simple change of notation, we 

can write this integral in the form 


a* ■‘'a’-c*' 


y* 


1 . 


where the arbitrary constant is now a. This form puts in evidence the 
interesting fact that the characteristic curves of the partial differential 

equation are two families of confocal conics. 

Taking then as new variables a and the parameters of the confocal 
ellipses and hyperbolas, so that 




^ (/-.l __ //4 


c 




it is known frpm the general theory that the 
take the form 

a«a/s*^3.*°8/9 

where A and B are functions of a and /3; in fact, on performing the change of 
variables we find 

which can he immediately integrated, giving 

where / and ^ are arbitrary functions of their arguments. It follows that the 
only cases of the motion of a particle in a plane, under the action of conservative 
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forces^ which possess an integral quadratic in the velocities other than the 
integral of energy, are those for which the potential energy has the form 

V 

where a and /9 are the parameters of confgcal ellipses and hyperbolas. 


Since by differentiation we have 




the kinetic energy is 




and an inspection of the forms of T and V shews that these problem are of 

Liouville*s class (§ 43), arid are therefore integrahle by quadratures. 

163. General dynamical syetme poseesting integrals quadratic in the velocities. 

The complete determination of the explicit form of the most general dynamical system 
whose equations of motion possess an integral quadratic in the velocities (in addition 
to the integral of energy) has not yet been effected. It is obvious from § 43 that all 
dynamical systems which are of Liouville’a type, or which are reducible to this type by a 
point-transformation, possess such integrals : and several more extended types have been 
determined*. 

ExampUX. Let <^«(?*) (4r, f=l, 2, ..., n) 

be functions depending solely on the arguments indicated, and let 


♦ -2 (l>ki^kl 


(^=1, %...,n) 


denote the determinant formed by those functions. Shew that if the kinetic energy of a 

dynamical system is reducible to the form 


and the potential energy is zero, there exists not only the integral of energy, 

t=i *ki 

but also (»-l) other integrals, homogeneous and of the second degree in the velocities, 




(Z— 2, 3, w), 


t=l ♦ H 

where (a|, O), ..., a*) are arbitrary constants: and that the problem is soluble by 
quadratures. (Stackel.) 

Example 2. Let the equations of motion of a dynamical system with two degrees of 
freedom be 

where 

* Cf. O. di Pirn), Annali di MaU xxiv. (1896), p. 816. 
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and (o, h, b) are any functions of the coordinates qi) ; and let this system possess an 
integral 

a' 4- I js + b'q^^ = Constant, 

quadratic in the velocities and distinct from the equation of energy, where {a\ k\ b') are 
functions of the coordinates. If A and d! denote {ab-^h?) and {a’y — respectively, 
and if 

r - i (a'}, -I + 2AV?.' + ft V). 

where qf stands for dqrjdty shew that the equations 


dt \fqrj cqr 


(r=l, 2) 


define the same relations between the coordinates (^i, qf) as the original equations 

of motion, and that one set of equations can be transformed to the other by the trans- 

formation 


Miscellaneous Examples. 

1. A dynamical system is defined by its kinetic energy 


(id 

+^+.. 

.4^ 

\*u 

♦*t 

*il 

^11 

*pu 

*Pin 


<#>22 

<hn 



^*l 

4>n3 



in wuicu me 

^), and by its potential energy 




where ♦ — ♦ii^i + 4»8iV^2+ ... 

sod the quantity fk denotes a function of only. Shew that a complete integral of the 
Hamilton* Jacobi equation 

where (ai, aj, On) are arbitrary constants. (Goursai) 

2. If ...» Pi, 0 “Constant 

is an integral of a dynamical system which possesses an integral of energy, shew that 

^wConstant, ^ ^Constant, etc., are also integrals. 
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3. A system of equations 

= Px, •••,?«, 0 

(^'ij 3^2) •••1 ^n) /^1» ^ 


(r = l, 2, ...,n) 


is such that if ^ and are any two integrals whatever, the Poisson-bracket is also 

an int^pral. ’Shew that the equations must have the Hamiltonian form 


dq^ “hH dpr dH 

dt ~ dpf. ’ dt dqr 


(r-1, 2, 

(Korkine.) 


4. If ai = Constant, » Constant, . . . , = Constant, 

ft=Con8tant, j32=Con8tant, j3t= Constant, 

are any integrals of a Hamiltonian system of differential equations, the variables being 
{qu q%x qn,Pu •••» P*). skew that 

2 2±;5-i- 5-^ ... ^=Con8tant 

is also an integral. (Laurent.) 


6. Let the expression 


4=1 9 (Xi» , X2i , . . . , -iPnt) 


where iTi, iSTj, ..., ffn are functions of the nv variables a;,, (y = l, 2, ..., n ; i*!, 2, ..., r) 
bo called a Poisson-bracket of the nth order. If 6'i, are hv functions of 

yn> yi 2 ) ••• 1 y\v J •*’ni •••» ® 2 ) ••• » ^Ai'> where (A + i: = n), and if 

('■=’- 2. (t)) 

denotes all the Poisson -brackets formed from every n functions (7, shew that 


P,{G-)^0 


{i=h 2,..., 



represents the necessary and sufficient conditions that the functions 

Sh^FA^iu *u, -m *h.i “,,(12, ...,aA (<=1. 2, <=1. 2, *) 

arising from the equations , , 

^ 0i=0 (i=l,2,...,A») 

shall satisfy the simultaneous partial diflferential equations of the first order 

A (?*,^)=0, (*='.2 ( t )) 

where P<(y^, F) denotes the expression which is obtained when we replace h of the 
functions F in Pi (/’’») by as many p’s. (Albeggiani.) 

6. A particle of unit mass whose coordinates referred to fixed rectangular axes are 
y) is free to move in a plane under forces derivable from a potential-energy function 
/(•*?, y), the total energy being A. Shew that if the orthogonal trajectories of the curves 
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are orbits, the differential equations of motion of the particle possess an integral linear and 
homogeneous in the velocities (ir, y). 

7. The equations of motion of a free system of m particles are 

(*-1,2, ...,3m). 

If an integral exists of the form 

2 ^ Constant, 

<=i 

where /,, /j, ..., /*« are functions of jt,, Xj, ..., xj,,,, and C is a constant, shew that this 
integral can be written 

3»« 3W V .r. . 

1 kgXfi- 2 art ( V* “ Constant, 

i=l r,«=l 

where the quantities 1c, and ar, ai*e constants. (Pennacchietti.) 

8. Two particles move on a surface under the action of different forces depending 

only on their respective positions : if their differential equations of motion have in 
common an integral independent of the time, shew that the surface is applicable on 
a surface of revolution. (Bertrand.) 



CHAPTER XIII 


THE BEDUCTION OF THE PROBLEM OF THREE BODIES 

154. Introduction. 

The most celebrated of all dynamical problems is known as the Problem 

of Three Bodies, and may be enunciated as follows; 

Three particles attrcLct each other according to the Newtonian law, so that 
between each pair of particles there is an attractive force which is propoHional 
to the product of the masses of the particles and the inverse square of their 
distance apart : they are free to move in space, and are initially supposed to he 
moving in any given manner ; to determine their subsequent motion. 

The practical importance of this problem arises from its applications to 
Celestial Mechanics : the bodies which constitute the solar system attract 
each other according to the Newtonian law, and (as they have approximately 
the form of spheres, whose dimensions are very small compared with the 
distances which separate them) it is usual to consider the problem of deter- 
mining their motion in an ideal form, in which the bodies are replaced by 
particles of masses equal to the masses of the respective bodies and occupying 
the positions of their centres of gravity*. 

The problem of three bodies cannot be solved in finite terms by means 
of any of the functions at present known to analysis. This difficulty has 
stimulated research to such an extent, that since the year 1750 over 800 

memoirs, many of them bearing the names of the greatest mathematicians, 

have been published on the subjectf. In the present chapter, we shall discuss 
the known integrals of the system and their application to the reduction of 

the problem to a dynamical problem with a lesser number of degrees of 
freedom. 

* The int.tions of the bodies relative to their centres of gravity (in the consideration of which 
their sizes and shapes of course cannot be neglected) are discussed separately, e.g. in the Theory 
of Precession and Nutation. In some oases however (e.g. in the Theory of the Satellites of the 
Major Planets) the oblateness of one of the bodies exercises so great an effect, that the problem 
cannot be divided in this way. 

t For the history of the Problem of Three Bodies, cf. A. Gautier, Eitai hiitorique tur le 
prolUm dei troU eorpt (Paris, 1817) ; R. Grant, Hittory of Phy$ical Attronomy from ihi earlieit 
fo the middU of the nineteenth century (London, 1862): E. T. Whittaker, Report an the 
progrea of the eolution of the Problem of Three Bodiee (Brit. Ass. Rep. 1899, p. 121) : and 
E. 0. Lovett. Quart, Journ, Math, xlii. (1911), p. 262, who discusses the memoirs of the period 
1898-1908. 
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166 . The differential equatione of the problem. 

Let P, Q, K denote the three particles, (wii, w,, m^) their masses, and 
(ra, r,i, ria) their mutual distances. Take any fixed rectangular axes 

and let (9,, q^, q^), (^4, g*, g*), (97, q^, 9,), be the coordinates of P, Q, R, respec- 

tively. The kinetic energy of the system is 

T ^ iq* + q* -f q*) + (q* -f q* + q*) -f (gy* -f- 4 j,*) ; 

the force of attraction between Wj and m, is where A* is the 

constant of attraction : we shall suppose the units so chosen that A* is unity, 

so that this attraction becomes and the corresponding term in 

the potential energy is - The potential energy of the system 

is therefore 

Y_ m^nix 

Tn 

= - OT,m, ((g* - 9,)* + (g. - g,)* + (g, - g,)*) " i 

- m. w, {(?r - ?■)’ + (?• - 9«)* + (9» - Ji)*] ' ^ 

- m.m, |(g. - g.)* + (g. - g.V + (g, - g,)*) ~ i 
The equations of motion of the system are 

muqr^-dVjdqr (r =* 1, 2, 

where k denotes the integer part of J (r -f 2). This system consists of 
9 differential equations, each of the 2nd order, and the system is therefore 

of order 18 . 

Writing mtg, - p, (r = 1, 2, .... 9), 

and H~ k ^ + V, 

r=i2mt 


the equations take the Hamiltonian form 

dqr _ dH dpr _ 

dt ~ dp,’ dt ~ 


dji 

dq. 


(r-l,2,...,9), 


and these are a set of 18 differential equations, each of the Ist order, for the 
determination of the variables ...» •••#/>§)' 

It was shewn by Lagrange* that this system can be reduced to a system 
which is only of the 6th order. That a reduction of this kind must be posuble 
may be seen from the following considerations. 

In the first place, since no forces act except the mutual attractions of the 


* Rieueil de$ pieee§ qui ont remporU le$ ptix dt VAcad» de Paris, ii. (1773). lAgrange of 
oonrse did liot redooe the system to the HamiltoDian form. Cf. Boblin, KmgL 8v, Vet,-Handl. 
XLU. (1907), Mo. ‘9, for an improved Lagrangian redootion. 
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particles, the centre of gravity of the system moves in a straight line with 
uniform velocity. This fact is expressed by the 6 integrals 

>i+P4+?7 = ai- 

P. + J».+ft = a„ 

ft +?«+?! = 05. 

- (p, + p. + p,) < = Oj, 

• Wtl?. »«S?. + »«J?8 - (?J« + Pj +/>») « = <*4. 

.W.9s + "ia?. + Jftg. - (ft +ft +ft) < = a. , 

where a,, a,, a, are constants. It may be expected that the use of these 

integrals will enable us to depress the equations of motion from the Ibth to 
the 12th order. 

In the second place, the angular momentum of the three bodies round 

each of the coordinate axes is constant throughout the motion. This fiict 

is analytically expressed by the equations 

?iPj - + 94/>5 - 95 P 4 + 

• qiP% - QtPi + 9»p6 - q»Pi + 9gp» - q^Pi = ag, 

.9iPi - + q9P4 - q4P€ + q^p? - qip^ = (h, 

where Oy, Og, a, are constants. By use of these three integrals we may 

expect to be able to depress further the equations of motion from the 
12th to the 9th order. But when one of the coordinates which define the 

position of the system is taken to be the azimuth ^ of one of the bodies 

with respect to some fixed axis (say the axis of z), and the other coordinates 
define the position of the system relative to the plane having this azimuth, 
the coordinate <f> is an ignorable coordinate, and consequently the corre- 
sponding integral (which is one of the integrals of angular momentum 

above-mentioned) can be used to depress the order of the system by two 

units; the quations of motion can therefore, as a matter of fact, be reduced 

in this way to the 8th order. This fact (though contained implicity in 
Lagrange’s memoir already cited) was first explicitly noticed by Jacobi* in 

1843, and is generally referred to as the eliminaMon oftite noda 

Lastly, it is possible again to depress the order of the equations by 
two units as in § 42, by using the integral of energy and eliminating the 
time. So finally the equations of motion may be reduced to a system of the 
^th order. 

* Journ.ffir Math, xxvi. p. 115. From the point of view of the theory of Partial Differential 
Equations, we may express the matter by saying that the integrals of angular inoinentuui give 
rise to an involution -system, consisting of two funotious which are in involution with each other 
and with H: and hence the Hamilton-Jacobi partial differential etiuation with C independent 
variables can be reduced to a partial differential equation with 6-2 or 4 independent variables : 
this will be the Hamllton-Jaoobi partial differential equation for the reduced system. 
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166 . JacMi eqtuitum, 

Jacobi*, in considering the motion of any number of free particles in spaoe, which 
attract each other according to the Newtonian law, has introduced the function 



where and are the masses of two typical particles of the system, is the distance 
between them at time M is the total mass of the particles, and the summation is extended 
over all pairs of particles in the system. This function, which has been used in researches 
concerning the stability of the system, will be called JacobCM function and denoted by the 
symbol 

We shall suppose the centre of gravity of the system to be at rest ; lei y<, Zi) be the 
coordinates of the particle referred to fixed rectangular axes with the centre of gravity 
as origin. The kinetic energy of the system is 

■*+«(•), 

and consequently we have 

2.VT=:(2m,)x2m,- W-f 
i i 

But (2»i,) X (ir,- - 

% i i i,J 

where the summation on the right-hand side is extended over every pair of particles in the 
system : and we have in virtue of the properties of the centre of gravity. 

t 

Thus we have T— 2^ 2 wiy { (ir* - iry)* + (y< - y>)* + (it - *y)*} 

where ry denotes the velocity of the particle wiy relative to m 

In the same way we can shew that 

4 2m<(x<*+y<* +«<*)=♦. 
i 

If now V denotes the potential energy of the system, the arbitrary constant in V being 
determined by the condition that F is to be zero when the particles are at infinitely great 
distances from each other, we have 

The equations of motion of the particle are 

^ 0F 0F .. ar 

Multiply these equations by y^, lu respectively, add them, and sum for all the 
particles of the system : since V is homogeneous of degree - 1 in the variables, we thus 


obtain 


or 

^ i 2»i( - s ?’= r, 

or 

^-27-+ K. 


This is called JaccM$ ^quoUion. 


VorUtungen Uber Dyn., p. 33. 
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167 . Reduction to the I2th order ^ by use of the integrals of motion of the 
centre of gravity. 


We shall now proceed t,o carry out the reductions which have been 
described*. It will appear that it is possible to retain the Hamiltonian form 
of the equations throughout all the transformations. 

Taking the equations of motion of the Problem of Three Bodies in the 
form obtained in § 165, 


dqr _ dpr _ dH 

dt dpr dt dqr 




we have first to reduce this system from the 18th to the 12 th order, by use 
of the integrals of motion of the centre of gravity. For this purpose we 
perform on the variables the contact-transformation defined by the equations 




dW 

<)pr' 



(r=l,2,...,9), 


where W = piq,' + Mt + PWj' + Pt9i' + PW*' + P»9»' + (Pi +P. + Pi) (?/ 

+ (Pi + P. + P») q. + (P» + P. + P.) ?.'■ 

Interpreting these equations, it is easily seen that q^, q^) are the 
coordinates of m, relative to w,, ( 9 /, 9 /) are the coordinates of m^ relative 

to m*, (qj, q^', q^) are the coordinates of ms, (p/, p^,p^) are the components 
of momentum of m,, (p/, p^', p^) are the components of momentum of and 
{pif components of momentum of the system. 

The differential equations now become (§ 138) 


dt dpr* dt dqr 


(r=l,2....,9), 


where, on substitution of the new variables for the old, we have 


®- (i * Si) ft’ + ft’' * (55 * a.) <ft’ ft’ '■ft’' 


+ ;^lPi'p/ + P«'P»'+P«X + iP''’-* iP8'* + ip.'“-P7'(p.'+p/) 

m, 

- Pb' iP>' + p.') - p.' (Ps' + p.’)) 
-rthtn, ( 5 /* + q,'* + j,'*} |?,'* + g/’ + 9 ,'’) " ^ 

- m,m, {(g/ - g/)* + (q,' - q,')' + (g,' - g,')’l ” i 


* The conUct-transformation used in § 157 is due to Poincar4, C.R. cxxiii. (1896) ; that used 
in § 158 is due to the author, and was originally published in the first edition of this work (1904). 
It appears worthy of note from the fact that it is an extended point-transformation, whioh shews 
that the reduction could be performed on the equations in their Lagrangian (as opposed to their 
Hamiltonian) form, by pure point-transformations. The second transformation in the alternative 
reduction (| 160) is not an extended point- transformation. Another reduction of the Problem of 
Three Bodies can be constructed from the standpoint of Lie’s Theory of Involution-systems and 
Distinguished Functions ; cf. Lie, Math. Ann. viii. p. 282. Cf. also Woronetz, BuU. Univ. Ki^y 
1907, and Levi-Oivita, AUi del R. lit. ViMtOy lxxiv. (1916), p. 907. 
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Since q,', q,', q,' are altogether absent from H, they are ignorable 
coordinates: the corresponding integrals are 

;>,' = Constant, p,' - Constant, p,' ■* Constant. 

We can without loss of generality suppose these constants of integration 
to be zero, as this only means that the centre of gravity of the system is 
taken to be at rest : the reduced kinetic potential obtained by ignoration of 
coordinates will therefore be derived from the unreduced kinetic potential 
by replacing p,', p,', p,' by zero, and the new Hamiltonian function will be 
derived from H in the same way. The system of the 12th order, to which the 
eq>uUions of motion of the problem of three bodies have now been reduced, may 
therefore be written (suppressing the accents to the letters) 

dqr^'dJS (r = l,2,...,6), 

dt dp/ dt dqr 

where 




+ — (p>p*+p>pt +?>?•) 

TTli 


- jn,TO, [qf + qf + ^ l^i* + + ?»’) " * 

- TO,m, {(g, - q,y + (qi - ?,)’ + (q, - ?.)‘l ” 
This system possesses an integral of energy, 

Constant, 

and three integrals of angular momentum, namely 


- 9.P2 + q>p> - q»p> = -^1 
\q>Pi - 9iP» + 9«P* ~ 

191 P» - 9 >Pi + q<p> - W* = 

where A^, A^ are constants. 


168. Reduction to the Sth order, by use of the integrals of angular 
momentum and elimination of the nodes. 

The system of the 12th order obtained in the last article must now be 
reduced to the 8th order, by using the three integrals of angular momentum 
and by eliminating the nodes. This may be done in the following way. 

Apply to the variables the contact- transformation defined by the 
equations 

dw 




where 


dpr 


Pr = 


dW 

dq; 


(r = l,2,....6), 


If * p, {q^ cos - q^ cos g/ sin q^) + (qi sin q^ -f qi cos q^ cos q^) + p,gg' sin g/ 
+p 4 {q% cos g»' — g/ cos g/sin g#') +p» (gs'sin g#' + g/ cos gg'cos g^') +Pfg4 sin g« . 
It is readily seen that the new variables can be interpreted physically as 
follows : 
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In addition to the fixed axes Oxyz, take a new set of moving axes Oxfz ' ; 
Ox* is to be the intersection or node of the plane Oxy with the plane of the 
three bodies, Oy* is to be a line perpendicular to this in the plane of the 
three bodies, and Oz* is to be normal to the plane of the three bodies. Then 
(^/, q^) are the coordinates of relative to axes drawn through nt^ parallel 
to 0x\ Oy* ; (q^', q^) are the coordinates of relative to the same axes ; q^ 
is the angle between Ox! and Ox ; <// is the angle between Oz and Oz ; p,' 
and Pa' are the components of momentum of w, relative to the axes 0x\ Oy* \ 
Pi and p/ are the components of momentum of relative to the same axes ; 
p/ and p«' are the angular momenta of the system relative to the axes Oz 
and Ox* respectively. 

The equations of motion in terms of the new variables are (§ 138) 


dqr _ dj^ d^ ^ 

dt dpr* dt dqr 


{r = l,2,....6), 


where, on substitution in H of the new variables for the old, we have 


+p,' 5 / cosec qt 

+ {L, + 2k) 

{(?>i' 9 a' - Pt' 9 i' + 7 *' cot 9 ,' + p,V cosec qi+piq!] 

l(pi V - piqi + Ptit - cot 9 ,' + psV cosec ?,'+ p,'?,'! | 

- ni,m, (?,'• + qi*) ~ ^ - m,m, (g,'* 4- qi') " ^ - »Hi win 1 (?i ' - qif + (?/ - ^ 


Now q^ does not occur in H, and is therefore 
corresponding integral is 

Pi = 


an ignorable coordinate ; the 
where A; is a constant. 


The equation dq^ldt^dHIdk can be integrated by a simple quadrature 
when the rest of the equations of motion have been integrated ; the equations 
for q^ and p^ will therefore fall out of the system, which thus reduces to the 
system of the 10th order 


dqr* dH dpr _ _ ^ 

dt ^dpr' dt dqr 


(r = 1.2,3.4, 6 ). 


where p^* is to be replaced by the constant k wherever it occurs in H. 

We have now made use of one of the three integrals of angular momentum 
(namely p/ » k) and the elimination of the nodes : when the other two 
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integrals of angular momentum are expressed in terms of the new variables, 
they become 

( K?*' + V) » 

1*“ ip^^\ -piq%’^pi<li^Pi<li) cos coeec + A: cos g# cot g«' + p/ sin qi = -4a. 

The values of the constants and depend on the position of the fixed 
axes Oxyz ; we shall choose the axis 0^ to be the line of resultant angular 
momentum of the system, so that (cf. § 69) the constants A^ and A^ are zero : 
the special «y-plane thus introduced is called the invariable plane of the 
system. The two last equations then give 

k cos g/ Pi qi - Piq^ + p/g*' - Psq** 


Pi! = 0. 

These equations determine g/ and p/ in terms of the other variables, and 
so can be regarded as replacing the equations 

dt 'bpi' dt bqi' 

in the system. The system thus becomes 

^PjL - - 

dt ~“dpr* dt dqr 

where 


(r»l,2,3,4), 


^ (2^^ 2m,) P® (^;g,' - g/g/)* 

{(Pi'qt -piqi + Ptq* - p/?.') cotq,' + 1 cosec g,')*j 

- qiqiy 

{<Pi'9. —Pt'qi +p»'9.' 9*' + ^ oosec 

X ^ \ n'n' 4. n'n' 

Kpi V - PiV + P»V “ P*V) ®ot q* + * cosec 


- m,m, (q,'* + q,'*) “ ^ (?,'* + 9/’) ~ ^ - wi, wi, ((g,' - g»')* + (?«' - g/)*} “ ^ . 

and where, after the derivates of H have been formed^ g/ is to be replaced by 
its value found from the equation 

k cos g/ - p, V - Pi V + P*q* “ P* V- 
Now let if' be the function obtained when this value of g/ is substituted 
in H ; theh if e denotes any one of the variables g/, g,', g,', g,', p,', p,', p,', p/, 
we have 
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But since = 0, we have dHjdq^ =» = 0, and therefore 

ds ’ 

in other words, we can make the substitution for in H before forming the 
derivates of H ; and thus (suppressing the accents) the equations of motion of 
the Problem of Three Bodies are reduced to the system of the Sth order 


dqr __ dH dpr _ dH 

dt dpr ’ di dqr 


(r = 1.2. 3,4), 


+ (9,93 - 9.93)-’ {(^ + 2^ 9.’ + (^ + ^) 9«’ - 

{fc* - (psg, - piq, + ptq, -ptqif} 

- Wjtn, {qi‘ + q,') (g,’ + 9/)” ^ - in,M, |(g, - q,y + {q, - 9,)*} ~ i. 

Many of the quantities occurring in H have simple physical interpretations: 
thus {qzq -qiqi) is twice the area of the triangle formed by the bodies: and 

is the moment of inertia of the three bodies about the line in which the 
plane of the bodies meets the invariable plane through their centre of 
gravity. 

It is also to be noted that this value of H difiers from the value of H when k is zero by 
terms which do not involve the variables /)|, Psf P* ' these terms in k can therefore be 
regarded as part of the potential energy, and we can say that the system differs from the 
(Correspond uig eystem for which k is zero only by certiiin laodihcations in the potential 

energy. It may easily be shewn that when k is zero the motion takes place in a plane. 


169 . Reduction to the M order. 

The equations of motion can now be reduced further from the 8th to the 
6th order, by making use of the integral of energy 

H * Constant, 

and eliminating the time. The theorem of § 141 shews that in performing 
this reduction the Hamiltonian form of the differential equations can be 
conserved. As the actual reduction is not required subsequently, it will not 
be given here in detail. 

The Hamiltcynian system of the ^th order thus obtained is, in the present 
state of our knowledge^ the ultimcUe reduced form oj the equations of motion of 
the general Problem of Three Bodies, 
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160. Alternative reduction of the problem from the ISth to the 6th order. 

We shall now give another reduction* of the general problem of three 
bodies to a Hamiltonian system of the 6 th order. 

Let the original Hamiltonian system of equations of motion (§ 165) 
be transformed by the contact-transformation 


dW 


dw 


dpr" dqr 

where 

^ = Pi (94 - 9i) + K (9« - 9»> + K (9* - 93 ) 


(r.= l,2.....9), 


,/ ,f rii,q, + mtq„\ 

^ w>, + m, Wi + TO, ) 

4- (mi ^2 + ^^2^6 -i- Wa^g) 4- p/ (^1^3 + + ^9*)- 

The integrals of motion of the centre of gravity, when expressed in terms 
of the new variables, can be written 

qi = = q^^ih = p/ = o, 

and consequently the transformed system is only of the 12 th order: sup- 
pressing the accents in the new variables, it is 
dqr dH dpr dH 

dt dpr dt dqr 

where 


(r=l, 2 ,..., 6 ), 


H =^- (Pi* + p.’ + Pi’) + (P.’ + P.’ + P.*) -m,m, {q,' + q,’ -1- g,‘) ^ 


-m,7Ai3 


94 ’+ 9 .’ + 9«’ 


-m,m, | 94 * + q' + 9 ,’ - (9i 94 + 9«9i + 9Wt) 


-i 


-t 


and 


m|7n, 
m, 4 -m,' 


' ^ (^1 -b 

*mi4-tH,4-wi,* 


The new variables may be interpreted physically in the following way : 
Let G be the centre of gravity of m, and m^. Then (gi, g,) are the 


* Dae to Badaa, AnnaU$ de Vlte. Norm. Sup. v. (1868), p. 811. 
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projections of mitn, on the fixed axes, and (qt, q,, q,) are the projections 
of Om, on the axes. Further 

2. 3), and (»’ = 4, 5, 6). 


The new Bamiltonian system clearly represents the equations of motion 
of two particles, one of mass /ot at a point whose coordinates are (qi, 
and the other of mass ft" at a point whose coordinates are {q^, q^, q^) \ these 
particles being supposed to move freely in space under the action of forces 
derivable from a potential energy represented by the terms in H which 
are independent of the p’s. We have therefore rephvced the Problem of 
Three Bodies by the problem of two bodies moving under this system of 
forces. This reduction, though substantially contained in Jacobi s* paper of 
1843, was first explicitly stated by Bertrandt in 1852. 

We shall suppose the axes so chosen that the plane of xy is the invariable 
plane for the motion of the particles^ ft and ft', ie. so that the angular 
momentum of these particles about any line in the plane Oxy is zero. 

Let the Hamiltonian system of the 12th order be transformed by the 
contact-transformation which is defined by the equations 


, dW 


(r = l, 2 6)f. 


IF = (p, sin +P, cos qi) qi cos qi + qi sin qi i(p, cos qi - p, sin qif +p,’)^ 
+ (p, sin qi + p, cos qi) qi cos qi + qi sin qi {(p, cos qi - p. sin qif + p,»)i . 


The new veuiables are easily seen to have the following physical inter- 
pretations: g,' is the length of the radius vector from the origin to the 
particle /x, q^ is the radius from the origin to ft', q^ is the angle between 
and the intersection (or node) of the invariable plane with the plane through 

two consecutive positions of j/ (which we shall call the ‘plane of instantaneom 
motion of p), qi is the angle between qi and the node of the invariable plane 
on the plane of instantaneous motion of n', qi is the angle between Ox 
and the former of these nodes, qi is the angle between Ox and the latter of 
these nodes, pi is /iqi, pi is fqi, pi is the angular momentum of p round 
the origin, pi is the angular momentum of pi round the origin, pi is the 
angular momentum of p round the normal at the origin to the invariable 
plane, and pi is the angular momentum of p’ round the same line. 


The equations of motion in their new form are (§ 138) 


dt dt m 


(r=l,2,...,6). 


Journal fUr Math. xxvi. p. 115. 


f Journal de math, xvn. p. 399. 
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where H is supposed expressed in terms of the new variables. Let this 
system be transformed by the contact-transformation 


where 


„ dW , dW / , „ 

dqr"’ ^'~dpr (r=l, 2, 


^ = 91 " (pi - pi) + 9«" (pi + pi) + ii'pi + qi'pi+ qi'pi + qi'pi- 
The equations of motion now become 


^ dJ^ ^ 

dt "" dpr"' dt dq;' 


(r = l, 2,. ..,6). 


But H does not involve as may be seen either by expressing H 
in terms of the new variables, or by observing that q^' depends on the 
arbitrarily chosen position of the axis Oxy while none of the other coordinates 
depend on this quantity. We have therefore 

= - dHjdq^' = 0, so p*" = k, 

where Ar is a constant ; this is really one of the three integrals of angular 
momentum. Substituting k for p*" in Hy the equation 


q^'^dHIdk 


can be integrated by a quadrature when the rest of the equations have been 
solved : so the equations for p/' and 7 *" can be separated from the system, 
which reduces to the 10 th order system 


dt dpr'" dt * dqr' 


(r=l,2,...,5). 


We have still to use the two remaining integrals of angular momentum ; 
these, when expressed in terms of the new variables, are readily found to be 
represented by 

= 90°, Aps" « p,"* - p/'* ; 


no arbitrary constants of integration enter, owing to the fact that the plane of 
xy is the invariable plane. 


The system may therefore be replaced by these 
equations 


dt dpr'" dt * dqr" 


two equations and the 


(r=l, 2.3. 4). 


where, in this last set. q," can be replaced by 90° before the derivates of H 
have been formed, and p," is to be replaced by (pi'‘ -pi'*)lk after the 
derivates of H have been formed. Let H' denote the function derived from 
H by making this substitution for p,". and let « denote any one of the 
variables q", qi', q^, q,’’, pi", p,". p,". p" ; then we have 


dR_dH^ dH dp" _ ^ „ 0p." 


dH 
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and it is therefore allowable to substitute for p^" in H before the derivates of 
H have been formed. The equations of motion are thus reduced to a system 
of the 8th order, which (suppressing the accents) may be written in the form 

^ = (r-i 2 3 4 ) 

dt dpr’ dt dqr 

where, effecting in H the transformations which have been indicated, we have 

^ = i (p*’ ^ (p ‘‘ + $ - 

f . , 271^0108/ . . \ w,* J’i 

I* — 4ft t ■ 

The equations of motion may further be reduced to a system of the 
6th order by the method of § 141, using the integral of energy 

H = Constant 

and eliminating the time. As the reduction is not required subsequently, it 
will not be given in detail here. 


161. The problem of three bodies in a plane. 

The motion of the three particles may be supposed to take place in a 
plane, instead of in three-dimensional space; this will obviously happen if the 
directions of the initial velocities of the bodies are in the plane of the bodies. 

This case is known as the problem of three bodies in a plane : we shall 
now proceed to reduce the equations of motion to a Hamiltonian system of 
the lowest possible order. 

Let (^i, q^) be the coordinates of wii, {q^, qt) the coordinates of ui,, and 
y*) coordinates of wi,, referred to any fixed axes Ox, Oy in the plane 

of the motion ; and let pr = where k denotes the greatest integer in 
i (r 4- 1). The equations of motion are (as in § 155) 

dqr _ 9^ dp,. _ ^ ^ = 1 2 6"! 

di" dq'r ^ ’ 

where 

“ 2^ (;>•’ +!>>*) + sL; 1(9-- 9»)’+(</4-9.)‘1 “ * 

- 1(9. - 9i)* + (9. - 9«)*1 ” ^ - w*! ’'*2 !(9i “ 9.)’ + (9. “ 9.)’1 ~ ' • 

These equations will now be reduced from the 12th to the 8th order, by 
using the four integrals of motion of the centre of gravity. Perform on the 
variables the contact-transformation defined by the equations 

dW 

* dpr ’ dq,' 


9' 


(»- = l, 2 6), 
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where 


4 - ptqt + PAq* + (Pi + ;>* + />.) qi + (jpa + ^>4 + p«) g/. 

It is easily seen that (g/, q^) are the coordinates of w, relative to axes 
through m, parallel to the fixed axes, {q^y q^^ are the coordinates of m* 
relative to the same axes, {q^, q^) are the coordinates of m, relative to the 
original axes, (j>i\ pi) are the components of momentum of w,, (p,', pi) are 
the components of momentum of and (p#', pi) are the components of 
momentum of the system. 

As in § 157, the equations for , g/, p#', pi disappear from the system ; 
and (suppressing the accents in the new variables) the equations of motion 
reduce to the system of the 8th order. 


where 


dqr 

dt dpr * dt dqr 


(r»l,2, 3, 4), 





2rw2 


+ 


i3(K+p.*)+^/p,p,+p.p.) 


-m,m,(q,^ + qi*) * - TO,m, (9,* + g,*) ^ + TO,m, j(5,-9,)*+(5r,-g<)*}“i 
Next, we shall shew .that this system possesses an ignorable coordinate, 
which will make possible a further reduction through two units. 

Perform on the system the contact-transformation defined by the equa- 
tions 


where 




(r=l, 2. 3, 4), 


If » p, qi cos g/+ p^qi sing/-!- p, (qi cos g/ - g/sin g/) + p^ (g^'sin qi + g,'cos g/). 


The physical interpretation of this transformation is as follows : qi is the 

cUstance m,m, ; and q^ are the projections of Tn^rn^ on, and perpendicular to, 

; qi is the angle between and the axis of x ; is the component 

of momentum of along m,mi ; pi and p,' are the components of momentum 
of m* parallel and perpendicular to m^mi ; and pi is the angular momentum 
of the system. 

The differential equations, when expressed in terms of the new variables, 
become 


where 


dqi _ 3^ dpi dH 

dt ~ dpi ' dt ** dqi 


(r- 1,2, 3, 4), 


(si, + 2 ^ k + ^ Gs. + s} 

+ ;r Ip'P’ ~T' ~P*^* ~ P*'^ 1 ~ ’"*”*• * 

- - m,m, |(g,' - 9 ,')*+ 9 ,'*) 
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Since is not contained in H, it is an ignorable coordinate ; the corre- 
sponding integral is />/ = k, where A; is a constant ; this lean be interpreted as 
the integral of angular momentum of the system. The equation ^/=s0///0p/ 
can be integrated by a quadrature when the rest of the equations hav^ been 
integrated ; and thus the equations for p/ and g/ disappear from the system. 

Suppressing the accents on the new variables, the equations can therefore 
be written 


where 


dqr __ 3^ dpr _ dH 

dt dpr ’ dt dq 


+ ^ -nhMq,' + q,^r^ 


- m,m^qc'^ - m.nij {(qr, - q^f + qr,’} ~4 


This is a system of the 6th order ; it can be reduced to the 4th order by 
the process of § 141, making use of the integral of energy and eliminating 
the time. 


162. The restricted problem of three bodies. 

Another special case of the problem of three bodies, which has occupied a 
prominent place in recent researches, is the restricted problem of three bodies ; 
this may be enunciated as follows : 

Two bodies S and J revolve round their centre of gravity, 0, in circular 
orbits, under the influence of their mutual attraction. A third body P, 
without mass (i.e. such that it is attracted by S and J, but does not influence 
their motion), moves in the same plane as S and P; the restricted problem 
of three bodies is to determine the motion of the body P, which is generally 

called the planetoid. 

Ijet TMi and be the masses of S and «/, and write 




Take any fixed rectangular axes OX, OF, through 0, in the plane of the 
motion ; let (A, F) be the coordinates, and (0, V) the components of velocity, 
of P. The equations of motion are 

^ ^ d^Y^dF 

d«>""0Z* dt^ 0F’ 

or in the Hamiltonian form, 

dj dJl dJJ 

dt^dU* di^dV' dt"" 0Z* dt 0F’ 
where JT-i (tP-f P)-^- 


W. D. 


23 
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Since is a function not only of X and Y but also of t, the equation 
H = Constant is not an integral of the system. 

Perform on the variables the con tact- transformation which is defined by 
the equations 

^ dW „ dW dW dW 

^=9F’ “ = "= 07’ 

where W -U(xcosnt-y sin nt) -f- F (a? sin ni + y cos nt), 
and n is the angular velocity of SJ. The equations become 

dxdjc ^ = 

di du ' dt dv * dt dx * dt dy * 

where (§138) K = H 

= i (u* + v*) 4- n (uy ^vx) — F\ 

it is at once seen that x and y are the coordinates of the planetoid referred 
to the moving line OJ as axis of x, and a line perpendicular to this through 
0 as axis of y. F is now a function of x and y only, so K does not involve t 
explicitly, and 

K = Constant 


is an integral of the system ; it is called the Jacobian integral'* of the restricted 
problem of three bodies. 

Another form of the equations of motion is obtained by applying to the 
last system the contact- transformation 

dW iW dW iW 

where TT = g, (w cos ga + v sin q^. 

The new variables may be defined directly by the equations 

= = p,-OF>^^{FOX), 


and the equations of motion become 

dqr _ dll dpr __ dH 

dt dpr ' dt dqr 


where 


(r«l, 2). 




Another formf is obtained by applying to these equations the contact- 
transformation 

dW , dW / 1 oi 

fi‘ ».'• 2 1 

where W = />. + J . I o'»[ 


* Jacobi, Comptei Rendu$t in. (1886), p. 69. 
t Adopted by Poinear^ in bis Nouvelta mithodei de la Mic. CiUtie, 
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where w denotes a current variable of integration. These equations may be 
written 


( p,'‘- 2 l\i 


Pt=P 2 , 


9 i 


= arc COS 


l-% 1 

Pi’ 

/ Pj ’ , 2}! 


?i =98”arccos- 

pi.i 1 
9i 


1 p/’ p/’ 

p/v ’ 


PiV J 




pP) 


and it is easily seen that 5/ is the mean anomaly of the planetoid in the 
ellipse which it would describe about a fixed body of unit mass at 0, if 
projected from its instantaneous position with its instantaneous velocity ; q^' 

is the longitude of the apse of this ellipse, measured from OJ; is and 
is {a(l — where a is the semi-major axis and e is the eccentricity of 
this ellipse. H does not involve t explicitly, so = Constant is an integral 
of the equations of motion, which are now 

^ ^ dp; aff 

dt dpr" dt dq; 

If we take the sum of the masses of S and J to be the unit of mass, and' 
denote these masses by 1 - /i and fi respectively, we have 


H 






SP 


JfL 

JP' 


This is an analytic function of jp/, 9/, 9^', /a, which is periodic in 91' and 9./, 
with the period ' 27 r. Moreover, to find the term independent of p in H, we 
suppose p to be zeroj; since SP now becomes 91, we have 
„ ,/2 1 \ ,1 1 
" - - pTV - - 5. = - 2p;- - • 

Thus finally, discarding the accents, ik eqmtim of motion of the restricted 

problem of three bodies may be taken in the form 

dqr _ dH dpr _ _ 

dt^dpf dt'' dqr 

where H can be expanded as a power-series in p in the form 

jET -i /To + + ••• » 


(r = l, 2), 


and 




while Hiy Hfy ... are periodic in 91 and 9*, with the period 27 r. 

The equations of this 4th order system may be reduced to a Hamiltonian 
system of the second order by use of the integral H * Constant and elimina- 
tion of the time, as in § 141 . 
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163 . Extension to the prMeni of n bodies. 

Many of the transformations which have been used in the present chapter 
in the reduction of the problem of three bodies can be extended so as to 
apply to the general problem of n bodies which attract each other accoixling 
to the Newtonian law. In their original form, the equations of motion of 
the n bodies constitute a system of the 6nth order ; this can be reduced to 
the (6w - 12)th order, by using the six integrals of motion of the centre of 
gravity, the three integrals of angular momentum, the integral of energy, the 
elimination of the time, and the elimination of the nodes. 

The reduction has been performed by T. L. Bennett, Meu. of Math. (2) xxxiv. (1904), 
p. 113. 


Miscellaneous Examples. 

1. If in the problem of three bodiee the units are so chosen that the energy integral is 

»^S1 ^ 

where is the distance between the bodies whose velocities are Vi and Vg, and if r is a 
positive constant, shew that the greatest possible value of the angular momentum of the 

system about its centre of gravity is f V2r. 

(Camb. Math. Tripos, Part 1, 1893.) 

2 . In the problem of three bodies, let 4 be Jacobi’s function, let O be the angle 
between any fixed line in the invariable plane and the node of the plane of the three bodies 
on the invariable plane, let i be the inclination of the plane of the three bodies to the in- 
variable plane, and let 17 be the area of the triangle formed by the three bodies. Shew that 


dQ k 



1 « 11* 

%\ni dt \m1injm37* ♦*/ ’ 

where k is the angular momentum of the system round the normal to the invariable 

plane. (De.QaspariSi) 

3. Let the problem of three bodies be replaced by the problem of two bodies fi and p 
as in § 160 : let ^1 and qf be the distances of and fi from the origin ; let and ^4 be 
the angles made by qi and qt respectively with the intersection of the plane through the 
iKxites and the invariable plane : letpi and denote fiji and respectively ; and let ps 
and Pi be the components of angular momentum of p and p respectively, in the plane 
through the bodies and the origin. Shew that the equations of motion may be written 

dqr^dH 

di <* ** 

where if « Constant is the integral of energy. 


(r-1,2,3, 4), 
(Hour.) 



357 


163j PrcMem of Three Bodies 


4. Apply the contact-transformation defined by the equations 

?i' - {(?4 - q-tf + (9, - ?»)* + (9e - q»TiK 

9s “ {(?7 - 9i)* + (?« - 9s)* + (9» “ 93 )’} ^ 

93'= {(91 - 94)* + (98 - 95)* + (93 - 9«)*}*. 

94' = *1 (9i + *98) + is (94 + «9s) + is (9r + *9i;, 

?3 + <^^6 + 

=m,^l + Wlj94 + »i35'7, 

4 - wi J 95 + WI 3 , 

qn 

{q\ + 1?*) +^ 2 (^ 4+ + ^3 iqi + iq^) ’ 

(»-=0, 1, 2, .... 8), 

k=Q <^qr 

(where i stands for V - i and oi, oj, 03 * ^ 2 * ^31 ci» ^^3 are any nine constants which 

satisfy the equations 

a^j -f <13 = 0, ^1 '4'^2 4' ^3=0, Cj - i-C 2 -Hc 3=0, CL^h^-^ 

to the Hamiltonian system of the 18th order which (v^ 155) determines the motion of the 
three bodies. 


Shew that the integrals of motion of the centre of gravity are 

q<! - 97' - = pi =K = 0. 

Shew further that when the invariable plane is taken as plane of av/, the variable is 
zero, and that the integral of angular momentum round the normal to the invariable plane 

is 

where ic is ,a constant. 


Hence show that the equations rodiice to the 8th onier system 

dq;_ZH dp;_ ZH rr-0 12 3) 

'di- w; (^- 0 , 1 , 2 , 3). 

where 

>"rt!?2x2 /!!>', 

4-2 — - {pi (<*i — 5iyo') + ^5|} , (a-t — byqi) — ^, (a, - 5j^o')|- - 2 r • 

wi| 1^73 92 ) 9i 

Reduce this to a system of the 6th order, by the theorem of § 141. (Bruns.) 



CHAPTER XIV 

THE THEOREMS OF BRUNS AND POINCAR^l 

164. Bruns' theorem. 

(i) Statement of the theorem. 

We have seen (§ 155) that the problem of three bodies possesses 10 known 
integrals : namely the six integrals of motion of the centre of gravity, the 
three integrals of angular momentum, and the integral of energy ; these are 
generally called the classical integrals of the problem. Each of them is an 
algebraic integral, i.e. is of the form 

/(?i, ■ ■,q„PuP>, —>P» 0= Constant, 

where / is an algebraic function of the coordinates (q^ q^, Jo,, 

and of t. 

Efforts have frequently been made to obtain other algebraic integrals of 
the problem of three bodies independent of these (i.e. not formed by combina- 
tions of them), but without success; and in 1887 Bruns* shewed that no 
such new algebraic integrals exist ; in other words, the classical integrals are 

the only independent algebraic integrals of the problem of three bodies. 

It may be remarked f that the non-existence of algebraic integrals does not necessarily 
imply great complexity in a system. One of the simplest of differential equations, namely 



has no algebraic integral except when pi/pj is a rational number, in which case the first 
integral 

= Constant 

jan be transformed into an algebraic integral. 

(ii) ^Expression of an integral in terms of the essential coordinates of the 
problem. 

We shall now proceed to a proof of Bruns* result, considering first those 
integrals Which do not involve t explicitly. 

* BericltU der Kgl SUeht. Get. der WU$. 1887, pp. 55 ; Ada Math. xi. p. 25. Cf. also 
Fon^tb, Theory of Differential Equatiom, Vol. in. (1900), Ch. ini. 

t Cf. K. Boblin, Aetron. lakttageleer och Unden. a Stockholm Obeerv. ix. (1008), N' 1. 
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The equations of motion of the problem may (§ 160 ) be written in the 


form 


where 


t-t' t-t <-'■* 


H^T-U, 

^ ^ (P*' + Vi + P>\ 

U = (9,’ + qi‘ + q.^y^ 


+ m-itih 




-i 

)-l 


We shall write 
so that 


?/ii ni2 

^ wti + nh ’ 
= /^2 = /^ =* 


^ W3 (m, + ?^i«) 

II = — ^ . 

Wlj + Wi., + 

/A 4 = /^5 = Me = 


6 „ a 

7 = 2 1^. 

r = l 


Let the coordinates of the three bodies be (9'/, ^'5', (//), {q^, q^), (q/, q^, (//), 

and let =* p/, where A; denotes the greatest integer contained in | (?• + 2) : 
the integrals whose existence we propose to discuss are of the form 
<^( 9 /. •••> P9)=^(h 

where a is an arbitrary constant an(i is an algebraic function of its 
arguments. The formulae of § 100 enable us to express the variables 

{q\f q 2 * •••. «7»', Pi\ ..mP/) as linear functions of (q^, q.>, ..., 96,pi, - MPe): >ve 
shall therefore, on making these substitutions in the integral, obtain an 
equation 

/(ll.?2 ?6. Pi, •••.!>«)=« (2)- 


If the integral </> is compounded of the integrals of motion of the centre of ^ 
gravity, / will evidently reduce to a constant ; if not, / will be an algebraic 
function of the variables (qi, .... q^^pi, ...,'pfl)- have to enquire into the 
existence of integrals, such as (2), of the equations (1). 


(iii) An integral must involve the momenta. 

We shall first shew that an integral such as (2) must involve son?^ of the 
quantities p, i.e. it cannot be a function of q., ..., q^) only. 

For suppose, if possible, that the integral, say 

/((/., •••, g6) = a. 


does not involve (p^pa, pe). Differentiating with respect to t, we have 


« ^ 4 ^IVr 
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and therefore the equations 

|-0 

must be satisfied identically; that is, / does not involve (^i, and 

so is a mere constant. 

(iv) Only one irrationality can occur in the integraL 
As the mutual distances of the bodies are irrational functions of 
(^ii •••' ^s). the function U will be an irrational function of these 
variables. Denoting by s the sum of the three mutual distances, it is easily 
seen that the mutual distances can be expressed as rational functions of the 
seven quantities q^, ..., a) ; in other words, the irrationalities involved 
in the mutual distances are all capable of being expressed by means of the 
irrationality of a ; we may therefore suppose that U is expressed as a rational 
function of (^,, ...» a). 

Now the function / is algebraic, but not necessarily rational, in the 
variables (g,, .... jOi, let the equation ( 2 ) be rationalised, and let 

the resulting equation be arranged in powers of a, so that it becomes 

qt, ...» qt,Pi, • • . , (^i q^^Pi, ...,Pe) + ... 

where are rational functions of (qi, •>>, qt, Pi, ».•, p$)» If this 

equation is reducible in the variables (^i, qt, pj, ..., jp*, «), i.e. if it can be 
decomposed into other equations, each of the form 
a* + a^"'^, «) + ... •••»?«. Pi, ...,p..«)»0...(4), 

where *^ 1 , • • • , ■+* are rational functions of ( 9 , , . . . , />» , . . . , p* , «), then one 

of these last equations will give the value of a which corresponds to equation 

( 2 ), and we shall consider this equation instead of (3). As the type of 
e<juation represented by (4) includes the type represented by (3) as a 

particular case, we shall suppose 0 to be given by an equation of the form (4), 

irreducible in (q^, pu ...,Pf, «). 

Differentiating with respect to t, and using equations (1), we have 

H) + F) + ... + (t/, H)^0 (5), 

where (yfrr, H) denotes as usual the Poisson-bracket of and H. 

We shall first suppose that the expressions (y^r* H), which are rational 
functions of (^i, Pi, p,, a), are not all zero. Then equations (4) 
and ( 6 ) have one or more common roots a, and consequently equation (4) is 
reducible in ( 91 , (j*,, ..., pi, ..., pt, »); but this equation is irreducible, and 
therefore this hypothesis is inadmissible, and the quantities (y^r> S) are all 
zero. This implies that all the coefficients (^ 1 , ..., ^ 4 ) in equation (4) 

are integrals of the equations ( 1 ); and hence the integral f can be com- 
pounded algebraically from other integrals, which are rational functions of 
(?i » • • • I 9«> Pi » • • • » Pi » ^)* 
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(v) Expression of the integral as a quotient of two real polynomials. 

We need therefore henceforth only consider integrals of the type 

«) = a (6), 

where /is a rational function of the arguments indicated. The form of /can 
be further restricted by the following observation. If in the equations of 
motion we replace qnPrt thy Prl<^\ and tl^, respectively, where k is any 
constant, the equations are unaltered. If therefore these substitutions are 
made in equation (6), this equation must still be an integral of the system, 
whatever k may be. 

Now / is a rational function of its arguments: it can therefore be ex- 
pressed as the quotient of two functions, each of which is a polynomial in 
(^i, 9a, ...» 76, Pi, When in these polynomials we replace qr,PryS 

by qrk^y Prk~\ 8 k'\ respectively, the function / will (on multiplying its 
numerator and denominator by an appropriate power of k) take the form 
A,kP A,kP-^ + 

where (Ao, Ay, B^) are polynomials in (9,, ..., q^, p,, ...,pe, s). Since 
dfjdt is zero, we have 

(B, + ... + B,) 






Now k is arbitrary, so the coefficients of successive powers of k in this 
equation must be zero ; and therefore 

o dA, n dA| . dB, . d^ 


0 - B ^^P - A 

dt ^ dt * 


These (9+ p + 1 ) equations are equivalent to the system 


JL ^0 ®=.. 

.do dt Ax dt ’** Ap dt Bo dt 

from which it is evident that each of the quantities 

Ax A^ Ap B^ ^ 




^ Ba dt * 
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is an integral: and thus we have the result that any integral such as f can he 
compounded from other integrals^ which are of the form 

where each of the functions Gi, 0^ is a polynomial in its arguments, and is 
merely multiplied hy a power of k when the variables pr, s are replaced 
respectively hy qrk^, Prk~^, sk^. We need therefore only consider integrals of 
this form. 

It may further be observed that the functions Oi and (?2 without loss 
of generality, be taken to be free from imaginaries. For if P and iQ denote 
the real and imaginary parts of an integral 

P + iQ = Constant, 


we have 


dP .dQ . „ 

= Identically. 


Since the differential equations are free from imaginaries, it follows that 
dP/dt and dQ/dt are free from imaginaries : and so dPjdt and dQjdt must be 
zero separately. Hence P and Q are themselves integrals, and every complex 
integral can be compounded from real integrals. We shall therefore hence- 
forth assume that is free from imaginaries. 

(vi) DerivcUion of integrals from the numerator and denominator of the 

quotient 

It may be the case that the function Gi is resoluble into a product of 
irresoluble polynomials in {pi, p 2 > •••>^6), the coefficients in these polynomials 
being rational functions of (^i, ^2, . . . , s). Let yft be such a polynomial, and 
suppose that it is repeated X times in : and let denote the remaining 

factors of G], 80 that 

When Gj is irreducible, we shall of course have G^ => and ^ 1. 


The equation 

0 

II 

gives 

4. 1 _ J- ^ = 0 

dt X dt 0, dt ’ 

or 

di^ , / 1 dG-i 1 dx\ 
dt Xxdt) 


Now df/dt is polynomial in (p,, ...,^5), and rfr is also polynomial in 
(Pi» - - ylh), order less by unity than the order of d^jdt Also, yfr has no 
factor in common with G 2 or x- Hence we see that 

1 dft, 1 dy 
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must be a polynomial in (p,, of order unity : denote this poljmomial 

by 0) : then we have 



It may be shewn in the same way that each of the other irreducible factors 
of (?i satisfies an equation of this kind. Denote the various factors of 0 ^ by 
yfr', yfr", . . . , so that 

, 

and let the equations they satisfy be 

1 df' _ , 1 dylr"_ „ 

yjr' dt dt 

then we have 


jL ... = ' + ... = ^ _ 

dt if" dt -ryw T . . a, y, 


G, dt 

where a) is a polynomial in (pt,...,pt), of order unity, and rational in 
q„ «). Thus G, satisfies the equation 


d&, „ 


and therefore (since O1IG2 is an inte^jral), G2 also satisfies the equation 



As Gi and Gq satisfy the same differential equation, we shall in future use 
4 > to denote either of them : so 0 is a real polynomial in (p, , . . . , gi , . , . , «)> 

which satisfies the equation <f> = o><f>. 

Now <f> is merely multiplied by a power of k wheo qr, Pr, s are replaced 
respectively by qrk^, prk~\ sJ <^ : since 

^ 1 d4> __ y 1 Pr , ^4* 

Wr^r)' 

we see that w is multiplied by when this substitution is IQftde. It follows 

that o) cannot contain a term independent of (pi, ...,pg), since such a term 
vfould be multiplied by an e^en power of fc; w is therefore of the form 


0) = a),pi 4- (liiPi 4* ... + ««>6P«» 

where each of the quantities o),. is homogeneous of degree — 1 in the quantities 
(9i» --Mge,*). 

Further, let one of the terms in be of order m in (pi, ... .pe) and of ordef 
n in «), while another term is of order m in (p,, ...,p6) and of 

order W in (91, «): since these terms are multiplied by the same 

power of k when the above substitution is made,, we have 
— wi 4- 2n = — w' 4- 2?i', 

80 wi — m' is an even number. Hence ^ can be arranged in the form 
0 4" ^ + ^4 4- . . . , 



364 


The Theorems of Bmns and Poincar6 [oh. xiv 


where ^ denotes the terms of highest order in (p,, ...» p«), denotes terms 
of order less by two units in (pi, ...,p«) than these^ and so on: and each of 
the quantities ^ is a polynomial in (pi. ...,p„ ...,9,, i), homogeneous in 

(Pi. -mP*) and also in ...» 9., s). 

We shall now shew that when ^ does not invoke a, ^ can he made into an 
integral hy multiplying it by an appropriate rational function of (qu ...» 

For suppose that ^ does not involve a: the equation 


or 


d<fh 
dt dt 



— + ••• + ^ + ...) 


gives, on equating the terms of highest degree in (pi, ...,p^), 
r?i S + ... + 

Now ^ may contain p« as a factor: in order to take account of this case, 
write ^ ** P•*4•^ where does not contain p« as a factor, and where as a 
special case we may have k = 0, Substituting p**^' for ^ in the 

differential equation, it becomes 

r*l rr 

Let <f>o' denote those terms in which do not involve ; equating the 
terms which do not involve p* on the two sides of this equation, we have 


It may be that is a mere fimction of 5,, % say equal to li; in 

this case we have 



1 dR 

- 5— = ®r/t 

Ihdqr 

(r-1, 2... 

. 5 ) 


1 ^R 



or 


(r-1. 2,.. 

., 5 ), 

and therefore 


2 , .. 

.. 5 ). 


Supposing next that does involve some of the quantities (pi, ...,pi), 
it may involve p« as a factor: to take account of this case, we write 
where does not involve pi as a factor. The equation now 

becomes 

%, ^ - (“iPi + • • • + <"•?.) 
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Let denote the terms in <l>o" which do not involve p^: equating the 
terms which do not involve on the two sides of this equation, we have 

Proceeding in this way, we ultimately arrive at the alternatives, that 
either 

or else a function y/t exists, which is polynomial in 9,, homo- 

geneous in ^1, and also in p,, p2, and is free from any factors which are 
mere powers ofpi and pg, and which satisfies the differential equation 


fi, dq^ fig dqg ^ ^ 


Now let yjr = apx^ + bpg^ + cpi^~'p2 -f . . . ; 

equating coefficients of and p^-^' on the two sides of the last equation, 

we have 

1 0a 1 06 

lu, = — ^ a, =- . 

Ml® ^q\ dq.i 

The quantities a, 6, c, ... are polynomials in {q^q^, ^*): they may have 

a common pol3momial factor Q, so that 

a-dQf b=:b'Q, etc. 


so that 


= a'p,* + h'pt ^ + + . . . , 

ir - Qyjt', 


-L fP} fP} ^.P} 

f' \h ^1 fh dqj f dq^ ftg dq^J Q Vi ^ ^qJ 



= Wi'pi + coj'pa, say, 


where 


JL^' '=JL^A' 

fiia' dq/ r^b' dqg 


so 


p, 0^pj^' 

P\ th 




The left-hand side of this equation is a polynomial in {q^, qt^ 

Pi*Pi)'> but if a' contains 9,, then w/ contains a', or some factor of it, as 
a denominator. Hence yjr' must contain a', or some factor of it, as a factor. 
But this is inconsistent with the supposition that a', b\ ... have no common 
factor. Hence a' cannot involve qi\ and therefore is zero. Similarly 
•»! is zero. 
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Thus 

and therefore 


a). 


JL^ _L^ 


which is the same as the alternative previously noted : so this equation is 
true in any case 

Similarly we can shew in general that 


and hence we may write 

1 dR 

where R is some rational function of ((^i, g,, 


Thus we have 


6)lPl + 0)2^2 + . . • + 


2 £r 1 

r=l ^ 


or 

and therefore 


4 ^ 

^ dt ' 

<f> (it R dt ' 


± 

R 


= Constant. 


Thus <ff can be transformed into a constant^ hy multiplying it by an 
appropriate rational function o/ g,, g,, ...» g*, namely 1/jB; which is the 

required result. 

If therefore the terms in Gi and 0^ do not involve «, we can transform 

Oi and into integrals, l)y multiplying tliem l)y appropriate rational functions 

of (i^i, ^1, . q «) ; and hence^ if it can be shewn that the terms <f>o in (?, and 0^ 
do not involve s, we shall have the result that any algebraic integral of 
the problem of three bodies can be compounded from integrals which are 
polynomial in (p,, p,, p*) and rational in 9,, g*, ...» «. 


(vii) Proof thcU <f>Q does not involve the irrationality 8. 

The case in which involves s is not included in the above investigation.. 
We shall however now proceed to shew that no real function which satisfies 
an equation 

2 ^ == (Wip, + ... + ft»2Pe) ^o» 

r-l 0<lr 

can involve s ; and hence that the functions ^0 occurring in our problem do 
not involve s, so that the above result is quite general. 
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For suppose that a function <^o exists, which involves s and satisfies the 
above differential equation. When the 8 values of s are substituted suc- 
cessively in <^o will take a number of distinct values; let these values be 
denoted by ; they satisfy equations of the form 


IP’ 

r]=l 


fir dqr 




1 PZ^K: 

r=l fir iqr 


= ...» 


where <o , co , ... are the values of «d when the values of s corresponding^ to 

ipQy ... respectively are substituted in it. 


Let = 

Then we have 


It ] 

^ r = l f^r r=l \4*o ^g> <l>o' dqr / 

= &)' + 0)" + . . . 

= n. 

where H is a linear function of {pi,pi, ...,pe), the coefficients being rational- 
functions of (q^ ^2. •••, (fa)- 

Now <l>, from the manner of its formation, is a rational function of 

(9i , ^2) • • • ) 9«)) not involving s : and it is clearly a polynomial in ( jo, , pa, - • , p«). 
So we can apply to <t> the results already obtained, which shew that (on 
multiplying 4 > by some rational function of g,, 92, ...,9*) H is zero, and 

therefore that ^ satisfies the equation 

I = 0 

r=l fir dqr 

This is a partial differential equation for <i>: there are 6 independent 

variables, and 5 independent solutions can at once be found, namely the 

(|uantilie 8 

only of the quantities 


W ^ ^ ^ ^ ^ ^ ^ ^ ^ function 

Ik Ik/ Ui ikl 


(M} 

\ Ml 


91P3] 

Ma / * V Ml 



Ply Pi, 




Now the factors of 4> differ from each other only in that different roots s 
are used in their formation : so when such a relation exists between 
(?i) ?2. that two of these roots s become equal to each other, then 

two factors of 4> will become equal to each other ; hence if <I> = 0 be regarded 
as an equation in pi, at least two roots will become equal to each other. 
When this relation 

f {< 11 , 92 , ...,^ 6)=0 

exists between (9,, , g«), we shall therefore have d^/dpi = 0; and similarly 

34>/0pa» - fi d^/dpt will each be zero. 
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Since <!> is homogeneous in •••» Pe)» equation 


3<[> 34? A 




is equivalent to<I>=0: so4) = 0 does not constitute an equation independent 
of the equations 04>/clpi = 0, .... 34>/0/)e = 0. 

If small variations are given to the variables which satisfy the equation 

<1> = 0, their increments are connected by the equation 

but ?», Pi, -■,?») satisfy the equations d^/dpr=0, this equation 

becomes 

« 0 <|> 
r=l 

and this relation between the increments Sg^r must therefore be equivalent to 
the relation 

1 

r=l 

Hence the equations 

a//a <?. ^ d//^ ^ ^ dfi^ 

d<P/dq, a«t>/ay, ■■■ d<t>/dq. 

are consequences of the equations 34>/^,= 0 ; and so, since 2^ ^ is zero, 

we have (for sets of values of Pi» ••• > which satisfy these 

equations) 

2 . 0 . 

r=l /V Oqr 

The equations /a 0 and I are therefore algebraically deriva^^^ 

from the equations d^ldpr — 0. Now the actual values of are 

of no importance in this algebraical elimination ; so we can replace qr by 
iqr+Prtlfh) in all the equations: and thus we see that the equations 


r-1 fir oqr'' V fix ^ fh J 


are algebraical consequences of the equations 
0 t d 

qt, pi, ji|) — — g— 4* (ji, •••, q$, Pi, ••• , Pt) “ 0 

(r-1.2 6). 
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Hence the result o( eliminating t between the equations 


must be an algebraic combination of the equations 

0 ^ 0 

4>(} p. P*) “ “ ^ ‘*’(9" -- P* P«) “ ^ 

(r=1.2 6). 

Now one such algebraic combination of these equations is 

.... qe.Px i>«) = 0; 

for it can be derived by multiplying the equations by(pi, p,) in turn, and 

adding them. We shall shew that it is the eliminant which has just been 

mentioned. 

For let the eliminant in question be denoted by ; then the equation 

must be a combination of the equations 

and I -fipr+^ 2 ^ 3 («?. + - Sp. + ^*S<) = 0. 

r»l f*r ^qr r = l * = 1 Mr ^qr^qt\ M« M» ' 

Since the latter equation involves 8f, we see that it cannot enter into the 
combination : and so we have 

m ^1^ Ir-I 5 & 



The identity of these equations with those which have already been found 

for <1) shews that the quations $ = 0 and 0 are quivalent Hence <t>= 0 

is the eliminant of the equations 





Now the equations /(ji, Ja, ..•» ?«) *= which are the conditions that the 
equation for s may have equal roots, cAn easily be written down : and this 
result enables us then to find all possible polynomials d>, and hence, by 
f^torisation of 4>, to find all possible polynomials 


24 
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The eight roots s are the eight values of the expression ± rj ± r# ± r, , 
where rg, r, denote the mutual distan'^es : so we may have two roots a 

eijual as a result of any one of the equations 

r, «0, r, =s0, ra = 0, r,— fn, r, — + r*, ri±r 9 ±r,« 0 . 

The equation rj = 0 gives 

Qx + (It + * 0 ; 

and the eliininant of 

a K’’'" ft)’* 

(„• . . ,.•) (g: - g - S -(*!?* ‘S’ * I?)’ ’ 

so the value of ^ arising in this connexion is 


(9iP3 

g.PiV 1 

('?!&_ 

&2.y+, 



\ fh 

fh ) 

V/*. 

/ 

\ Ml 

Ml / 


this expression is not resoluble into real foctors, and therefore no real poly- 
nomials can arise from this source. 

A similar result can be deduced in connexion with the equations » 0 
and r, ** 0. 

Consider next the equation 

n = ± n ; 

it can be written in the form 

ll + 1! * 1.' + («.«. + ?.9.+ S.9.) + W + + 9'’> 




(9i’ + gt’+?,*) 

m, V , . . 


or 2 (g,?, + g,g. + q,q,) - il' + 9.’ + 9»*) - 0- 

Replacing q, Ry (g,+p,<//i,), and forming the discriminant with respect 

to t of the equation thus obtained, we find 

♦ = j2 (?i«. + 9>!i+ M>) + “ W + «■’ + }•')) 

« la (»• + »+ £!2!\+ ’5!^ (a*, 

I fhfH fhfH/ Tni+W»\/Ai* Ml* fh*n 

_ \'h ?* . I I I I I (M» + g«g;^.3»P»UV 

I M4 Ml Ml Ml Ml wi, -h V /t^ Ml Ml / J 

This expansion cannot be factorised into polynomials linear in 
(pifPi^ so no functions ^ can arise from this source. 
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Similarly it may be shewn that fio polynomials can arise in connexion 
with the equations ± r^, ry = ± r^. 

Lastly, the rationalised form of the equations 

± r, ± r, = 0 

is (r,* - + r,*)* - 4rjVi* = 0. 

When Vi is zero, this case reduces to that which was last discussed : and 
since the polynomial <1> is not resoluble in this special case, it cannot be 

resoluble in the general case. 

Thus finally, no real polynomials <f>o, involving s, cam, exist. 

Summarising the results obtained hitherto, we have shewn that any 

algebraic integral of the differential equations, which does not involve t, is 

an algebraic function of integrals <f>, each of which can be written in the 
form 

where <f>o is a homogeneous polynomial in the variables p, say of degree k, 
and a homogeneous algebraic function of the variables q, say of degree I : 
is a homogeneous pol 3 momial in the variables p, of degree (A: — 2), and 

a homogeneous algebraic function of the variables q, of degree (/ — 1); ^4 is 
a homogeneous polynomial in the variables p, of degree (k — 4), and a 
homogeneous algebraic function of the variables q, of degree (/ — 2) ; and 
so on. 


(viii) Proof that (f>o is a function only of the momenta and the integrals 

of angular momentum. 


We shall now proceed to shew that an integral characterised by these 
properties, is an algebraic function of the classical integrals 
The equation 




gives on replacing ^ by ^0 + ^ + ^4 • • • » equating terms of equal degree, 


r^xOqr tW 

r~I Sjr /*r 9?r 


rt V di>k.,dU 

dpr dq/ 

r^l^r vQr 


S4-S 
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The first of these equations is a linear partial differential equation for 
which can at once be solved, and gives 

^0 •••$ Pii •••> jP§)) 

where Tr = ~ (^ ** 2, 3, . . . , 6). 

fh fh 

Let the expression of ii^ terms of the variables P*. ... » P#, jh* • •• . P# 


be 

we have 


•••» />,, ...,pa), 


J5j f^rPl 


dqi dqx dq^ 

— V 

r*l^?fPrPi 

Pi^A ^ ^ Pr^4>%^ ^d4>t,dU 

/4i0^, r^lPrdqr r-l^r^^r* 

Integrating we have 

/, = X P. p. P*> - ( ^ ,?, ‘*9- 

80 there can be no logsuithmic terms in fjCdq,, where 

X — 2 , expressed in terms of o,. P,, .... P«,Pi Pi. 

r.ldprdqr 


~ WPi Pi/ ^91 r=8 Wr 9-Pr Pr/ 

r=l 9pr r-S 9Pr S?! Pr S9r/ ’ 

If P denotes the expression of V in terms of the variables 
Jit -P »i •••t fhi •••) P»< 


dU 3f_|^Pr 

dqr~thdFr ^ ^,“dqi ,.,0P,p,‘ 


The tenna in I which may give rise to logarithmic terms in j I dq, are 

now seen to be 

i Wjar+M! i|r&+S!E!|£l, 

r.t dPr I ftrPi MrPi oP, fh PrPi OPr) 

SO the terms which may be logarithmic in jxdq, are 

i [rdq,+ i i 

r-t PrPi oPr J 9Pr PrPiPl OPJ 


4 y. p. 3 A 


« trj. 
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Now F is a sum of three terms, each of the form (A 4- Bqi 4- Cq^*) 
Taking eiush of these terras separately, we have for the transcendental part 

of the last expression 


6 

X 


r=2 dPr fJLrPi V — C 

* * PrPi 




-11^ 

6 

-2 


1 


35 . 20}. + 5 

y-=- — arcsm r 

r-a«=a3P, 2(7V — (70P, (B*-^AC)^ 


^ df, p, 1 


dB . 2(7oi + 5 

, — arcsm — ^ r . 

r*2 dPr /A,Mi 2C V - C dPr (5* - 4 fA C)i 


Thus for each of the fractions {A + Bqi 4- C^i*) we must have 

G t 1 ^' ^ i|F = 0- 

r»8 oPr f^rPi r»8 * = a ^Pt Prf^tPi vir g — ^ oPr H-rpi 9Pr 

Now for the first of these fractions, namely + q^' + we have 

SO the first of the three equations will be 


4 . 4 . i - I M . f^£PL\ 

\ P%P\) r=2 ^Pr hrPi r»2 0Pr \fh'Pl' /h’p') 

( S/o MiPt . ^fn fhPi \ n 

Wj fh'Pl SP, 

or 2 ^ - (3-^ ^ = 0- 

r-2 oPr Mr VO-r« M* ^P, H,' J 

or (since mi = /ii = /*j) 


t 

S Pr 

r=4 




aPr 


= 0 


.(A), 


and on solving this equation we see that /, is a function of 


%% ?„P„(m.-P 5941 and (m.-M*)- 

Since the three expressions (A 4- 4- (^91*) are linear functions of the 

three quantities (?i’+gtH(?s’), (?i?4+?295 +98?6). (94' +9,* +9,’), we can for 

our present purpose replace them by these three quantities ; so the second 
expression {A + Bqi + Cqi*) may be taken to be (9194 + 9^90 + 939«)» or 

ppj^\p, ^ p.Ap. ppj’ 

5^0 for this expression we have 

B _ j. J. 4 . P^«P» 4 . t'fjP* 

ft’ /ft’ ft’ /ft’’ 

C.'^+PJP55'+^^'. 

Pft Mft Pft 
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and the corresponding equation is 


^(P«P4-|>ip.) + ^(PiP4-l>»p.) + ^ (y -k) 

+ M \. y. (mp* 

^dPA li' M 


PlP3 




The third expression (.4 -f Bq^ + Og,*) may be taken to be q^^ + ^o* + Qt ; 
the corresponding equation proves to be the same as equation (A), and may 

consequently be neglected. We have therefore only to consider equations 

(A) and (B): simplifying (B) by means of (A), they may be written 



- 0 , 


(p,p, - p,p,) 


dP, 


+ (P4P3-PlP.)^^-Pl 



these equations are obviously algebmically independent ; and the Jacobian 
conditions of existence are satisfied identically for them, since the coefficients 

of the derivatea ^ do not involve the quantities P. These two equations 


therefore form a complete system, with 5 independent variables P,, P,, P 4 , 
Pg, Pg: so there must be 5 — 2 = 3 independent solutions, and any other 
solution will be a function of these three solutions and of pu Pt» 

It is easily verified that three independent solutions are 


or 


where 


P,p, - P,pt + P.p, - Ptp„ 

P,/?, 4- P.pg - P 4 P., 

-P^Pi + PtPt-PtPi, 

PiLjfi, PxMjft, PxNIfi, 

il/=9iPi-9iPi+9iP4-94Pi, 

^ » qiP%- q%pi + ^iPi - 9iP4. 


and the three equations 

L = Constant, M = Constant, N » Constant 

are the three integrals of angular momentum of the system. We have 
therefore the result that ^ is a function of i, Jlf, N, p^p^t only. 


(ix) Proof that 1^9 is a function of T, L, M, N, 

Since when expressed in terms of fi, is a poly- 

nomial in pi, Pi, ..., Pi, it is clear that ^0 is a polynomial in its arguments 
L,MfN,py , ..., pi. We shall write 

^•0{L,M,N,pu 
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80 we have 


dt 


4 dO dpr 


r-l dpr dqr ’ 


B 1 dpr dt 

and the equation for /: is 

A.p. p.)-^ i^fYrdq,. 

Pi r.l 

where F, stands for dUjdqr, supposed expressed in terms of Pj, .... P,, 

/>!, We have therefore 

P^risprF^^^' UapiW ^ 3 P,J^,i. 0 p;ap,‘^-+;^ap. 0 p,p?' 

Pi dpjdq, jap, [dp, p,p, dpj 

p. api ^ ,r» lap, n^p, dpJ spj 


__ /ii 3G « mi 771, 


+ 2 — 

r-* \^r MrPi dpi/ ^ 


Pi9pi^(^+5j,+ C9.*)i 

f a d D 9-^ 0/1 9^ \ 

(fi> - 4/10) (/I + Bq, + C9.»)i ’ 

where the symbol 2 indicates summation over the three values of the 

A 

expression ( A -f- Bq^ + Ogj*). 


Now the term x(Pi, ..., P,,pi, ...,|7«) cannot give rise to terms involving 
(ii + Bqx + Gq^) in the denominator : so the quantities multiplying each of 

the expressions {A + Bq^ + Oq^)^ must themselves have the same chamcter 
as <^8, i.e. they must be polynomial in (| 7 ,, ..., p*) when expressed in terms of 

(?i > ?i, • • • I ?«, Pi , . . . , p«). We see therefore that the expression 



must be a polynomial in (p,. ..., p«), when expressed in terms of (pi, 

qu . . . , ^«). Taking first it + + Cq^^ = q^ + q^ + qfy this expression 

becomes 

Pl3pi r-2Wr PrPidpJ 

V '^Pr {M(PaHP,")4g|(f,p,+P,p,)l •t-frl/i(f»P« + P,p,)-f gi(piHpaHp8») l 
2 lpx*P,*+Px*P,*+(;h 
or (omitting a factor p) 

— — — V fhPr^G\ 

Pi ^ r-l \^r PrPi dpJ 

^ -Pr{Pi (<?,* 4- <|««) - P,y»^, - P,7i^il (<yrPi - Pr^i) (Pi^i P^?! Pi9») 

2pi l(?fPi - PtqiY + (?iPi “ p» ^i)* + (P*ft -P*9t)*) 
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1 3 G 

Pi dpi 






2 {{q2Pi - ^ 1 ^ 2 )' -H (q^pi - qiP^y + (?3i>2 - ?2p3)*l 


The last fraction must therefore represent a polynomial in pu p^, .... p 
so the denominator must be a factor of the numerator. 

No«- G .8 a polynomial in L, M, N, «o (3- - — g-j and ” g- ) 

are pidynomials in L, 3 f, N and involve q^, q^ only by means of L, M, N\ 
so either they contain no terms in q^, q^, q ^ — in which case the denominator 
cannot be a factor of the numerator — or else they contain some terms free 
frt^m q^, qt, q ^ — in which case also the denominator cannot be a factor of the 
numerator. The condition can therefore only be satisfied by supposing that 

dG ^ fi^pi ^ _ Q ^ _ PfPs _ Q 

dp., cp^ ’ dpi pipi dpi 


As might be expected from considerations of symmetry, the conditions 
arising from the other sets of values of A, B, 0 give 


dG ftiPr dO 

dpr fhrPi dpi 


(r« 4 , 5 , 6). 


The function G therefore satisfies these five equations, which are evidently 
a complete system of five independent equations with six independent 
variables, and consequently possess only one independent solution; this 
solution is easily found to be 


6 

s 


Pi 


or T. 


The fanctim G therefore involves (/>,, only by means of the expression T 

and since G is polynomial in (p,, p*), it must also be polynomial in T. 

Since 00 is homogeneous in (7,, ^2, q^\ and also in {p^,p2, ■ and 

the expressions (/>, if, N) are each linear in (r/i, q^, while T does not 

involve (^i, .... q^) and is of degree 2 in (p,, ....po), it is clear that if T is 
involved in 0© at all, it must be as a factor : so we can write 

0 o = A(Ai/,^V) 

where h is a homogeneous polynomial in its arguments. 


(x) Deduction of Bruns' theorem, for integrals which do not involve t 
The equation which detennines the function f is 

Pi tt 
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But we have 

^90 u^dGZT 

p. 9/>. ~ ^ 

and therefore 

/t = x(^t Pf.Pi, •■.,p,)-mh(L, M, N) T”^' U. 

Thus 

<^0 + </> 8 + 04 + ... 

^h{L,M,N) (r» -mT^~^U)^.x(P, P., p, ja.) + 04 + 0. + . . . . 

The integral <l> can therefore be compounded from two other integrals, 
namely : 

P the integi-al A(L, M, N)(T- Uy^, which is itself compounded from 
the classical integrals, 

and 2 ® the integral where 

4* = <l>o “f + ^ 4 ' + . . . 
and 0 .'=X(A P*.P,. 

0/ = 0. - ^ h(L,M,N)T”^U‘, 

r l)(-ri) A (i, M, N) T- f/. 


But 4 ) is an integral of the same character as except that its highest 
term, <bo\ is of order two degrees less in (p,. ...» ps) than the highest term, 
4hii of 4>. Now we have shewn that 4> can be compounded from the classical 
integrals together with the integral 4> • Similarly (!>' can be compounded 
from the classical integrals together with an integral 4 ^" which has the same 
character as 4 >, but is of order less by four units than 4 > in the variables p. 
Proceeding in this way, we see that 4> can be compounded of the classical 
integrals together with an integral whose order in (p,, ...,pe) is either 
unity or zero. If is of order unity in (p,, p,), then in the equation 

</,(«) = </>,(«)= A (Z, if, i\r)r* 

we must evidently have A: = 0 ; in this case, therefore, 4 >^^ is compounded of 
the classical integrals. If 4 >^^^ is of order zero in (p,, p^), it is a function 

of ( 9 i , . . . , q^) only : but we have already shewn that such integrals do not exist : 
and so in any case 4 > can be compounded algebraically from the classical 
integrals. Hence we have Bruns’ theorem, that every algebr aic integral of 
the differential equations of the problem of three bodies, which does not involve 
the time, can be compounded by purely algebraic processes from the classical 
integrals. 
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(xi) Extension of Bruns* result to integrals which involve the time. 

We now proceed to consider those algebraic integrals of the problem of 
three bodies which involve the time explicitly. 

For this purpose we shall take the equations of motion as a system (§ 165) 
of the 18th order : we have therefore to investigate integrals of the form 

•••/ 99^ Pi = 

where / is an algebraic function of its arguments, and a is a constant. 

The function / is not necessarily rational in its arguments. Let the last 
equation be rationalised, so far as the variable t is concerned, so that it may be 
arranged in the form 

+ q9>Pu </>, (?, q,,pu <) + ••• 

-h<f>m(qu «... qii,Pi, 

where the functions <f> are rational functions of t and algebraic functions of 
their other arguments (^i, ... , Pi, ...» pg). This equation may be supposed 
irreducible in t, i.e. such that it cannot be factorised into other equations which 
are of lower degree in a and are rational in t : for if it is reducible, we can 
suppose it replaced by that one of its irreducible factors which corresponds to 
the original equation a. 

Differentiating with respect to t, we have 

NoW the quantities d(f>,ldt, when expressed in terms of (jn 9 „ g„ 
Pi> t), are rational functions of t : so that the previous equation would 

be reducible in t if this equation did not vanish identically. It follows that 
this equation does vanish identically : that is, 

<’■->.2 ”)• 

The expressions <f)r are therefore themselves integrals: and hence the 
integral f can he compounded from other integrals <f>, which are rational 
functions of t and algebraic functions of (^i, ...» 9®, Pi» ....pg). 

Let such an integral ^ be resolved into factors linear int : so that it may 
be written 


where (P, ^ , <^a , . . . , ^jb , . . . , are algebraic functions of ( 91 , . . . , 9 , , pi ^ , p*). 

Since this expression is an integral, we have 
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-- '■®P>“«dby their values {P.H). 

(^ 1 , H) (yfri, H), this, equation must become an identity: but this can 

happen only if 


dP 

dt 


= 0 , 


'-f-o '-f'-"’ 


l_^- = 0 l-^' = 0 

dt dt ’ 


i.e. if each of the expressions 

is an integral. Hence any algebraic integral of the problem of three bodies 
which involves t can he compounded (1) of algebraic integrals which do not involve 
t and ( 2 ) of integrals of the form 

t — <l>^ Constant, 

where <f> is an algebraic function ofiyug^, ..‘.jp*). 


Now it is known that 

t - = Constant 

is an integral : hence any algebraic integral of the problem, which involves 
can be compounded of 

( 1 ) algebraic integrals which do not involve t\ 

( 2 ) integrals of the form 

^_!ML±ZMllIMr = Constant. 

Pi+P^ + Ih 

where ^ is an algebraic function of ( 9 ,, pi, p,) ; and 

(3) the classical integral 

Pi + ^4 + Pt 

But the integrals in classes (1) and ( 2 ) are algebraic integrals which do 
not involve the time; and hence, by the result already obtained, they are 
combinations of the classical integrals. 


Thus finally every algebraic integral of the differential equations of the 
problem of three bodies^ whether it involves the time or not, can be compounded 
from tiie classical intearals 


Bruns’ theorem has been extended by Painlev^*, who has shewn that every integral of 
the problem of n bodies which involves the velocities algebraically (whether the coordinates 
are involved algebraically or not) is a combination of the classical integrals. 


BuU, Aitr. XV. (1898), p. 81. 
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165. Poincare's theorem. 

We shall next establish another theorem on the non-existence of a certain 
type of integrals in the problem of three bodies, which is in many i-espects 
analogous to that of Bruns, and was discovered in 1889 by Poincar^*. 

(i) The equations of motion of the restricted problem of three bodies. 

In the restricted problem of three bodies, the equations of motion of the 
planetoid can (§ 162) be written in the form 

dt dpr ' dt dqr V » - > 

where H = Hq-{- + 




1 


-np^, 


and Hi, Hz, ... are periodic in qi,qz, with period 27r. 
The Hessian 

bfH. d^H, 

dpidpz 

d\H, m, 

dp,dp^ dp,‘ 


is evidently zero : as this circumstance would prove inconvenient in the proof 
of Poincare s theorem, we shall modify the form of the equations so as to obtain 
a system for which the corresponding Hessian is not zero. 


Write H^ = K, and let H = hhe the integral of energy ; then we have 

dt~2hdpr’ dt 2h\r 


and therefore, taking a new function H equal to Kj^h, we can write the 
differential equations of the restricted problem of three bodies in the form 


dqr _ dpr _ dH 

dt dpr ’ dt dqr 


(r = l. 2), 


where for sufficiently small values of p, H can be expanded as a power-series 
in the parameter /x, 


.nd 

the Hessian of ifo is not now zero, and {H^, JT,, ...) are periodic in 9 ,, with 
period 27r. 


Acta Math. xiit. (1890), p. 269; xVuuv. M€th. de la Mic. Cel. i. (1892), p. 263. 
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(ii) Statement of Poincare's theorem. 

Let <I> denote a function of fi) which is one-valued and 

regular for all real values of qi and q. 2 , for values of p which do not exceed 
a certain limit, and for values of and which form a domain i), which 
may be as small as we please ; and suppose that 0 is periodic with respect to 
^1 and q^y having the period 27r. Under these conditions the function O can 
be expanded as a power-series in /a, say 

^ d>, -h 4- /A*d>2 4 . . . , 

where <l>o, ^i, ... are one- valued analytic functions of (^i , , pj)» periodic 

in qi and q^, Poincare’s theorem is that no integral of the restricted problem 
of three bodies exists (except the Jacobian integral of energy and integrals 
equivalent to it), which is of the form 

= Constant, 

where <P is a function of this character. The proof which follows is applicable 
to any dynamical system whose equations of motion are of the same type as 
those of the restricted problem of three bodies. 

The necessary and sufficient condition that 4> = Constant may be an 
integral is expressed by the vanishing of the Poisson- bracket (//, <b) ; so that 

<t>y) + ^ {(if., <D.) + (E,, «1»,)1 + {{H„ <!>.) + {H„ D.) + {H„ <!>.)]+...= 0, 

and therefore (Hof 4>o) = 0 , 

(H,y^,)^{H„ <P,) = 0. 

(iii) Proof that <I>o is not a function of H^. 

We shall first shew that 4>o cannot be a function of For suppose a 
relation of the form <Po = ir (He) to exist. From the equation Bo = Bo (pu p^) 
we have on solving for Pi an equation of the form p^ = 0(Boy pa), and 6 will 
be a one- valued function of its arguments unless dBojdpi is zero in the 
domain D. Replacing p^ by its value 0 in the function 4>o (q^ 9 ,, pu p^), we 
have an equation of the form 

and as 4>o is a one-valued function of its arguments yjr will be a one-valued 
function of ( 9 ,, q^, Boyjh) ] but by hypothesis, the function yjr depends only 
on Bo. It follows that ^ is a one-valued function of Boy so long as the 
variables piyp^ remain in the domain D, and provided dBo/dpi is not zero in D ; 
or more generally provided one of the derivates dBo/dpi and dBojdp^ is not 
zero in D, a condition which is evidently satisfied in general. Since is 
a one-valued function, the equation = Constant will be a one-valued 

integral of the differential equations, and therefore <I) — (B) =* Constant 

will also be a one-valued integral, and will be expansible as a power-series 
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m ft : it will moreover be divisible by ft, since d>o — ^ (ifo) is zero. If then 
we write 

< 1 > — (JET) = ft4>', 

the equation 4>' = Constant will be a one-valued analytic integral : writing 
4)' = Oo' -f ft4>/ -h fi»<I>a' 4- . . . , 

the function <l>o' ^vill not in general be a function of : if however it is a 
function of we perform the same operation again, thus arriving at a third 
one- valued analytic integral, whose part independent of ft will not in general 
be a function of E(^ \ and so on. It is evident that in this way we shall 
ultimately obtain an integral which does not reduce to a function of when 
ft is zero, unless O is a function of E^ in which case the two integrals E and 4^ 
are not distinct. 


If, therefore, there exists an integral 4> which is one-valued and analytic 
and distinct from E, but which is such that is a function of E^^ we can 
always derive from it another integral, of the same character but such that 
it does not reduce to a function of E^ when (jl vanishes. We can therefore 
always suppose that Oo is not' a function of E^,, 

(iv) Proof that cannot involve the variables 

If the function <l>o involves the variables qi, then since it is periodic in 
these variables we can write 


m, , m, w»i . w»i 

where m, and m, are positive or negative integers, i denotes n/-1, the 
quantities „ are functions of p,, p,, and f represents the exponential 
co-factor of Since H, does not involve q,, we have 

a,, a?.- 

But we have d^,jdqr= 2 so the equation (if„4>o) = 0 

becomes 

X A f ^^0 A. y n 

2 + w»»-5— 

’"■•"A 9pi 9p./ 

and therefore (as this equation is an identity) 


H<*nce we must 


have either 


dE, BE. 

dpi 


dpj 


0 . 


or midE^/dpi + fntdH.ldp^^O; 

but the latter alternative is possible only when m, and m, are both zero, or 
when the Hessian of Eo is zero, which is not the case. It follows that all 
the coefficients except il*, •; and consequently <I>o does not 

involve the variables 9 , and 
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(v) Proo/ that the emstence of a one-valued integral is inconsistent with 
the result of (iii) in the general case. 

Consider now the equation 

r= Oqr r=l 

As the functions and 4>i are periodic with respect to ^ 2 , they can 
be expanded in series of the form 

1 B ei{’^9x+'H9,) = 1 B J,aay, 

mi.m, m,,wt, ' ’ 




et{«h?l + »»»l95)=a 1 0, 




f, 


where Wj and are positive or negative integers, and the coefficients ^ 
and depend only on p,, p,. We have therefore 

*• C D V 3^1 • V 

55 ; 


SO the equation 




r=l r=»l ^Pr 

We. ?( Ug-) -.2 t(,j - 0. 


or (since this equation is an identity) 

^ f d^o , d^o\ ri / ^^0 , dH,\ 

dp, ^dpj api 5p2/ 

This equation is valid for all values of pup^ : and therefore for values of 
Pi and p, which satisfy the equation 

dHa dHo . 

dpi dpi 

we must have either 

^ « 0, or m, d^ojdp, + nu d^^/dpi = 0. 

We shall say that a coefficient B^ becomes secular when p,,p 2 have 

j l» *3 

values such that m, dHojdpi 4* rJh dH^jdpi = 0. 


As jET is a given function, the coefficients are given. In the general 

case of dynamical s)rstem8 expressed by differential equations of the kind we 
are considering, no one of these coefficients will vanish when it becomes 
secular, and we shall take this case first: so that the equation 

mi d^i/dpi THi d^i/dpi = 0 

is a consequence of the equation m, dH^jdp, 4- dH^jdpi = 0. 

Now let ifci, Jfc, be two integers : suppose that we give to p, and p, values 
such that the equation 


dH, dU, 
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is satisfied. We can find an infinite number of pairs of integers ?7?i, such 
that -f THgAra is zero : and for each of these systems of integers the 
expression + ma0/fo/^P8 is zero, and consequently 

rw, 

is zero. Comparing these two equations, we have 

dH,ldp, ^dHJdp, 
d<t>Jdp, 0<I>o/0p/ 

so the Jacobian d{Ho, (p,, pa) is zero for all values of pi, pa for which 
dHf^ldpi and dH^Idp^ are commensurable with each other. Thus in any domain, 
however small, there are an infinite number of systems of values of pi , p, for 
which this Jacobian is zero : as the Jacobian is a continuous function, it must 
therefore vanish identically, and consequently 4>o must be a function of 
But this is contrary to what was proved in (iii), and therefore the funda- 
mental assumption as to the existence of the integral <P must be erroneous ; 
that is, the Hamiltonian equations possess no one- valued analytic integral 
other than H = A, provided no one of the coefficients vanishes when it 

becomes secular. 


(vi) Removal of the restrictions on the coefficients 

We have now to consider the case in which at least one of the coefficients 
mj varnishes when it becomes secular. We shall say that two pairs of 
indices (m, , ing) and (mi', m/) belong to the same class when they satisfy the 
relation mjmi ^ mglnig', and that in this case the coefficients and 

' m,' ^long to the same class. 

We shall first shew that the result obtained in (v) as to the non-existence 
of one-valued integrals is true provided that in each of the clawses there is at 
least one coefficient which does not vanish on becoming secular. For 

suppose that the coefficient is zero, but the coefficient B^ > is not 

zero. If pi, P 2 have values such that m, dH^j'dpi -H mgdHQjdpg is zero, we have 
mi' dHJdpi 4- TOg' dHo/dpg = 0, and consequently 


B. 


, ^ (nil 

ij, ntg ^ 


a<i>, , d^, 

dp, dpj 


■)=o. 


dp, ^ dpJ 


0 , 


and although the relation mi d^o/dpi + m, 0 <l>o/ 0 p 2 = 0 cannot be inferred from 
the former of these equations, it can be inferred from the latter : the proof is 
in other respects the same as in (v). 

Now a class is completely defined by the ratio of the indices m,, m,; let 
X be any commensurable number, and let C be the class of indices for which 
m,/m 2 =aX. We shall say for brevity that this class C belongs to a given 
domain, or is in this domain, if a set of values of pi , p* can be found in this 
domain such that 

dH, 0//O 
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We flhall shew that the theorem is still true if in every domain S, however 
small, which is contained in D, there are an infinite number of classes for 
which not all the coefficients of the class vanish when they become secular, 

For take any set of values of p,, such that for these values we have 



^0 

dp2 


= 0 . 


Suppose that \ is commensurable, and that for the class which corresponds 
to this value of X, all the coefficients of the class do not vanish when they 
become secular: the preceding reasoning then applies to this set of values, 
and so for these values of p, and p^ the Jacobian d(Ho, <I>o)/ 0 (p,, p^) is zero. 
But, by hypothesis, there exists in every domain 8, however small, which is 
contained in D, an infinite number of such sets of values of p,, pg. The 
Jacobian consequently vanishes at all points of Z), and therefore is a func- 
tion of \ so, as before, there exists no one-valued integral distinct from H 


(vii) Deduction of Poincare's theorem. 

In the four preceding sections, we have considered equations of the type 

dt dpr ' dt dqr \ y > 

in which H can be expanded in the form 

H - Utii' 

where the Hessian of Hq with respi*ct to pi and p2 is not zero, does not 
involve and qz, and /fj, •*« are periodic functions of 7^ q^: and we have 
shewn that no integral of these equations exists which is distinct from the 
equation of energ)^ and is one-valued and regular for all real values of 7, and 
72, for values of p which do not exceed a certain limit, and for values of pi and 
Pe which form a domain D ; pro dded that in every domain, however small, 
contained in D, there are an infinite aumber of ratios for which not all 
the corresponding coefficients when they become secular. 

This result can be applied at once to the restricted problem of three 
bodies : for we have seen in (i) that the equations of motion in this problem 
are of the character specified, and on determining the function Hy by actual 
expansion we find that the last condition is satisfied. Poincares theorem is 
thus established. 

Poincare’s theorem establishes the non-existence of integrals uniform with respect to 
the Kepleriau vuriables^ which implies uniformity in the neighbourhood of all the tra- 
jectories which have the same osculating ellqise. This however does not exclude the 
existence of integrals which are uniform in domains of a different character. Cf. Levi- 
Civita, Acta Math. xxx. (1906), p. 306. 

The theorem has been extended by Poincard to the general problem of three bodies : 
cf. Mouv. MkK de la Mk. Oil \. p. 253 ; it has also been extended by Painlev^, C.R. exxx. 
(1900), p. 1699. See also Clieny, Vroc. /'/<</. .S'oe. xxii. (1924). p. 2S7. 

W. D. 
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CHAPTER XV 

THE GENERAL THEORY OF ORBITS 

166. Introduction. 

We shall now pass to the study of the general form and disposition of the 
orbits of dynamical systems. For simplicity we shall in the present chapter 
chiefly consider the motion of a particle which is free to move in a plane under 
the action of conservative forces, but many of the results obtained can be readily 
extended to more general dynamical systems. 

It has already been observed (§ 104) that the determination of the motion 
of a particle with two degrees of freedom under the action of conservative 
forces is reducible to the problem of finding the geodesics on a surface with a 
given line-element; an account of the properties of geodesics might therefore 
be regarded as falling within the scope of the discussion. Many of these 
properties are however of no importance for our present purpose: and as the 
theory of geodesics is fully treated in many works on Differential Geometry, 
we shall only consider those theorems which are of general dynamical interest. 

167. Periodic solutions. 

Great interest has attached in recent years to the investigation of those 
particular inodes of motion of dynamical systems in which the same configura- 
tion of the system is repeated at regular intervals of time, so that the motion 
is purely periodic. Such modes of motion are called periodic soliUions. The 
term periodic solution is also used in cases where a relative rather than an 
absolute configuration is periodically repeated: thus in the problem of three 
bodies, a solution is said to be periodic if the mutual distances of the bodies 
are periodic functions of the time, although the bodies may not necessarily 
have the same orientation at the end of a period as at its beginning. 

The )«riodic orbita described by a spherical pendulum have been studied by A. Emch, 
Proc. Nut. Ac. Sci. iv. (1918), p. 218 and T6hoku Math. J. xv. (1919), p. 146. 

168. A criterion for the discovery of periodic orbits. 

We shall now shew that the existence and position of periodic orbits can 
be determined by a theorem^ analogous to those theorems which furnish the 

* Whittaker, Monthly Noticei R.A.S. lxii. (1902), p. 186. Cf. A. Signorini, Rend. d. Lineei, 
XXI. (1912), p. 86; Rend. d. Palermo, xxxni. (1912), p. 187; L. Tonelli, Rend. d. Lineei^ tii. 

(1912), pp. 251, 332; Mem. ht. Ro/of/na, i. (1924), p. 21; Birkhoff, Tronn. Amer. Math. Soc. xviii. 
(1917), p. 224; Onicescii, Math. .inn. xcviii. (1927), p. 576; Damkohler, /Ina. Sc. Norm. Sup- 

V. (19.36), p. 127. 
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position of the roots of an algebraic equation by considerations depending on 
the sign of expressions connected with the equation. We shall for simplicity 
suppose the dynamical problem considered to be that of the motion of a 
particle of unit mass in a plane under the action of conservative forces : the 
result can be extended to more general systems without difficulty*. 

Let {x, y) be the coordinates of the particle at time t, referred to any fixed 
rectangular axes in the plane, and let V (a?, y) be its potential energy function, 
so that the equation of energy is 

where h is the constant energy. 

The differential equations of motion of the particle form a system of the 
fourth order, and their general solution consequently involves four arbitrary 
constants. One of these constants is, however, merely the constant additive 
to t, which determines the epoch in the orbit, so there are only x * really 
distinct orbits. This triple infinity of orbits can be arranged in sets, each 
containing a double infinity of orbits, by associating together those orbits for 
which the constant of energy has the same value h\ such a set of x* orbits 
may be defined analytically by the principle of loiiSD action (§ 100), namely 
that the orbit between two given points {x^y y^) and {xi,y^) is such as to make 
the value of the expression 

jlh-V (x, {((ic)' + ((iy)»li 

stationary as compared with other curves joining the given terminal points 
(^0, yo) and (xi. yi)f. 

Consider ary simple closed curve C in the plane of xy; and let another 
Simple closed curve C' be drawn, enclosing C and differing only slightly from 
it. We may regard C' as defined by an equation of the form 

^P = <f>{y\ 

where Sp is the normal distance between the curves C and C' (measured out- 
wards from C, and consequently always positive) and 7 is the inclination of 
this normal distance to the axis of x. Then if I be the value of the integral 

when the integration is taken round the curve C, and if I + BI denote the 
value of the same integral when the integration is taken round the curve G' 

* For the extension to the restrioted problem of three bodies, of. Monthly Noticet R.A,S. Lxn. 
(1902), p. 846. 

t Following Painlevd, LiouvilWi Journal, x. (1894), it is cuRtomary to call a family of orbits 
whioli^ have the same constant of energy a natural family. 
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(so that the symbol S denotes an. increment obtained in pissing from GtoG'), 
we have 

8/ = I ((da:)* + 8 {h-V (x, y)\^ + J (A - F (x, y)]^ 8 \{dxf + {dyf]*. 

But we have 

8|/i- F(x,y)li = -il/i- F(x,,v)r^(|j8a:+|^8y) 

= - J (/i - F (x, y)) 'i' + '>') ^P' 

and 8 ((dx)* + (dy)*)^ = 8j». d^ = ^P ((da)* + (dy)*)i, 

whore p is the radius of curvature of the curve C at the point {x, y). 

Thus we have 


8/ = I |(dx)* + (dy)*;^ [k-V (x,y)j | cos 7 - J sin 7 hp. 

This equation shews that if the (juantity 


h-V(x,y) , dV , , dV 
p ^ * ox ^ ' dy 

is ne^^ative at all points of C, then SI is negative, and so the integral I has 
its value diminished when any curve surrounding 6’ and adjacent to C is taken 
instead of C as the path of integration. 

Now sup{x>se that another simple closed curve Z) can be drawn enclosing 
C, and such that at all points of D the quantity 


A- V 
P 




dv . 

cos 7 sin 



is |xjsitive. Then, in the same way, it can be shewn that the integral I is 
diminished when any simple closed curve D\ enclosed by D and adjacent to 
Z), is taken instead of D as the path of integration. 


When, therefore, we consider the aggregate of all simple closed curves 
situated in the ring-shaped space bounded by C and D — ^which is assumed to 
contain no singularity of the function V {x, y ) — it is clear that the curve 
which furnishes the least value of / cannot be G or Z), and cannot coincide 
with G or D for any part of its length. There exist, therefore, among, the 
simple closed curves of this aggregate, one or more curves K for which the 
value of I is less than for all other curves of the aggregate. Since K does 
not coincide with G or Z) along any part of its length, it follows that the 
curves arijacent to K are all members of the aggregate in question, and hence 
that the curve K furnishes a stationary value of I as compared with all the 
curves adjacent to it. The curve K is therefore an orbit in the dynamical 
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system. Wc have thus arrived at the theorem: If one cineeil curve be 
enclosed 61/ another closed curve, and if the quantity 


h-V{x,y) 


ZV 


ZV 


_icos7"^-i8in7g^ 


be negative at all points of the inner curve and positive at all points o f the outer 
carve, then in the ling-shaped space between the two cmwes there exists a periodic 
orbit of the dynamical system, for which the constant of energy 'is h. As tho 
quantity 


h-V{x, y) 


ZV 


ZV 


-ico.S7-g^-i«in79y 


can be calculated immediately for every point on the curves C and D, de- 
pending as it does only on the potential -energy function and the curves 
themselves, this result furnishes a means of detecting the presence of ]>erioflic 
orbits. 


169. Asymptotic solutions. 

It sometimes happens in dynamical systems that motiim in one orbit is 
asymptotic to motion in another, i.c., continually approaches more and mor<.‘ 
closely to coincidence with it iis the time increjxses, just as a part icle describing 
the curve whose equation in polar coordinates is 

e 


continually approximates to motion in the circle r —a, as 6 increases indi'finiU'l}’. 
In particidar, wo may have orbits which are asymptotic to periodic orbits, so 
that the motion, which originally boars no resemblance to periodic motion, 
approximates more and. more nearly to periodic motion ;xs the time tends l.o 
infinity. Such a motion is called an asymptotic solution*. 

We can of course have also a second kind of asymptotic solution which 
differs widely from a periodic solution when -h oo , but approximates to it 
for ^ — 00 : in fact, if a periodic orbit is unstable, the path of a particle which 

is slightly disturbed from the periodic orbit will evidently be an asymptotic 
solution of this kind. 

As we shall see in the noxt article, solutions also exist which belong at 
the same time to both of the classes of asymptotic solutions, i.e., they are very 
nearly periodic when oo and — oo, but differ widely Ironi periodic 

orbits in the meantime. These are called doubly -asymptotic solutions'^. 

170. The orbits of planets in the relativity-theory. 

Excellent illustrations of periodic and jisymptotic orbits are provided b}’ 
the paths which small particles (“planets”) describe in the gravitational field 

• Cf. Poiuoard, Meth. Nouv. i. Cli. vii : Picard, Traite iVAmihjm', rii. Ch. vii. 
t Poincard, Acta Math. xiii. p. 22o; Meth. Nouv. iii. Ch. xxxiii. 
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due to a single attracting mass (the “sun”), when the Newtonian law of gravi- 
tation is replaced by the more accurate and philosophical laws belonging to 
the general relativity-theory. 

A very full disousaion of the.Ne orbits lias been published by Y. Hagibara, Jap. Journ. 
of Ast. and (Jeoph. viii. (1931), pp. 67-176. 

Take the origin of coordinates at the sun and let the position of the planet 
in the plane of motion be specified by two coordinates (r, 6) which may be 
plotted as ordinary polar coordinates (though strictly speaking the distance 
of a point from the origin is represented not by r but by a certain function 
of r). Denote the time by and let ds^ be defined as equal to the quadratic 
differential form 



r 


where c denotes the velocity of light in free space and a is a constant de-' 
pending on the mass of the sun. Let 

r 

where accents denote derivatives with respect to »: then it is shewn in 
treatises on Relativity that the equations which determine the orbit of the 
planet are the Lagrangian equations 


idsW) dr" 

idswj de~ 

1 

' dAdl') dt " 


0 , 

0 , 

0 . 


3T BjT 

The lost two of these equations give at once ^ = Constant and ^ = Constant, 

a\dt k 




r) ds c* 


where k and are constants. 


Substituting from these equations in the equation 

<i«* = c? (l (W, 

^ r 



4'-t) I 


wc have 
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BO writing u for 1/r, the differential equation of the orbit of the planet is 




/duV 

\de) 


Since the expression on the right-hand side is a cubic polynomial in u, this 
differential equation may be integrated in terms of elliptic functions: putting 

1 


the equation becomes 


a 3a 


where 




- 

^*"12 4 ’ 


216 ■'■ ■24 


16c*’ 


The integral is therefore 

u-eid + G) 

where denotes a constant of integration; so the equation of the orbit in terms 
of the coordinates r and 6 is 

Among these orbits wo shall consider specially the follow inij: 

(i) Quasi- elliptic oj'bits. 

When ^2 ‘'^nd are real and the discriminant A - 27^3^* is positive, 
the three roots e^ e^, c,, are all real: let them be arranged in the order 
Cl > 6, > Cg. Then 


r 

&)i = 

•r 

(0^ = 1 I 


dz 


dz 


is purely real, 

^ is purely imaginary. 


and 

Under these cireinnstances, for the orbit whose equation is 




we have 


^ a 

1 

d 

(;)-■ 

d* /1\ 

when 0 — 0, = 

4r 

12 

d6 

dM 

and wnen 0 = cou ^ = 

4r 


d 

d0 

o' 

!l 

d&^\r) 


so there is a pericentre at ^ = 6 and an ajxicentre at 0 = ay^, provided ,-j + Cj 

is {)08itive, a condition which is readily found to be equivalent to 

For such orbits, the radius vector r oscillates between the twm fixed finite 

so that the planet’s orbit is comprised between 


values 


and 
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two concentric circles whose centres are at the sun: the motion of the planet 
in fact has a general resemblance to elliptic motion under the Newtonian law, 



except that there is a progressive motion of the apsides: between the con- 
secutive pericentres or apocentres, the increment in the angle 6 is not 27r as 
it is under the Newtonian law, but 2wi, which differs from 27r. In our actual 
planetary system, however, the difference 2cd, - 27r is too small to be observed 
except in the case of the planet Mercury. 

Evidently tliese 'Ujuasi-elliptic orbits'* as we may call them, are periodic 
whenever o)i is comoLensurable with tt. Thus we obtain a family of oo ^ periodic 
orbits which ha\e a pericentre on the line ^ = 0, or taking account of the fact 
that rotations round the origin transfer orbits into orbits, we Aare oo-’’ pemodic 
orbits of this class. 

(ii) Orbits donbly- asymptotic to circles. 

Suppose now that the constants k and ^ (which depend on the initial 
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conditions) are such that the discriminant A is zero, so that two of the roots 
e, , 021 are equal. Let e be the repeated root, so the other root is - 2e; when 
e is positive, putting 3e = n*, we find readily that the differential equation is 
satisfied by 

a _ 1 

4r 12^3 cosh*-* 71^’ 

There is an apocontre at ^ = 0 if this gives a positive value for that is, if 
1, a condition which is readily found to be equivalent to a-^> 

When 6 increases or decreases indefinitely, the orbit approaches spirally to 
the asymptotic circle 

a _ 1 n^ 

4r“ 

which is interior to the orbit. As ?i“ lies between 0 and i, the nidius of the 
asymptotic circle lies between 3a and 2a. 

(iii) Circular periodic orbits. 

If in the quasi-elliptic orbits we suppi)se the aphelion distance to be equal 
to the perihelion distance, we obtain a circular orbit. In this case ^ 2 =^*, 
where e^ and e^ are the smaller roots of the •cubic: the discriminant A is zero, 

a 1 

and the I’cpcated root of the cubic is negative, so t- < ; and therefore, the 

4r 12 

radius of the circular orbit, if it is a limiting case of a quasi- elliptic orbit, must 
be > 3a. 

We can however have a diifcrent class of circular orbits, for which the 
nidius is <3a, namely the circles to which the asymptotic orbits di.scuasod 
under (ii) are asymptotic : for these the repeated root of the cubic is positive. 
These circular orbits for which /’<3a are unstable, since orbits e.xist which arc 
spirally asymptotic to them. 

171. The motion of a particle on an ellipsoid binder no external forces. 

As a second example illustrating the general theory of orbits, we shall 
consider the motion of a particle on the surface of an ellipsoid under no ex- 
ternal forces. As we have seen in §54, the particle describes a geodesic on 
the surface, so the theory of the orbits is simply the theory of the geodesics 
on an ellipsoid, and the periodic solutions are simply those geodesics which 
are closed curves. Now for a geodesic on an ellipsoid w^e have Joachimstals 
equation 

pd = Constant, 

where p denotes the perpendicular from the centre of the ellipsoid on the 
tangent-plane at the point, and d is the diameter parallel to the Ungent to 
the geodesic at the point. The same equation holds for the lines of cu^ vature 
on the ellipsoid; so that every geodesic may be associated with a line of 
curvature, namely, that line of curvature for which pd has the same value as 
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it has for the geodesic. We shall speak of the geodesic as belonging to” 
the line of curvature. There is only one line of curvature having a prescribed 
value for pd, but there is an infinite number of geodesics having this value 
for pd, so that an infinite number of geodesics “belong to” each line of cur- 
vature. Now the line of curvature consists of two closed curves on the ellipsoid 
(being in fact the intersection of the ellipsoid with a confocal quadric): the 
region between these two portions of the line of curvature is a belt extending 
round the ellipsoid: and all the geodesics which belong to this line of curvature 
arc comprised within this bolt*, and touch the two portions of the line of 
curvature alternately. The matter is represented schematically in the diagram, 
where ABCDEF and PQRSTU are the two portions of the line of curvature, 



and AJRKELPMCT is an arc of one of the geodesics belonging to it, touching 
one of the ]:)ortions of the line of curvature at A, C, E, and touching the other 
portion at R, P, T. 

In order that the geodesic may be closed, it is necessary (as in all poristic 
problems) that a certain parameter (depending in this case on the value of 
the constant pd of the line of curvature) should be a rational number: the 
geodesic is unclosed if this parameter is an irrational number. If it is closed, 
then there are oo * other geodesics which belong to the same line of curvature 
and which are also closed; but if it is not closed, then no other geodesic 
belonging to this particular line of curvature can be a closed geodesic f. 

Now consider the connection between the oo ‘ members of the family ot 
geodesics which belong to the same line of curvature. It is known (§144) 
that if 

<^(^ 1 , q 2 , ply P 2 ) — Constant 

* Ignoring the exceptional case of those geodeoics which pass through an umbilicus, 
t This is obvious in the case when the ellipsoid is of revolution : for then the two portions of 
the line of curvature are parallel circles on the surface, and the 00 * geodesics which belong to 
this line of curvature are obtained from each other by mere rotation about the axis of 
Bymraetry. 
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is an integral of a dynamical system, then the infinitesimal contact-trans- 
formation which is defined by the equations 


Hi 




9^1 ’ 




d6 

dq^ 


(where € is a small constant) transforms any trajectory into an adjacent curve 
which is also a trajectory. If we apply this theorem to the motion on the 
ellipsoid, we find without much difficulty that the infinitesimal transformation 
which corresponds to the integral 


pd =* Constant 

transforms any geodesic into another geodesic which belongs to the same line 
of curvature. 


Summing up, we see that the oo ® orbits of a particle moving on an ellipsoid 
under no external forces may he classified into oo * families^ each family con- 
sisting of 00 * orbits: the members of any one family are eithei' all closed or all 
^unclosed: and a certain continuons group of transformations , which is closely 
associated with the integral pd = Constant, transforms any orbit into all the 
orbits which belong to the same family. 


172. Ordinary and Singular periodic solutions. 

Still considering the motion of a particle on an ellipsoid under no external 
forces, we now observe that besides the geodesics which can be arranged in 
families, there are on the ellipsoid three other closed geodesics, namely, the 
three principal sections of the ellipsoid. These have quite a different character 
they are solitary, instead of belonging to families: and the infinitesimal trans- 
formation which has just been mentioned transforms them not into other 
geodesics but into themselves — that is, they are invariant under the trans- 
formation. This last property suggests a resemblance with the theory of 
“singular solutions” of ordinary differential equations of the first order: for if 
a differential equation of the first order admits a particular infinitesimal 
transformation, then this infinitesimal transformation changes the ordinary 
integral-curves into each other, but it leaves invariant the singular integral- 
curve. On account of this resemblance a periodic solution (of a dynamical 
system with two degrees of freedom) is called* ordinary if it belongs to a 
continuous family of oo * periodic solutions for which the constant of energy 
has the same value, and which are transformed into each other by the in- 
finitesimal transformation belonging to a certain integral (this is specified more 
closely later on); but a periodic solution is to be called singular if there is no 
periodic solution adjacent to it which corresponds to the same value of the 
constant of energy: the above-mentioned infinitesimal transformation leaves 
the singular pcruxlic solutions invariant. 

It should be noticed that we have inserted the condition “for which the 

• Whittaker, Proc. R. S. Edinburgh, xxxvii, (1916), p. 05. 
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constant of energy has the same value.” If we suppose the constant of energy 
to vary,. an “ordinary” periodic solution of a dynamical system with two degrees 
of freedom is in general a member of a continuous family of oo* periodic 
solutions, over which the period varies continuously, being constant over 
singly-infinite sub-families. A “singular” periodic solution is a member of a 
family of oo ^ periodic solutions*, over which the period varies continuously. 

In the problem of the motion of a planet about a single attracting mass 
in general relativity (§ 170), the periodic “quasi-elliptic” orbits are “ordinary” 
jK‘riodic orbits, while the circular periodic orbits are “singular.” 

There are marked differences between the properties of “ordinary” and 
those of “singular” periodic solutions. For instance, the “asymptotic solutions” 
of § 109 can exist only in connection with singular periodic solutions, and 
not in connection with ordinary periodic solutions: an illustration of this is 
again afforded by the theory of geodesics on quadrics; for the only asymptotic 
solutions among the geodesics of quadrics are those geodesics which wind 
round and round the hyperboloid of one sheet, becoming ultimately asymptotic 
to the principal elliptic section of the hyperboloid: and this elliptic section is 
a singular periodic solution. 

The words “ordinary” and “singular” suggest that the “ordinary” periodic 
orbits occur most frequently, while the “singular” orbits are exceptiotial: and 
indeed we find this to be true, so long as we confine ourselves to studying 
the soluble problems of dynamics. It is therefore with some surprise that we 
learn — what was first shewn by T. M. Cherry in 1927 — that for Hamiltonian 
systems with two degrees of freedom in general there are no “ordinary” 
periodic solutions: all the periodic solutions are “singular.” The explanation 
of the apparent paradox is that a Hamiltonian system is in general insoluble, 
and for insoluble systems the periodic orbits are of the “singular” type. 


The p,inulox may he com[)ared to a familiar one in the thcin'y of partial differential 
equations. If a pailial differential equation of the first order 

/(^, !/, 7 ) = ^ 

is given, the student is U>ld that by eliminating p and q between the throe equations 


/= 0 , 




dp ’ dq 

ho will obtain in general an equation F(.v, y, 2)=0 which represents the singular solution 
r)f the partial differential equation : and he finds that, for the particular partial differential 
equations which are given in text-bx)ks, this .statement is true. Nevertheless, as was 
shewn in 1883 by Darboux, a partial differential equation of the first order in general doe.s 
not jK>.s.scs.s a singular solution . the equation F{Xy y, 2)»e0 in general represents the locus 
of the cu.sps of the characteri.stics. The api»arcnt contradiction between the student’s ox 
|)cricncc and Darboux’s theorem is explained by the circum.stance that the equations given 
as examples in the tcxt-lwoks have mostly been manufactured by .starting with a complete 


* The case of motion on a surface under no external forces is exceptional, as in it the value of 
the constant of energy is immaterial. 
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integral which represents a family of surfaces, and eliminating the two arbitrary constants : 
and a partial diflforential equation formed in this way does in general possess a singular 
solution, namely the envelope of the surfaces represented by the complete integral. 

Cherry’s theorem on periodic orbits and Darboux’s theorem on partial differential 
equations alike wani us not to take the pro^ierties of the more familiar “soluble” systems 
as representative of the properties of systems in general. 

173 . Characteristic exponents. 

The stability of types of motion of dynamical systems may be discussed 
by the aid of certain constants to which Poincare has given the name charac- 
teristic exponents*. 

Consider any set of differential equations 

= (i = 1.2 n). 

where (Zj, Z,, Z„) are functions of {x^, x,^, x,,} and possibly also of t, 

having a period Tint] and suppose that a periodic solution of these equations 
is known, defined by the equations 

Xi = (t>i{t) (t = l, 2, n), 


where 4>i{t'¥T) — (|>^{t) (i = 1, 2, ?i). 

In order to investigate solutions adjac(‘nt to this, we write 

where (fi, fai •••. fn) Jirc supposed to be small, and are given by the variational 


equations (§ 112) 


V t 

dt k^i^'dxk 


(t = 1 , 2, . . . , n). 


As these are linear differential equations, with coefficients periodic in the 
independent variable t, it is known from the general theory of linear differential 
equations that each of the variables fi will be of the form 


where the quantities Sik denote periodic functions of t with the period T, and 
the n quantities Ojt are constants, which are called the charactei'istic exponents 
of the periodic solution. 

If all the characteristic exponents are purely imaginary, the functions 
(fi> fai •••» fn) can evidently be expressed jxs sums and products of purely 
periodic terms; while this is evidently not the case if the characteristic 
exponents are not all purely imaginary. Hence a necessary condition for 
stability of the periodic orbit is that all the characteristic exponents must be 
purely imaginary. 

* Acta Math. xiii. (1890), p. 1 ; Nouv. Mm. de la M6c. Ccl. i. (1892). On the general problem 
oi Btability the reader should consult the extensive memoir of A. Liapounoff, originally published 
in 1892 by the Math. Soo. of Kharkow, and translated into French by B. Davaux, Annalca de 
Toulome (2), iz. (1907), p. 208. 
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We shall now find the equation which determines the characteristic 
exponents of a given solution. 

In one of the orbits adjacent to the given periodic orbit, let (iSj, ft, , ftj) 
denote the initial values of (fi, ...» fn) and let ft be the value of 
after the lapse of a period. As the quantities are one-valued 

functions of (/9,, ft, ft), which are zero when (ft, ft, ft) are all zero, 
we have by Taylor’s theorem (neglecting squares and products of , ft, . . . , ft 


~ 0 / 3 , + • • • + 0 ^^ 


(t = l,2, ....n). 


If a* is one of the characteristic exponents, one of the adjacent orbits will 
be defined by equations of the form 




so that ft + ft (0) = ft (i = 1, 2, ... , n), 

and consequently a set of values of ft , ft, . .. , ft exists for which the equatidhs 


(i = l, 2, 

are satisfied: the quantity a* must therefore be a root of the equation in a 




aft 


aft 


= 0 . 


a. 1 - 

aft aft aft, 


H_n Ifn 

aft aft 

The characteristic etrponents are therefore the roots of this deterininantal 
equation*. 


174. Characteristic exponents when t does not occur explicitly. 

When ( is not contained explicitly in the functions (Z„ Z„ Z„), it is 
evident that if 

~ if) (i =s 1 , 2, . . . , n) 

is a solution of the equations, then 

Xi= <f>i{t-\- e) (i =* 1, 2, . . . , n) 

is also a solution, where € is an arbitrary constant. The equations 

= + 2, ...,n) 


Of. H. F. Bftker, Proc. Camb. Phil. 8oc. xx. (1920), p. 181. 
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therefore define a particular solution of the variational equations; but as 
d(f>i (t + €)/0€ is evidently a periodic function of tj it follows that the coefficient 
reduces in this case to unity: and hence when t is not contained explicitly 
in the original differential equations, one of the characteristic exponents of every 
periodic solution is zero. 


175. The characteristic exponents of a system which possesses a one-valued 
integral. 

Suppose next that the system possesses an integral of the form 
Jf* (a?i , iTg , . . . , a^n) = Constant 

where F a one-valued function of {xi,Xi, ..., Xn) and does not involve t. In 
the notation of the last article, we have 


where for brevity F(xi) is written in place oi F {Xi,x.^, 
this equation with respect to fii, we have 

dFdf.dFdi^ ,dFd±,^ 

dxi dffi dx^ dfii ‘ ‘ * dxn dfii 


x,i). Ditferentiating 


where in dF/dx^, dFjdx^, etc., the quantities (xi, x^, ...fX^) are to be replaced 

by 01 (0), <^n(0). From these equations it follows that either the 

7 u- ••• »'0'n) • 1 *.1, ^F dF dF 

Jacobian ^ ^ v is zero, or else the quantities .p- ; are all 

O (Pi I P» , • • • , Pn) 

zero when < = 0. 

Now if the latter alternative is correct, we see that (since the origin ol 
time is arbitrary) the equations 


'^=0. ^=0. 


a-=« 

dx„ 


( 1 ) 


dxi 0^2 

must be satisfied at all points of the periodic solution. This actually happens, 

e.g., in the case of the circular [)eriodic orbits of a planet round a single 

attracting mass in general relativity (§170 (iii)): for the general differential 

equations connecting the radius r with the time t in motion round the attracting 

{ , . 1 dr\ 

mass are readily seen from § 170 to be ^writing p for ^ ^ ^ j 


dp__ap* _ 1 ^ , 

dr 
\dt'' 


(>-:)■ 




c* 

k' 


and these equations possess the one-valued integral 

.(.-9 .(,-?) - 
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If this integral is written jP (r, p) = Constant, it is easily verified that for a 
circular orbit we have 

^- = 0, and =0 
or dp 

which shews that for these circular periodic orbits the conititions (1) are 
satisfied. 

However, it is evidently only in quite exceptional cases such as this that 
the conditions (1) are satisfied at all points of the periodic solution, and the 
other alternative, namely that the Jacobian d (yjr ^ , • • •> ^n) / 9 (A > • • •> Ai) 

vanishes, must be in general the true one: but when the Jacobian is zero, the 
determinantal equation for the characteristic exponents is evidently satisfied 
by the value = 1, i.e. by a = 0 : so that one of the characteristic exponents 
is zero. Thus in general, if the differential equations possess a one-valued 
integral, one of the characteinstic exponents is zero. 

Another way of arriving at this theorem, in the case wlien the equations 
are those of a dynamicid system, is as follows: by § 144, if the system admits 
the integral 

1 ) , • • • , 7n » ) • • • . ;>n , 0 = Constant, 

then the variational equations are satisfied by 


. jv d(f> 

SPr = -eJ 


(r=l,2,...,H), 


-'ir-^^dpf ^dqr ^ 

where e is a small constant; but these values of hqr and Sp^^rc periodic when 
the orbit whose variations are studied is a periodic orbit; and therefore the 
corresponding characteristic exponent is zero, which proves the theorem. The 
only exception is when the periodic orbit is transformed into itself by the 
infinitesimal transformation corresponding to the integral, — which again gives 
us the exceptional case of “singular” periodic orbits. These are, in fact, the 
Levi-Civitii particular solutions (§149) belonging to the integral. 

Example. If the difl'creutial equations do not involve the time explicitly, and posscNs 
p one-valucd integrals Fy , ..., Fp which do not involve t, shew that cither (/> + !) charac- 
teristic exponents are zero, or that all the determinants contained in the array 

W^F, II 

U - (i=l, 2, 2, ..., n) 

II II 

are zero at all [mints of the periodic solution considered. (Poincare.) 

176. The theory of matrices. 

In the next article it will lie neccss;iry to make use of matrices: the elemcnhiry notions 
of the theory of matrices will therefore Im given here for the benefit of readers who have no 
previous acquaintance with it. 

Consider any sfjuarc array « « « 

^ ^ ^ /«11 «12 «13 OlA 

/ <*21 ^ 2.1 1 


<*n3 
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Conned of ordinary (real or complex) numbers a„, which will bo called the demenU. This 
array will be called a matrix^ and may be denoted by a single letter A or by the notation 
(o^). It may be thought of as representing an operation, namely the otieration of per- 
forming the linear substitution 

r yi = «i, ^1 -f ai2 + +«!„ 

\yi = <hi Xi + a.^2^2+ 


lyn = am ‘^1 + an2 -3^2 + + ann : 

but the theory of matrices is based on the idea that a matrix is a number ^ in the general 
sense of the word number, so that matrices may be added, multiplied, etc. Two matrices 
i4=(apg) and D={b^ are said to be equal when their elements are equal, each to each: 
'that is, = for jo, 5 '= I, 2, The product BA of any two matrices B = {hj^ and 

A s (flpg) is defined to be the matrix which has 

^\q + Ki 03 ^+ ••• a,^, 

as^the element of the row and column. 'The matrix BA corresimnds to the ojieration 
of performing the substitutions A and B in succession. 

Matrix multiplication does not in general satisfy the commutative law : that is, A B 
and BA are in general two different matrices. But matrix multiplication satisfies the 
associative law 

A(BC)MAB)a 

The matrix 

( 1 0 0 0...V 

0 1 0 0 ...\ 

0 0 1 0 ... I 

is called the unit matrix and is denoted by E. The matrix B such that BA^E is called 
the reciprocal matrix of d, and is denoted by d~b The matrix which is obtained from 
A by interchanging its rows and columns is called the conjugate matrix of d, and is denoted 
by A\ 

If d s (opq) is a matrix, the roots of tiie determinantal equation in r 


a,i-r ai 2 ai3 =0 

a2i a^a - r 023 

am 


are called the latent roots of the matrix d. One of the chief theorems of the theory of 
matrices is Silvester's laic of latencgy viz., that t/r,, r^, ... , r,» are the latent roots of a matrix 
A , then the latent roots of any function of d, say /(d ), are /(rj), /(r^), . . . ,/{?■*). In particular, 
the latent roots of the matrix d are the reciprocals of the latent roots of d. 

If d be a matrix, and >8' another matrix, the matrix SAS-^ has the same latent roots 
Jis d. 

(It will be understood that the above theorems have boon stated in their general form 
without referring to exceptional cases.) 


w. D. 


26 
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177. The characteristic ex'ponents of a Hamiltonian system. 

Consider now in particular a conservative dynamical system which for 
simplicity we shall suppose to have two degrees of freedom. The equations of 
motion may be written 

df/i _ dH dq^ __ dH dpi _ dH dp^ _ ^H 
iit 'dpi ’ dt dp. ’ dt dtp ’ dt dq2 ’ 

where H is a given function of (^i, Suppose that this system admits 

a periodic solution 

9i = Qi(0. pi = Piit). P;=P,{t)< 

and let an adjacent solution be represented by 

= + q-i = Qi + li, ;)i = -Pi + , pi-P-i + rst. 

Then the eejuations to determine (f,, fj, or, ,-072) are evidently 

d^H 


(It dp, dq, ^dptdq-i dp,'‘ ^ dp,dpi 


( 1 ). 


( 2 ). 


and three similar equations. 

Let f/, tar/, w./) be atiother solution of these equations, so 

dt ' dpidqi dpidq,^ dpi^ ^ dpidp^ 
and three similar equations. 

Multiply eijuations (1) by ta-/, nr./. - - fa') respectively, and the equa- 
tions (2) by — tsTi, — ta-.^, respectiv<*ly, and add. We obtain 

^ (fi + ii nr/ - f/ tsTj - f/tar,) = 0, 


and hence the integrated equation 

+ fa^/ ~ f/ ta-i - f/ nr^ = Constant (3). 

Now the values, which (f,, fg, cr-d acquire when ^ is increased by a complete 
period T, are linear functions of their values at the beginning of- the period: 
let the transformation which gives the values at the end of a period, (fi, fj, 
®i; ^2); in terms of the values at the bijginning of the period, (f,, ®i. ^’2). 

li = rii 4- -f Ti^'UTi 4- ru^rj, 
h = ^21 f 1 + ^2* fa 4- r,a nr, '-I- nr., , 

4 ^32^2 4- 4- rj^nr,, 

fi 4 4- r^^i 4 r^nr,. 

Denote the transformation or matrix by li. Then by (3), R trans- 
forms fiw/ 4 fa nr,' -• f/ur, - f/isr, into itself, and therefore 
fii!^/ 4 fa nr/ - f/w, - f/^a 

= (^11 fi 4 Tiafa 4 r,3«r, 4- (rj, f 4- ryjf/ 4- ^33 nr/ 4* r,4nr/) 

4 three similar products. 
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Equating coefficients of etc. in this equation, we have a set of equa- 
tions which are comprehended in the matrix-equation 

0 0 1 o\ 

0 0 0 1 
-10 0 0 
0 -1 0 oV 

^ - '■31 + + ^21^41 

- -'^42^11 + ^12^81 + ^ 


- ^81 ^18 - ^41 + *‘11 »*S8 + ^21 »'48 

- ^88**18 “ ''42»'28 + n2>‘n + ^12^43 


The matrix on the right-hand side is equal to 

( -r„ -r 4 i r„ /r„ r„ t,\ 

-r. -r. n. r„ r„ r„ r. rA 

-r« -Va r„ r^llrn r« r„ J 

— Vu ^14 ^S*/ V 41 ^42 ^4$ ^ 44 / 

or to 

( Tii Til Tn f ^ 0 1 0\ /T*h Tji **w\ 

fii r* 7**1 1 1 ^ ^ ^ 1 

n, r« r„ rajl-l 0 0 ollr„ r„ r„ Vuj 

Tm rg4 r,4 r44/ \ 0-1 0 0/ Vu fa ^44/ 

Therefore denoting the matrix 

( 0 0 1 0 \ 

0 0 0 l\ 

- 1 0 0 0 I 

0 - 100 / 

by 8, we have S=R8Rj where R denotes the matrix conjugate to R; and 
therefore « SRS~\ 

This equation shews that {R'Y"^ has the same latent roots as i2, and 
therefore that jR”^ has the same latent roots as R, and therefore that the set 
of the latent roots of R is the same as the set of their reciprocals : the reciprocal 
of every latent root of R is itself a latent root of R. Now if there exists a 
linear combination t? =* af 1 -I- /Sfa -f 7 tsri + Sisr* of (fi, f*. tvi, tsr,). such that its 
value fj after completing a period satisfies the equation 

( 4 ), 

then on writing down the equations which express this condition, it follows at 
once that X must be a latent root of the matrix R, But as we have seen in 
the last article, any solution of the equations (1) is of the form 

%r^Su{t) (5), 

k 


26—2 
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where the ajs are the characteristic exponents and the /Sfjk's are periodic 
functions of t of period T\ and equation (4) can be satisfied by an expression 
of the form (5) only when t/ involves a single one of the characteristic exponents, 
say 

( 6 ). 

Substituting from (C) in (4), we have 

so the latent roots of the matiix R are the quantities el'kT^ where the a^s are the 
characteristic exponents. 

Thus the result that the set of latent roots of R is the same as the set of 
their reciprocals now yields the theorem that when the differential equations 
form a Uainiltonian system, the characteristic exponents of any peiiodic solution 
may he art'anged in pairs, the exponents of each pair being equal in magnitude 
hut opposite in sign 

From the results of this article and § 174 it is evident that in the motion 
of a particle in a plane under the action of conservative forces, the characteristic 
exponents of any periodic orbit are (0, 0, a, — o), where a is some number. 

Rxample 1. Shew that, in the motion of a particle in a plane under the action of con- 
eervative forcee, t/ w„ + 2 denote the normal dUplaoemente in an orbit ac(jacent to 

a known periodic orbit in three coneecutive revolutione, the ratio + + i has 

a co7i8tant value, which is the same for all adjacent orbits. 

(Korteweg, Wxe^ier Sitzungsber. zciii. (1886).) 

This number k is called the index of stahilitg of the periodic orbit. Let the characteristic 
exiwnents of the periodic orbit be (0, 0, a, - a) : then the characteristic exponent a is con- 
nected with the index of stability k and the period T by the equation 

/l:=2cosha7l 

Example 2. Shew that (so far as the question of stability is determined by considering 
small displacements) a periodic orbit is stable or not according as the associated index of 
stability is less or greater (in absolute value) than tioo. 

Tliis of course corresponds to the fact that the orbit is stable or unstable according as a is 
purely imaginary or not. 

Example 3. Discuss the transitional case in which the index of stability has one of 
the values ± 2 : shewing that the equation of the adjacent orbits is of one of the forms 

«= iT, {0 (s) + Sy^ («)} + K^yp (s), 

7t=^,<^(«)-*-A’2^(<), 

where and yp cither have the period S (denoting by s the arc in tho jicriodic orbit, when 
S denotes its complete length), or satisfy the equations 

0(« + i5)» -<#>(*), -y^(s), 

and that tho known orbit may be either stable or unstable. (Korteweg.) 

* This theorem ie due to Poincari, U(e. Cil. i. (18', 12), p. 11)3. 
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178 . The asymptotic solutions o/ § 170 deduced from the theory of charac- 
teristic exponents. 

We shall now shew how those orbits of planets in the general relativity- 
theory, which (§170) approach spirally to an asymptotic circular orbit, may be 
obtained by considering the characteristic exponents of this circular orbit. 
Writing down the equations of motion, namely (§170) 



and eliminating s and 0 between them, we obtain 



while from (2) and (3) we have 

de c^ 



r 


and differentiating this. 


r» 


dt* 


- drdO 


a dr dQ 
CL dt dt 

r 


( 1 ), 

.( 2 ), 


( 3 ), 


.( 4 ), 


(5). 


Equations (4) arid (5) are the equations of motion when r and 6 are taken jxs 
dependent variables and t as independent variable. If r = ro(0, (0 

the equations of an orbit, then in order to determine ^he small oscillations 
about this orbit we put 

and neglect the squares and products of f and rj- The characteristic exponents 
are found by solving the differential equations in f and r). 

In particular, if the orbit is circular and of mdius ?o> 'vc must have 

^ = 0 and ^ = 0, when r - ?*o, 
dt at* 

and therefore by (4) 

n’ ^0 = iac’. 


The equation in f now becomes, after a simple reduction, 


cU*'^2r,* 



= 0 


,( 6 ). 
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It is evident from this equation that a circular orbit can be stable only 
7vh£n its radius is gi'eater than 3a, as we found in §170. When the radius is 
less than 3a, the solution of equation (G) is of the form 



The characteristic exponents being ± terms on the 

right-hand side of (7) correspond to the two types of asymptotic solution to the 
circular orbit, namely the type which approaches the circle by a right-handed 
spiral and the type which approaches by a left-handed spiral. It appeared from 
§170 that a planet moving away from the circular orbit in a right-handed 
spiral, when it attains a certain distance from the attracting centre, passes 
through an aphelion after which it moves in again asymptotically towards the 
circular orbit in a left-handed spiral; but of course this fact cannot be inferred 
by the mere consideration of characteristic exponents. 


179. The charactennstic exponents of '' ordinary'' and ''singular" periodic 
solutions. 

We have seen (§177) that in a dynamical system with two degrees of 
freedom, the characteristic exponents of any periodic orbit are (0, 0, a, - a), 
where a is some number; and in the last article we have seen that for the 
circular periodic orbits of a planet in general relativity- theory, which are 
“singular” orbits, the quantity a is not zero. On the other hand fer the 
quasi-elliptic orbits (§170), which are “ordinary” orbits, and for which conse- 
quently the period is constant over a singly-infinite sub-family, a is zero. This 
result is true for Hamiltonian systems with two degrees of freedom in general: 
for "ordinary'^ periodic solutions, all the characteristic exponents are zero*: but 
for "singular" periodic solutions, two expoments are zero and the other two are 
± a, where a is not zero and vanies continuously over the family of singular 
peiiodic solutions, 

180. Lagrange's three particles. 

We shall now consider specially certain periodic solutions of the problem 
of three bodies. 

Tjct the equations of motion of the problem be taken in the reduced form 
obtained in § IGO, and let us first enquire whether these equations admit cf a 
particular solution in which the mutual distances of the bodies arc invariable 
throughout the motion. 


* Cf. Poincar<!‘, MtUh, Nqhv, ii. §U8. 
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The mutual distances are 


and 1?,’ + 


m, + ffij 

TWi + m2 


cos ^8 cos ^4 ■ sm f/a 


7712 

(?7ii + m^y 


cos ^3 cos ^4 — sin ^3 sin ^4 ) + . 

^PiP< / ( 


uixvt I*f2 I . VV70 1/3 wo 1/4 ^ oiii 1/3 W4 1 i N*' > 

TTli + 7712 \ 2;)3P4 ^ V (TTli + 7772)- ) 

it follows that, in the particular solution considered, the quantities 

^2 jyt p 2 

qx, q.,, and coRq,coaq, /- — - sin juSin t/, 

^PiPt 

must be constant, and hence the functions U, dU/dq, .dUjdqz must be constant, 
where U = 2m,«i2r,2"' 

The equations 


0 = 5, = 


dH p, 


n • 3^^ P-- 

0 = 52 = ^-= *; 
dp, fi 


shew that and p, must be pcrmancnily zero: while the equations 

„ . dH m’ dU . . dH p: dU 

35, M?, 3?1 dq. q/ dq. 

shew that p, and p^ must be constant. 

Moreover, the equations 


dH^ Pl_ dU 
dq, fi' q-' dq. 


0 = p, = - 


0 = p,= -‘ 


shew that the e.xpressions 

9 ( 

and -- fcosf 

^<?4\ 

are zero, so we have 


cos 7 j cos — 


I^'-P 3 '-Pi\ 


sin f/s sin 9, 


k^-Pi-p< • • \ 

cos y, cos q^ - — — sin q, sin j 


tan r/3 cot ^4 = cot q^ tan q^ ■ 


,p±±pI_z^ 


and therefore py -f p^ -/:*=: + 2p3p4 , 

or 

an equation which shews tliat th(‘ instantaneous planes of motion of the 
bodies ^ and /x' coincide with the plane through these bodies and the origin: 
in other words, the motion of and /x' takes place in a plane: and therefore 
the motion of m^, 7713, 777j takes place in a plane. 

It follows that, the centre of gravity 0 of the system being supposed at 
rest, the particles 7n,, w, (which we shall denote by P, Q, R) must move 
circular orbits round 0 . We have now to see if vsuch a motion is possible. 

One condition which must obviously be satished is that the resultant 
attraction of any two of the particles on the third must act in the line joining 
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the third particle to the centre of gravity. This condition is satisfied if the 
three particles are in the same straight line. If they are not in n straight 
line, it gives 

sin PRO = sin QRO, and two similar equations. 

Hut since 0 is the centre of gravity of the particles, we have 
r/ii sin PRO ^ sin QPR _ QR 
m.2 sin QRO sin PQR PR ’ 

and this combined with the preceding equation gives PR = QR: similarly we 
find PR^PQ, 

Hence either the bodies must he collinear, or else the triangle formed by 
them must be equilateral. 

Considering first the collinear case, let the distances of the bodies from 
their centre of gravity (measured positively in the same direction) b<^ a^, o.^, 
ttj respectively; we shall suppose that ai< < aj, which does not lessen the 
generality of the discussion. Since the force acting on P must be that 
corresponding to circular motion round 0, we have 

irai = - nio (rt.j - ai)~2 - (ag ~ ai)~^ 

where n is the angular velocity of the line PQR \ and similarly 

(a^ - aj)”* + m^ (a., — a, nhi^ = m^ (a^ - a^)"^ + m., (a, - 

From these equations we readily find 

{(1 + ky^l]^vi,{i + -(1 q- ky] = 0, 

w here k denotes the ratio {a^ - a^)l{a^ - a,). 

This is a quintic e(|uation in with real coefficients. Since the left-hand 
sido (T the efjuation is negative when k is zero, and positive when -f oo , 
there is at least one positive real root; such a root determines unitpiely real 
values for the ratios a^.a^^-.a/, and if n is given, the distances «i,a.^,rt 3 can 
he conqdetely determined. It follows that there are an infinite number of 
solutions of the problem of three^bodies, in which the bodies remain always in a 
straight line at constant distances from each other; the straight line roUttes 
nnifjrmly, and when its angidar velocity has been {arbitrarily) assigned, the 
niutfud distances of the bodies are determinate. 

Considei ing next the ecpiilateral case, let a be the length of one side of 
the triangle formed by the bxlie.s, and let n be its angular velocity. Since 
the force acting on is that which corresponds to a circular orbit round 0, 
we ha\e 

cos PRO + cos QRO =n'.0R, 
q} 

a comliti<»n which reduces to 

7)1, + 777 j -f- Wlj = 7t*a*. 
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The coDditions relating to the motion of Q and of R reduce to the same 
equation; and hence a motion of the kind indicated is possible, provided n 
and a are connected by this relation. Hence there are an infinite number of 
solutions of the problem of three bodies, in which the triangle formed by the 
bodies remains equilateral and of constant size, and rotates uniformly in the 
plane of the motion: the angular velocity of its rotation can be arbitrarily 
assigned, and the size of the triangle is then determinate. 

The two particular types of motion which have now been found will be 
called Lagrange* s collinear particles and Lagrange s equidistant particles 
respectively*. 

For more than a century after Lagrange’s discovery, its interest was sup- 
posed to be purely theoretical. But in 190G a new minor planet, 588 Achilles, 
was found to have a mean distance equal to that of Jupiter: and it was soon 
realised that the Sun, Jupiter, and Achilles constitute, approximately at 
any rate, an example of the Lagrangian equilateral-triangular configuration. 
Shortly afterwards came the discovery of three other Asteroids, 617 Patroclus, 
624 Hector, and 659 Nestor, which are in the same Ciisef, and in the next 
25 years, six more. Of this “Trojan group,” five are in longitude Jupiter - G()^ 
and the other five in longitude Jupiter 4- 60". 

Example. Shew that particular solutions of the problem of three bodies exist, in which 
the bodies are always collinear or always equidistant, although the mutual distances arc 
not constant but are j)eriodic functions of the time. 

These are evidently periodic solutiom of the problem, and include Lagrange’s laarticles 
as a limiting case. 


181. Stability of Lagrange s particles : peHodic orbits in the vicinity. 

It has been observed that in the neighbourhood of any configuration 
of stable equilibrium or steady motion there exists in general a family of 
periodic solutions, namely the normal vibrations about the position of equili- 
brium or steady motion. We shall now apply this idea to the case of the 
Lagrange’s-particle solution of the restricted problem of throe bodies, and 
thereby obtain certain families of periodic orbits of the planetoid. 

Ijet S and J be the bodies of finite mass, ni^ and nu their masses, 0 their 
centre of gravity, n the angular velocity of SJ, x and y the coordinates of the 

* They were discovered by Lagrange in 1772: Oeuvres dc Lagraufje, vi. p. 229. For references 
to extensions of these results to the problem of n bodies, cf. ray article in the F.ncykloptnlie d. 
nuith. IViss. vi. 2, 12, p. 529; to the papers there mentioned may be added E. O. Lovett, Annul i 
di jVat. (3), XI. (1904), p. 1; W. R. Longlcy, fln/l. Amer. Math. Soc. xiii. (1907), p. 321, aud 
F. R. Moulton, Annals of Math. xii. (1910), p. 1 , C. Caratheodory, Sitz. Jiayo-. Ak. H’js.s. H2 
(1933), p. 257. 

t Cf. F. J. Linders, Arkiv fdr Mat. iv. (lyOH), No. 20. 
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planetoid P when 0 is taken as origin and OJ as axis of x. The equations of 
motion of the planetoid are (§ 162 ) 

dx_dj£ = 

dt^ du^ dt dv ' dt dx ' dt dy ' 


where ^ J (m* -f i^) -I- n (uy — vx) — mJSP — m^lJP. 

Let (a, b) denote the values of (x, y) in the position of relative equilibrium 
considered, so that for the collinear case we have 6 = 0, and for the equidistant 
case we have a = i (w, - m^) l/iirh -I- wi,). 6 = i JSl, where I denotes the distance 
SJ, so that (§ 46) 

T/tj -f Wj = nH\ 


The values of u, v in the position of relative equilibrium are easily seen to 
be - n6 and ?ia respectively. 

Write x^a + (, y — b-i-tf, u = — nb-h^, v=na-h<f>, 
where f, rj, 0, <l> arc supposed to be small quantities: neglecting a constant 
term, we have 


if = J -f- -f n (t;^ - f<^) - n’ (af 4- 6^) 




Trii+m^ 


+ f) +(6 + ’?)‘ 


-i 


On expanding and retaining only terms of the second order in the small 
quantities, we obtain an expression for K with which the equations for the 
vibrations about relative equilibrium can be formed: we shall for definiteness 
consider vibrations about the equidistant configuration: in this case the 
expression for K becomes 

- ^ T — ^ c {4 (mi + mg) 4- ?/^) “ 3mi (f + - 3m.g(f - VSi;)-). 


The equations of motion are 
. dK , dK 


. dK . dK 

, <p =- 


de ’ '' " af ’ dv ' 

Solving these equations in the manner described in Chapter VII, we find 
that the pcriixl of a normal vibration is 27r/A., where \ is a root of the e(juation 


\* - Ti'X^ -h (‘{g ~ lc'^)n* = 0, where ^ — j" 


3^3 v h - 

mi + ’ 


The two values of V given by this equation will be positive provided they 
are real, since is positive: and they will be real provided 4 - k-)< 1, 

or (m, -/-m 2 )^> 27 m,m 2 ; a relation which is satisfied provided one of the 
masses S, J is at leiist about 25 times as large as the other. When this conditiem 
is satisfied, there exist two families of periodic orbits of the planetoid in the 
vicinity of its e(piidista,nt configuration of relative equilibrium ', the periods are, 
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to a first approximation, 27r/\i and 27r/X2, where and V are the roots ol 
the equation in 

These orbits have been computed by various investigators by numerical 
integration. 

Example. Shew that, for one of the modes of normal vibration of the planetoid in the 
vicinity of the equidistant configuration, the constant of relative energy is greater than in 
the configuration of relative equilibrium, while for the other mode the constant is less than 
in the configuration of relative equilibrium. (Charlier.) 

A similar discussion leads to the result that the collinear Lagrange's- 
particle configurations are unstable ; but the equation for the periods of normal 
modes of vibration has always one real root, and consequently in the neigh- 
bourhood of a position of relative equilibrium of the planetoid on the Ivie 8J 
there exists a family of unstable pei'iodic orbits. 

These orbits have been computed by numerical integration. 

Let and J be the bodies of finite mass, and P the “point of libration*' 



beyond J, at which the planetoid could remain at relative rest. Then there 
is a sequence of periodic solutions as in the above diagram, leading (as the 
orbit enlarges) to an “orbit of ejection" discovered by Burrau, in which the 
planetoid collides with J and rebounds from it. Beyond the orbit of ejection 
we find orbits which have loops round J; and, as w:is shewn in 1924 by 
Stromgren of the Copenhagen Observatory and his co-workers, after many 
changes of type we come back to the original simple orbit round P, so that 
the sequence returns into itself and we obtain a continuous complete closed 
set of periodic orbits. 

For further work on the subject of orbits in the neighbourhood of the I.Agrangc’s* 
particle solutions and the restricted problem of three botlies generally, cf. the memoirs 
»*efcrred to on page 5.30 of my ai’ticlc in the Encykiopildie^ and also E. (). Ix)vctt, Aitr. 
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Nae\.cux. (190S), p. S 8 I ; F. R. Moulton, iVoe. L.lt.S. (S), xi. (1918), p. S67, Math. Ann. 
Lxziii. (191SX P- of Math, Cambridge, 191S, iv p. 182, and 

Periodic OrbiU (Washington, 1920), which gives an account of researches by Moulton 
himself and by W. D. McMillan, T. Buck, D. Buchanan, W. R. Longley, and F. L. Qriffin; 
various memoirs by E. Haenltl, (1. Pavanini, L. A. H. Warren, J. Chazy, L. Amoroso, 
J. Fischer- Petersen, P. Pedersen, K. Bohlin, W. W. Heinrich, A. Wintrier, K. PopofF, 
T. Matukiima, M. Martin; N. Moisseiev, Pnhl. qf the f^temherg State Aetron. Irut. vii. 
(1936): and a long series of pajHirs by E. Stromgren and his school in the Pitblikationer 
fra Kobenhavns Ohm'vatonum, the results of which are collected in No. 100 (1935). 


182. The stability of orbits as affected by terms of higher order in the 
displacement 


In the present chapter, in our treatment of orbits adjacent to a given 
orbit or to a position of equilibrium, we have considered only an approximate 
solution of the equations of the varied orbit, since we have neglected the 
influence of all powers of the displacement above the first. The effect of these* 
neglected terms may however be of great importance, as may be seen from 
the following example*. 

Consider the Hamiltonian system 

dt^dyi' dt ’ dt dx^* df ^ 

where /f = iX -f y,*) - X (a^* + y«*) + Ja {a:, (a^* - yi*) - 2a?, y, y,). 

The first approximation, obtained by neglecting all powers of the variables 
above the first in the differentia] equations, is 






dxt 


-2Xy*, 


dt 


as 2X0?!, 


of which the solution is 

a?i=.4 8in(Xf -f-e), y, = cos (Xf + €), a;,* 58in(2Ai + 7 ), y,*-fico8(2Xf + 7 ), 
where A, B, e, 7 are the arbitrary constants of integration. This first 
approximation therefore suggests stability, and in fact merely a superposition 
of two simple -harmonic oscillations. 

It can however be veiified without difficulty that the differential equations 
(1) admit the solution 





-1 



where € and 7 are arbitrary constants; and these equations represent orbits 
which are indefinitely near the origin when and 00 , but which 

have infinite branches, all the coordinates becoming infinite as t approaches 


* Dae to T. M. Cherry, Trans. Comb. Phil. Hoc. xxiii. (1926), p. 199. 
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the arbitrary value - €. The position of equilibrium at the origin is therefore 
unstable, in spite of being stable to the first order. 

The general effect of the neglected terms of higher order on stability in 
dynamical systems has been considered by T. Levi-Civita* and A. R. Cigala f: 
and in a series of memoirs by D. J. Korteweg^ and his pupil H. J. K Beth§. 
Considering the oscillations about equilibrium of a system with any number 
of degrees of freedom, Korteweg shewed that if . . . denote the frequencies 
corresponding to infinitesimal oscillations in the different normal cooniinates, 
then when 

is zero or very small (where pi, pi, ... are small integers, positive or negative) 
certain vibrations of higher order, which are usually of small intensity com- 
pared with the principal vibrations, may acquire an abnormally great intensity. 
The most important cases occur when 

. |pi| + |p.| + -«4; 

these cases have been fully discussed by Beth. 


183. Attmctive and repellent regions of a field of force. 

The general character of the motion of a conservative holonomic system 
is illustrated by a theorem which was given by Hadamard|| in 1897. For 
simplicity, we shall suppose that the system consists of a particle of unit 
mass, which is free to move on a given smooth surface under forces derivable 
from a potential energy function V\ a similar result will readily be seen to 
hold for more complex systems. 

Let (w, v) be two parameters which specify the position of the particle on 
the surface, and let the line-element on the surface be given by the equation 
ds* = -f 2Fdudv + Gdv*, 

where (JF, F, (?) are given functions of u and v The kinetic energy of the 

r = i (^«’ + ^ruv + 0^). 

and the Lagrangian equations of motion are 

d(dT\^dJ^^dJ^ d(dT\^dJ^_^dV 

dt\du/ 0u'* du * dt\dv/ dv dv ' 


which can be written 


)■ 


* AnmiU di Mat. ▼. (1901), p. 221. t Amtali di Mat, xi. (1904), p. 67. 

t Verhand, d. K, Akad. v. Weteruch, v. No. 8 (1S97) : Archivet Nierland. (2), i. (1897), p. 229. 
§ Am$terdam Proc. xn. (1910), p. 618 and p. 7S5 : xin. (1911), p. 742 : Archivei Nierland. (2), xv. 
<1910), p. 246: (8a), i. (1912), p. 186 : Phil Mag. (6), xxvi. (1913), p. 268. 

II Jouni. de Math (.5), iii. p. 331. Cf. Ttans. Amtr. Math. Soc. xxxiv. (1932), p. 4rtl. 
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We have, by differentiation, 


IT 


ty 37.. dV..d>V., „d‘V .. 3*7.. 






dudv 


dv* 


have 


SubstitutiDg for U and ti their valnes from the preceding equations, we 


where 






, - ^')-. f (jog o’^) 

The quantities occurring in this equation can be expressed in terras of 
deformation-covariants*. The principal deformation-covariants connected 
with the surface whose line-element is given by the equation 
dsF ss Edu* -I- 2Fdudv + Odr^ 
are the differential parameters 


A (4>, f) = (EO - F*y 


+ 

dv dv \ 0u 0v ^ dv du 


.Q^df 

^ du 3m1 


A,W.(«o-/-r{^(gy- 24 g+o(gJ[ 

A.(«.(]fff-J«)-l[,ij(£0-/')t(8g-4)) 


dv 


j(«o-i<)l(-^g+*g)|] 


where ^ and ^ are arbitrary functions of the variables u and v. 

* Th6 d6fliiitioii of a doformatioo^oovariant ii givan in tbo footnote on page 111. 
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With this notation, the preceding equation becomes 

7 = -A.(F) + <l>(«,i). 

Utilising the equation of energy 

Eu^ -f 2Fuv + Gif^ =2{h— F), 

and observing that the expression 

<I> (u, i)) (3 VIdv, — dVjdu) 

Eu^ + 2Fuv + 0~v^ ” E{d V/dvy - 2F{d Vjdv) (d Vjdu) + G{d Vjduy 
contains the quantity (udVIdu + vdV/dv) as a factor, we can write 

7= - A. (7) + + (M + fiv) 7, 

where \ and /x contain in their denominators only the quantity 


E 



ov ou 



and where I y denotes the expression 

4> (3 V/dv, - 3 Vldu)l{EG - F ^) ; 
we readily find that ly can be expressed in the form 

/r=A,(F)A,(F)-JAlF,A,(F)l. 

Consider, on the orbit of the particle, a point at which V has a minimum 
value; at such a point V is zero and V is positive: as Ai(F) is essentially 
positive (since the line-element of the surface is a positive definite form), it 
follows that ly'^O, the inequality becoming an equality only when Ai(F) is 
zero, i.e. at an equilibrium-position of the particle. 

As the particle describes any trajectory, the function V will either have 
an infinite number of successive maxima and minima (this is the general case) 
or (in exceptional cases) the function will, after passing some point of the 
orbit, vary continually in the same sense. Suppose first that the former of 
these alternatives is the true (me: then if we divide the given surface into 
two regions, in which ly is positive and negative respectively, it follows from 
what has been proved above that, the former of these regions contains all the 
points of the orbit at which V has a minimum value, i.e. it contains in general 
an infinite number of distinct parts of the orbit, each of finite length ; whereas 
in the other region, for which ly is negative, the particle cannot remain per- 
manently. These two parts of the surface are on this account called the 
attractive and repellent regions. Each of these regions exists in general, for 
it is ejisily found that any isolated point of the surface at which F is a mini- 
mum (i.e. any point where stable equilibrium is possible) is in an attractive 
region, and any point at which F is a maximum is in a repellent region. 

It is interesting to compare this result with that which corresponds to it in the motion 
of a particle with one degree of freedom, e.g. a i>article which is free to move on a curve 
under the action of a force which depends only on the position of the particle. In this case 
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the iiarticlo either ultinuitolj travels an indefinite distanoo in one direction or oscillatoH 
about a jiosition of stable equilibrium. The attnujtive region, in motion with two degrees 
of freedom, corresjiond.s to the imition of stable equilibrium in motion with one degree of 
freedom. 

Consider next the alternative supposition, namely that after some definite 
instiint the variation of V is always in the same sense. We shall suppose that 
the surface has no infinite sheets and is regular at all points, and that V is 
an everywhere regular function of position on the surface; so that, since the 
variation of V is always in the same sense, V must tend toward some definite 
finite limit, V and V tending to the limit zero. Considering the equation 

7= - A, ( F) 4* 2 (/i - F) /k/A, ( F) + {Xii + ^v) F, 
we see that if Ai (F) is not very small, X and ^ are finite and the last term 
on the right-hand side of the equation is infinitesimal; and consequently 
either there exist values of ^ as large as we please for which /jr is positive (in 
which case the part of the orbit described in the attractive region is of length 
greater than any assignable quantity) or else Ai(F) tends to zero. But 
Aj (F) can be zero only when dVjdu and dVjdv are zero; if therefore (as is in 
general the case) the surface jx>ssesvses only a finite number of equilibrium 
positions, the particle will tend to one of these positions, with a velocity 
which tends to zero. A position of equilibrium thus approached asymptotically 
must be a position of unstable equilibrium: for the asymptotic motion re- 
versed is a motion in which the particle, being initially near the equilibrium 
jKisition with a small velocity, docs not remain in the neighbourhood of the 
ec|uilibrium position; and this is inconsistent with the definition of stability. 

Thus finally we obtain Hadamards theorem, which may be stated as 
follows: If a particle is free to move on a surface which is everywhere regular 
and has no infinite sheets, the potential energy function being regular at all 
points of the surface and having only a finite number of maxima and minima 
on it, either the part of the orbit described in the attractive region is of length 
greater than any assignable quantity, or else the orbit tends asymptotically to 
one of the positions of unstable equilibnum. 

Example. If all values of t from - oo to qd aro considered, shew that the particle must 
for part of its course 1x5 in the attractive region. 

184. Application of the energy integral to the problem of stability. 

A simple criterion for determining the character of a given form of motion 
of a dynamical system is often furnished by the equation of energy of the 
system. Considering the case of a single jwrticle of unit mass which moves 
in a plane under the influence of forces derived from a potential energy 
function F {x, y), the eejuation of energy can be written 

i (i* + y*) = A - K(a', y). 
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Now the branches of the curve V (w, y)^h separate the plane into regions 
for which [V («,y)- A} is respectively positive and negative; but as 
is essentially positive, an orbit for which the total energy is h can only exist in 
the regions for which V (a;, y) < h. If then the particle is at any time in the 
interior of a closed branch of the curve V (Xy y) = A, it must always remain 
within this region. The word stability is often applied to characterise types of 
motion in which the moving particle is confined to certain limited regions, and 
in this sense we may say that the motion of the particle in question is stable. 

The above method has been used by Hill*, Bohlinf, and Darwin J, chiefly 
in connexion with the restricted problem of three bodies. 


185. Ayplioation of integral-invarianU to invetHgatiom of iiahility. 

The term ttabiliiy was applied in a different se ise by Poisson to a system which, in 
the lapse of time, returns infinitely often to positions indefinitely near to its original 
position, the intervening oscillations being of any magnitude. It has been shewn by 
Poinoar^ that the theory of integral-invariants may bo applied to the discussion of Poisson 
stability. 

Considering a system of differential equations 


for which 


^ ^ j ’’‘j ^8 • • • 


is an integral-invariant, we regard these equations as defining the trajectory in n dimen- 
sions of a point P whose coordinates are (X|,X 2 , ..., x„}. If the trajectories have no 
branches receding to an infinite distance from the origin, it may be shewn § that if any 
small region R is taken in the space, there exist trajei^tories which traverse R infinitely 
often : and, in fact, the probability that a trajectory issuing from a point of R does not 
traverse this region infinitely often is zero, however small R may be. Poincare has given 
several extensions of this method, and has shewn that under certain conditions it is 
applicable in the restricted problem of three bodies. 

The development of this line of thought led to the eryodic thetirem, tor which see 
Birkhoff, Hull. Amer. Math. Soc. xxx' in. (1932), p. 361, where references are given to the 
work of Birkhoff himself and of Koopinan, Hopf, Wintner, and J. v. Neumann. Cf. also 
T. Carleman, Ark. Mat. Astr. Fya. 22 B, Nr 7 (1932). 


186. Syngas Geometry of Dynamtce.” 

A brief account will now be given of recent work by Synge[| ; in which dynamical 
problems are treated by aid of the tensor calculus. 

The motion of a dynamical system whose configurations are specified by N coordinates 
(?*> thought of as the motion of a point in a manifold of N dimensions— 

the ** manifold of configurations” If the kinetic energy of the system is given by 
(where the repetition of an index in a product implies summation of that 
index from 1 to N)y the infinitesimal 

• Amer. J. Math. x. (1878), p, 76. t Acta Math. x. (1887), p. 109. 

t Acta Math. xxi. (1897), p. 99. 

§ Poinoar^, Aeta Math. xiii. (1890), p. 67; Nouv.'Mich. iii. Ch. xxvii: on Poincare’s work on 
stability h la Poiison of. B. Picard, Bull, dei ic. math. (2), xxxviii. (1914), p. 320. 

II J. L. Synge, “On the Geometry of Dynamics,” Phil. Tram. A, 226 (1926), pp. 81-106. For 
the eseentials of the tensor calculus the reader is referred to Levi-Civita's Absolute Differential 
Oaleulm (BnglUh translation), or to Eisenhart's Riernannian Geometry. 
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is an invariant, defined by two aiijacent configurations. The square root of this quantity 
tnay be called the distance between the two configurations and the above form the 
kineiiuitical line-deinent. In the case of a particle of unit mass moving in space or on a 
surface the kinematiciU line-element so defined is precisely the ordinary geometrical line- 
element 

The vector whose components are q*" is called the velocity vector and the vector whose 
components are /*■, where 

is called the acceleration vector. It is easily seen (p, 39) that the equations of motion may 
be written i.e. acceleration ^ force. Just as in particle dynamics the acceleration 

vector can be resolved into components along the tangent and principal normal to the 
trajectory, the components in these directions being respectively vdv\ds and v^k^ where v 
is the magnitude of the velocity j*=2T), and k is the first curvature. This 

leads at once to a generalisation of Bonnet’s Theorem (p. 94). 

The purely geometrical concept of the relative curvature of two curves in Riemannian 
space, due to Lipka (Bull. Anier. Math. Soc. xxix. (1923), p. 345), throws further light on the 
question of Least Curvature (Chap, ix) and leads to the theorem : When a holonomic con- 
servative system is subjected to constraints., holonomic or non-holonomicy the natural constrained 
trajectory has, relative to the unconstrained natural trajectory with the same velocity vector, 
a smaller curvature than any other curve having the same tangent and satisfying the conditions 
of constraint. 

When the methods of the tensor calculus are applied to non-holonomic systems, a 
determinate form of Lagrange’s equations is obtained. A system of inequations of con- 
straint implies that the velocity vector must be perpendicular to a certain element of M 
dimensions. It is always possible to choose M orthogonal unit vectors in this element ; 
if these are denoted by ...» the equations of motion may be written 

i ^ 

- (^(2)m6^ + ^( 2 ) 


where for example, is the covariant derivative of 

The application of the method is perhaps most interesting in treating the problem of 
the stability of a state of motion. Two motions, the undisturbed and the disturbed, take 
place along neighbouring curves in the manifold. If the distance between simultaneous 
configurations of the undisturbed and the disturbed motions remains permanently small, 
we say that the motion is stable in the kinematical sense. The infinitesimal disturbance 
vector joining the undisturbed configuration to the corresjwnding disturbed configuration 
being denoted by rf, it is found that rf satisfies the equation 

where 



the mixed curvature tensor of the manifold, and 



+{V}V: 
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the accent a denotes the contravariant time’Jlux^ viz. 


r=f+{" 


^ Hi 




The magnitude of the disturbance vector, defined as satisfies the equation 

»? + »? - Cmn/A’^/i") = 0, 

T^here {if is the unit vector codirectional with if^ (L the magnitude of /I’’ and the 
covariant derivative of 


When the correspondence between configurations of the undisturbed and disturbed 
trajectories is not that of simultaneity but is defined by the condition that the disturbance 
vector if shall be normal to the undisturbed trajectory, permanent smallness of 7 for this 
correspondence is called stability in the kinematico-statical sense. In this t«se also 
differential equations for the components and magnitude of the disturbance vector have 
been given in the case of a conservative system. In the case of two degrees of freedom we 
obtain 

where /3 is the magnitude of the disturbance vector (but here counted positive on one side 
o^the undisturbed trajectory and negative on the other side), K the Gaussian curvature of 
the manifold, v*" the unit vector along the normal, k the first curvature of the trajectory and dA 
the excess of the total energy in the disturbed motion over that in the undisturbed 
motion. 


As long as we confine our attention to conservative systems and, in considering stability, 
think only of disturliances which do not change the total energy, the geometrical statement 
of dynamical problems assumes a simpler form when, instead of the kinematical line- 
element, we employ the ctciion line-element^ 


7) W=(A- V) Ornndq^dq'^^gmncl^dq^i 
where A denotes the total energy of the system. 

For this line-element the curves of natural motion are geodesics (curves of stationary 
length) by the Principle of Least Action (cf. p. 251), and their equations may be written 

+ ' ds 


In discussing questions of stability we have now to deal with the separation of two neigh- 
bouring geodesics. Corresponding points being those at equal (action) distances from 
assigned points on the two geodesics, the disturbance vector satisfies the equation 




^dq”^dq^ 


ds ds 


where 


' ds 


}7' 


ds * 


= 0 , 




ds 


The Christoffel symbols and curvature tensor are, of course, to be calculated for the action 
line-element. For the magnitude of the disturbance vector we have 

In the case of a system with two degrees of freedom this gives 


ds^ 


+ ir/3-0, 


where /9 is the magnitude of the disturbance vector (taken without loss of generality along 
the normal and affected with sign) and K the Gaussian curvature of the manifold calculated 
with respect to the action line-iement 


27—2 
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187. Connexion xeith the theory of turface trantformoUiont. 

The qiie.stions of integrability, stability, and the classihoation of various types of 
motion of a dynamical system with two degrees of freedom, have l)oen studied by Poincar6 
and Birkhoff by a raethiil which depends on the theory of the transformation of surfaces 
into themselves: a full account of this method is given in two j>ai)er8 by Birkhoff, 
“Dynamical systems with two dcgi^ees of freedom,” Trane. Amer, Math. Soc. xviii. (1917), 
p. 199 and “Surfacq transformations and their dynamical applications,” Acta Math. XLiii. 
(1920). 

The topics studied in tlie pre.sent chapter ai*e treated more fully in Birkhoff’s valuable 
work Dymnnical SyHeme {Amer. Math Soc. Coll. Cab. IX. (1927)) and in Husson’s Les 
trajectoires de la dynamique (Pans, 1932). 

Miscellaneous Examples. 


1. Shew that the motion of a particle in an ellipse under the influence of two fixed 

Newtonian centres of force is stable. (Novikoff.) 

2. A particle of unit mass is free to move in a plane under the action of several 
centres of force which attract it according to the Newtonian law of the inverse square of 
the distance: denoting the resulting potential energy of the i>article by P(a:,y), shew thal 
the integral 

where the integration is taken over the interior of any periodic orbit for which the constant 
of energy has the value h (the centres of force being excluded from the field of integration 
by small circles of arbitrary inhnitesimal radius), is equal to the number of centres of force 
enclosed by the orbit, diminished by two. {Monthly Notices li.A.S. LXII. p. 186.) 

3. Let a family of orbits in a plane be defined by a differential equation 


dx^ 




where (x,y) are the current rectangular coordinates of a point on an orbit of the family; 
and let Hn denote the normal distance from the point (x, y) to some definite adjacent orbit 
of the family. Shew that satisfies the equation 



4. A particle moves under the influence of a repulsive force from a fixed centre : shew 
that the path is always of a hyperbolic character, and never surrounds the centre of force ; 
that the asymptotes do not pass through the centre in the cases when the work, which has 
to be done against the force in order to bring the particloi to its position from an infinite 
distance, has a finite value ; but that when this work is infinitely great, the asymptotes 
|ias8 through the centre, and the duration of the whole motion may be finite. 

(Schouten.) 


ft. Shew that in the motion of a particle on a fixed smooth surface under the influence 
of gravity, the curve of se|)aration between the attractive and repellent regions of the 
surface is formed by the apparent hori7x>iiUl contour of the surface, together with the locus 
of points at which an asymptotic direction is horizontal. 
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6. A particle moves freely in sjiace under the influence of two Newtonian centres of 
attraction ; shew that when its constant of energy is negative, it describes a spiral curve 
round the line joining the centres, remaining within a tubular region bounded by two 
ellipsoids of rotation and two hyjierboloids of rotation, whose foci are the centres of force : 
and that when the constant of energy is zero or positive, the particle describes a spiral 
path within a region which is bounded by an ellipsoid and two infinite sheets of hyper- 
boloid of the same confocal system. (Bonacini.) 


7. The necessary and sufficient condition in order that a two-parameter family of curves 
defined by a differential* equation 

/ = 0(^,y,y) 

may be orbits of a system defined by equations of motion 






is that 


a/ 

shall be the total derivative of a function of x and t/ with rcs^xict to x. 

(P. Frank and K. Ogura.) 


8. In the motion of a particle in a plane under forces whicli depend only on its position, 
a one- parameter family of trajectories is obtained by starting particles at a given point in a 
given direction with all possible velocitieii. Shew that the locus of the foci of the osculating 
parabolas is a circle jiassing through the point. If the initial direction is now varied, shew 
that the locus of the centres of the oo * circles obtained is a conic luiving the given point 
as fixjus : and if the forces arc conservative, this degenerates into a straight line counted 
twice. 


9. In order that a system of oo'^ space -curvets, of which oo ^ pass through every point 
in every direction, may bo identifiable with the .system of trajectories of a particle in an 
arbitrary jxisitional field of force, it is neccss.‘iry (but not .sufficient) that the .system 
should have the following projicrties : 

(n) The osculating pianos of tlic xi*'^ curves pa.ssing through a given point form a 
pencil : that is, all the planes p;x.ss tlirough a fixed direction 

(/3) The o.sculatiiig siihorcs of tlie oo ‘ curves passing through .i given point in a gi\cn 
direction form a pencil: their centres thus he on a .straight line. 

10. Shew that the x* curves of a natural family which meet any surficc <u’thogonally 

are orthogonal to co ’ surfaces, that is, form a normal congruence. (The surftces in ipiestion 
are the .surfaces of equal Action.) (Hamilton.) 

11. Shew that the pnqKii’ty referred to in Ex, 10 liclongs e.xchisively h) natural 
families. 

12. In oixler that a family of ® ^ curves in .space may constitute a natural family of 
orbits, two proixirties arc nccc.s.sary and sufficient., viz. : 

(a) If the osculating circles of tho.se curves of the family which pass througli a given 
|>oint p arc constructed at that jMunt, they have a .second point P in. common, and tlius 
form a bundle. Conse<iucntly, thi’co of the circle.s in such a 1 mi idle have foiir-[>oint contict 
with the corresponding curves. 

(i3) These thrw hyi)ero.sculating cirelc.s will l»c mutually orthogonal. 
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13. The only point -transformations which convert every natural family into a natural 
family are those belonging to the conformal group. 

[Examples 8, 9, 11, 12, 13 above are taken from memoirs by E. Kasner in the Tram- 
actions of the Amer. Math. Soc.^ 1906-1909. For further work in this direction the reader 
is referred to Professor KasnePs Princeton Colloquium lectures on Differential Geometric 
Aspects of Dynamics.^ 

14. Two seis of oo ^ curve.s in a plane, which fonn an orthogonal system, are orbits in 
a certain conservative field of force. If U denote the Action at any point (j7,y) of a 
jxarticle considered as moving on one of the first set of orbits, and V denote the Action at 
(.r, y) when the particle is considered as moving on one of the second set of orbits, shew 
that U and V are conjugate functions of x and y : and that the families of curves 
C — constant, P- constant, are identical with the orbits. 


(P. Q. Tait and K. Ogura.) 



CHAPTER XVI 


INTEGRATION BY SERIES 


188. The need for series which converge for all values of the time; 
Poincari's series. 

We have already observed (§ 32) that the differential equations of motion 
of a dynamical system can be solved in terms of series of ascending powers 
of the time measured from some fixed epoch; these series converge in general 
for values of t within some definite circle of convergence in the ^plane, and 
consequently will not furnish the values of the coordinates except for a limited 
interval of time. By means of the process of analytic continuation* it would 
be possible to derive from these series successive sets of other power-series, 
which would converge for values of the time outside this interval; but the 
process of continuation is too cumbrous to be of much use in practice, and the 
series thus derived give no insight into the general character of the motion, 
or indication of the remote future of the system. The efforts of investigators 
have therefore been directed to the problem of expressing the coordinates of a 
dynamical system by means of expansions which converge for all values of the 
time. One method of achieving this result f is to apply a transformation to 
the i-plane. Assuming that the motion of the system is always regular (i.e, that 
there are no collisions or other discontinuities, and that the coordinates are 
always finite), there will be no singularities of the system at points on the 
real axis in the ^-plane, and the divergence of the power-series in i after a 
certain interval of time must therefore be due to the existence of singularities 
of the solution in the finite part of the ^plane but not on the real axis. Suppose 
that the singularity which is nearest to the real axis is at a distance h from 
the real axis; and let r be a new variable defined by the equation 


2h, 

t-U^ — log 

TT 


1 + T 

1 — T ’ 


A band which extends to a distance h on either side of the real axis in the 
^-plane evidently corresponds to the interior of the circle 1 t| = 1 in the r-plane; 
the coordinates of the dynamical system are therefore regular functions of t 
at all points in the interior of this circle, and consequently they can be 

* Cf. Whittaker and Watson, Modem Analytis, §5*5. 
t Due to Poincar6, Acta Math. iv. (1881), p 211 
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expressed as power-series in the variable t, convergent within this circle. 
These series will therefore converge for all real values of t between — 1 and 1, 
i.e. for all real values of t between — oo and -f oo . Thus these series are valid 
for all values of the time. 

189. The regularisation of the Problem of Three Bodies. 

In the last article we made the reservation that there are to be no collisions 
or other discontinuities for real values of t. The importance of collisions in 
the mathematical theory of the Problem of Three Bodies was first indicated 
by Painlev^*, who shewed that the motion of the bodies is regular (i.e. their 
coordinates are holomorphic functions of t) for all time, provided the initial 
conditions are not such that after a finite interval of time two of the bodies 
collide. The relations which must subsist between the initial values of the 
variables in order that a collision may ultimately happen between two of 
the three bodies have been discussed by Levi-Civitaf foi the restricted problem 
of three bodies (when there is one such relation) and by BisconciniJ for the 
general problem, when there are two relations: these relations are analytic, 
but they arc expressed by somewhat complicated infinite series, and are not 
directly applicable except when the interval of time between the initial instant 
and the collision is sufficiently short. 

A considerable advance was made when K. F. Sundman§ shewed that the 
singularity of the differential equations which corresponds to a collision of two 
<jf the bodies is not of an essential character, and that it may in fiict be 
removed altogether by making a suitable change of the independent variable: 
that is to say, it is possible to choose the variables which specify the motion, 
and the independent variable, in such a way that the dilferential equations of 
motion are regular even wh(‘n two of the three bodies occupy coincident 
positions;|. It is thus possible to obtain a real prolongation of the motion 
after the collision f : the co{)rdinates can be specified for all values of the time t 
from — CO to f CO, whether collisions take place or not: and a positive lower 
bound c can be avssigned to the two greater of the mutual distances. There 

• l.erom j'Ur la theoric anal, dcs (q.diff., Pa»iB, 1H97, p. 583. 

^ Anutili di Mat. (3) ix. (1903), p. 1; Compten lieJidtu, cxxxvi. (100.3), pp, 82, 221. 

Aria Math. xxx. (1005), p. 10. Cf. also H. IJlock, Medd. frdn fjundH Obs., Series ii.. No. (5 
(1000); AiKiv f. Mai. Antr. ocli Fijh. v. (lOOO), No. 9. 

§ Acta Math, xxxvi. (1912), p. 105. The essential features of the work were originally 
pulilished in Arta Sacietutiif Setent. Fennicac in 1000 and 1909. It sccuis to have been inspired 
largely l)y Poincare’s theory of the uniformisation of analytic function.s: cf. Acta Math. xnxi. 
(1007), p. 1. 

;! Levi-Civita regularised the differential equations of the restricted problem of three bodies 
liy an elementary transformation in Arta Math. xxx. (1900), p. 300; and in a later paper, llend. 
d. Jancri, xxiv. (1915), p. 61, he extended this to the problem of three bodies in a plane. Cf. also 
bis pajicr in Acta Math. xlii. (1917), p. 99. 

H The variables can be expanded in ascending powers of (fi-f)^, where fj represents the 
instant of ccdlision; the orbits have cusps at the point of impact. 
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is only one case of exception, namely when all three bodies collide simul- 
taneously: but this can happen only in a very special type of motion, in which 
all the constants of angular momentum are zero together* * * § . 

Disregarding this case of triple collision, Sundman introduced a new 
independent variable w defined by the equation 

de = (1 - (1 - e'^) (1 - e" 0 dwt 

where ro, ri, r* denote the three mutual distances, and I is the lower bound 
already mentioned. The coordinates of the bodies, and the time, are then 
holomorphic functions of w within a band of finite breadth 2Q in the i<;-plane, 
bounded by two lines parallel to the real axis and on either side of it. There 
exists a continuous one-to-one correspondence between the real values of t and 
the real values of w, so that when t varies from - oo to + ao , w likewise 
varies from — oo to -I- oo . 


Lastly, Sundman applied Poincare’s transformation 


2n , 1 -f T 


in order to transform the band in the w-plane into a circle of radius unity in 
the plane of a new variable t. The coordinates of the three bodies, and the 
time, are now holomorphic functions of t everywhere within the unit circle in 
the T- plane : and therefore they can be expanded as convergent series of powers 
of T for all real values of the time, whether there are collisions or not: the 
case of triple collision alone being excepted J. 


190. Trigonometric series. 

The series discussed in the preceding articles are all open to the objection 
that they give no evident indication of the nature of the motion of the 
system after the lapse of a great interval of time: they also throw no light on 
the number and character of the distinct types of motion which are possible 
in the problem : and the actual execution of the processes described is attended 
with great difficulties. Under these circumstances we ai’e led to investigate 
expansions of an altogether different type. 

If in the solution of the problem of the simple pendulum (§ 44) wc consider 
the oscillatory type of motion, and replace the elliptic function by its ex- 
pansion as a trigonometric series§, we have 


• 1/) 27r y 


(2$- l)7r/t (<-<«) 


* This Usi faot had been known to Weierstrass : of. Acta Math. xxxv. p. 55. The motion is 
then in one plane. 

t A simpler eqnation available in the restricted problem of three bodies was givea by 
G. Armellini, Comptet Rendiit, clviii. (1914), p. 253. 

t Cf. K. Popoff, Cotnptes Rendus, clxxxiii. (1926), p. 472, and M. Ki\eliovitch, Paris, 1932. 

§ Cf. Whittaker and Watson, Modem Analysig, §22 6. 
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where 6 denotes the inclination of the pendulum to the vertical at time t\ 
K and may be regarded as the two arbitrary constants of the solution, and 
fi is definite constant, while q denotes where K' is the complete 

elliptic integral complementary to K, This expansion, each term of which 
is a trigonometric function of t, Is valid for all time. Moreover, when the 
constant q is not large, the first few terms of the series give a close approxi- 
mation to the motion for all values of t. The circulatory type of motion 
of the pendulum may be similarly expressed by a trigonometric series of the 
same general character. 

Turning now to Celestial Mechanics, we find that series of trigonometric 
terms have long been recognised as the most convenient method of expressing 
the coordinates of the members of the solar system ; these series are of the 
type 

,, C 08 (n,^, + + ... + 

where the summation is taken over positive and negative integer values of 
rii, n,, 724 , and 6f is of the form €/, the quantities a, X, and e being 

constants. Delaunay* shewed in 1860 that the coordinates of the moon can 
be expressed in this way; Newcombf in 1874 obtained a similar result for 
the coordinates of the planets, and several later writers J: have designed 
processes for the solution of the general Problem of the Three Bodies in this 
form; these processes are also applicable to other dynamical systems whose 
equations of motion are of a certain type resembling those of the Problem 
of Three Bodies. In the following articles we shall give a method§ which 
is applicable to all dynamical systems and leads to solutions in the form of 
trigonometric series. 


191. Removal of terms of the first degree from the energy function. 
Consider then a dynamical system, whose equations of motion are 
dq^ JH ^ JH 

dt dpr' dt dqr ^ ’ 

where the energy function H does not involve the time t explicitly, 
l^he algebraic solution of the 2 n simultaneous equations 
dH . dH 

dpr'~ ' dq/ 

will furnish in general one or more sets of values (aj, a,, ..., On, 61 , 6 g, ...» M 
for the variables {qi, ..., qn,Pu •••, Pn); and each of these sets of values 
will correspond to a form of equilibrium or (if the above equations are those 
of a reduced system) steady motion of the system. 


.0 


(r==l, 2 ,...,n) 


* du mouvinunt de la June. Paris, 1860. t Smithsonian Contributions, 1874. 

t e.g. Lindgtedt, Tiaaerand, and Poinoar4. 

I Whittaker, Proe. Land. Math. Soc. zxxiv. (1902), p. 206. Proe. Ji.S.E. xxxvii. (1916), 
p.95. 
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Let any one of these set of values (oj, M selected; 

we shall shew how to find expansions which represent the solution of the 
problem when the motion is of a type terminated by this form of equilibrium 
or steady motion. Thus if the system considered were the simple pendulum, 
and the form of equilibrium chosen were that in which the pendulum hangs 
vertically downwards at rest, our aim would be to find series which would 
represent the solution of the pendulum problem when the motion is of the 
oscillatory type. 


Take then new variables (9/, 
equations 

the equations of motion become 

dqr _ dH 


. . p/. p/ Pn'). defined by the 

Pf = 6,+Pr' (r=l, 2, ..., w); 


= (r=l,2,....n), 


and for sufficiently small values of the new variables the function H can be 
expanded as a multiple power series in the form 

H = Hq 4- Hi 4- H^ 4* H^ 4- . . ., 

where denotes terras homogeneous of the Arth degree in the variables 
(q^\ 92. Pi, ...,PnV 

Since ffo not contain any of the variables, it may be omitted : and the 
fact that the differential equations are satisfied when (7/, q^y ...,^n',p/. •••,Pn) 
are permanently zero requires that Hi should vanish identically. The expansion 
of H therefore begins with the terms H^ , which (suppressing the accents of 
the new variables) may be written in the form 

H^ = {CLrrqr* 4’ ^(^rsqrqi) 4" ^br$qrPt *1" 4* 2Cr*PrP*), 

where = a#r. Crf»c«., 

but hrt is not necessarily equal to htr> If the terms ffj, F4, ... were neglected 
in comparison with JJ,, the equations would become those of a vibrational 
problem (Chapter VII). 

192. Determination of the normal coordinates hy a contact-transformation. 

We shall now apply a contact-transformation to the system in order to 
express H^ in a simpler form*, — in fact, to obtain variables which correspond 
to nonnal coordinates for small vibrations of the system. 

Consider the set of 2?i equations 


-‘-.aJn.yi, ...,yn) = 9 

(«„ Xn, Vx yn) “ 0 

dy, / 


(»•= 1, 2 n) 


* In obtaining the transformation of this article a method is used which was suggested to the 
author by Dr Bromwich, and which furnishes the transformation more directly than the method 
originally devised. 
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or 


-8yr = QriXi + anX^ -f ... + + ^ri^i + ■ • • + 

sXf = h^fXi “f" h^fX^ "f* ... 4" ft lifXn ■4" Cfi 2/1 "t* ... 4" Cffiyn, 


(r=l,2, ...,n). 


On solving these equations, we obtain for s the deterrainantal equation 
which in § 84 was denoted by f(s) = 0: we shall suppose that is a positive 
definite form, and (as in § 84) we shall denote the roots of the equation 
±w,, ± Wa, ...» ±iSni the quantities s^, ..., Sn are all real, and for 
simplicity we shall suppose no two of them to be equal. 

To each root there will correspond a set of values for the ratios of the 
quantities (x^, yi, ..., yn); let the set which correspond to the root 

isr be denoted by (rX^, ..., ryi, •••, ryn), ^^nd let the set which corre- 
spond to the root - iSr be denoted by ...» -rXn, -ry\, •••! -ryn), so 

that we have 


-W,fyp=«yir^i + ttpj^2 4- ...4-apn,^n + ftpiryi+ ... +ftpnryn, 

iSrrXp = b^p 4-ftap,^2+ ... 4- ft„p r'^n 4- Cpi ^yi 4- ... 4- Cpnryn^ 

Multiply these equations by ^Xp and jty,, respectively, add them, and sum with 
respect to p; wc thus obtain the equation 

n 

Wr (riTp iljp - iXy , 3 /p) = H (r, k), 

where 

H (r, k) = n„ + a„ {,», tr, + *3-, + . . . + 6„ (rTi ^y^ + 1 ®, rVt) + - • 

+ C„ ,y,ty,+ 

80 that H{r, k) ia symmetrically related to r and k. 

Interchanging r and k, wc have 

n 

w* 2 (tpCfryv-rH^ky,) = {»’, 0. 

P=1 

n 

and therefore ( 5 , + 5^) 1 ikXpryp -i^typ) = 0. 

p=i 

So, imles.s 5^4-5* is zero, we have 

n 

^ ( rXp kVp ■" kP^p ryp) — 

and consequently H (r, k) is zero: if Sj. -{■ s^ is zero, wc have kXp^~rXp, 
kyp = -ryp ^ fiod therefore 

n 

iSj. X {tXp -ryp "" -rXp ryp) = // (r, — t). 

7> = 1 

If now wc define new variables ( 7 /, ^ 2 ', • l>y equation.s 

qr=iXrq^' ^rq 2 ’••■^nXrqn •k-.XrPi ^ 2 n) 

Pr=iyr<?/-hayry/+...4-nyryn 4--,yrP,'4-... + _nyrPnJ ^ 
and if 8 and A denote any two independent modes of variation, it is evident 

n n 

that the cr>efficicnt of Sqr ^pt in 2 (BfjiApi- /^qiSpi) is X (rXi-tyi^ -k^iryi)^ 

/=! /-I 
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n 

which is zero when r is nob equal to k. Thus 2 {hqi^pi — liiqiBpi) contains no 

i=i 

terms except such as — Ary/Sj)/), and the coefficient of this term is 

2 (r^i^ryi- •r^iryi)- Now hitherto the actual values of ryi have nob been 

i=i 

fixed, as only their ratios are determined from their equations of definition; 
we may therefore choose their values so that 

n 

S (a -rVl - -riPi rVl) =1 (»' = 1, 2. . . (i), 

i=l 

and then we shall have 


H » ^ ^ 

2 {Bqi^pi - /^qi^pi) = S {Bq,'Apr - Ary/8p/), 

1=1 r=l 

so that (§ 128) the transformation from the variables (q^, qi, qn, Pi, Pn) 
to the variables (q', q^', qn\ Pi\ •••, Pn) is a contact-transformation. 
Moreover, if in we substitute for {q^, q^y qn> Pi ^ •••» Pn) in terms of 
.*•, <7n,K) •••> Pn ), we obtain 

H{ry-r)qrPr 

r=l 

n 

or H 2 = l 2 8rqr Pr • 

r=l 


Now apply to the variables qi\ ...» qn\ p/> •••> Pn) fhe coutacb- 
bransformation defined by the equations 

«->■* “>• 

where If = 2 {pr 'yr + i ^ > 

which gives = {p"^ + 

r=l 

As all the transformations concerned have been linear, we see that 
Hiy Hi, ... will be homogeneous polynomials of degrees 3, 4, ... in the new 
variables : and thus, omitting the accents, we have the result that the equations 
of moti(yn of the dynamical system have been brought to the form 

^^dJH (r=l,2, ...,n); 

dt dpr ’ dt dqr 


where H = H^-\- + 

in which Hr is a homogeneous polynomial of degree r in the vaHables, and in 
particular 

r=l 

It is clear that if we neglect F., ••• i" comparison with and 
integrate the equations, the solution obtained will be identical with that 
found in § 84. 
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193 . Transformation to the trigonometric form of H. 

The system will now be further transformed by applying to it a contact- 

transformation from the variables {qt, g», gn, Pi Pn) to new variables 

{qi, qi, q<i'. Pi. •••. ?«■'), defined by the equations 

. tr-1 9 

^ ’ 


where 


S L/arcsin — + ^ 
r=i (2s,ar')^ 2*'- J 


(r=l,2,...,n). 
(r=l,2 n), 


( 2 », 9 r')* 

so that 

Pr = ( 2 s, 7 ,')^ sin Pr', qr = (27/)^ Sr ” ^ cos pf 

The differential equations become 

dp;^_dl£ 
dt ^Pr dt 
where H = 51 ^/ + 525 '/+ ••• +^n 5 n' + //3 + ^ 4 + •••» 

and now Hr denotes an aggregate of terms which are homogeneous of degree 
\r in the quantities 5/, and homogeneous of degree r in the quantities 
cos Pr , sin Pr. 

Since a product of powers of cosp/, sinp^' can be expressed as a sum of 
sines and cosines of angles of the form (riip/ + r?aPa' + ... +w„pnO» where 
n,,»2i have integer or zero values, it follows that Hr can be expressed 
as the sum of a finite number of terms, each of the form 

o/”*! . . . Qn^n (7I1 p/ + r?a p/ + . . . + rin Pn )» 

i 1 J. QQQ 

where mi + Wa+ ... +mn = Jr, |n^|^ 2 r 7 v, 

and therefore + |na| + ... + |nnkr. 

The function H is thus expressed in the form 

H = ^3 (nipi + n,p,' + ...+ n^pf), 

where for each term we have 

kil + l^| + -..+inn|^2(wii + m,+ ...+m«), 
and clearly the series is absolutely convergent for all values ofp/, ply ...>Pn\ 
provided qiy ql, ..., q^ do not exceed certain limits of magnitude. 

To avoid unnecessary complexity, we shall ignore the terms in 
sin (n,pi' + nap,' + . . . + rinPn ), 
as they are to be treated in the same way as the terms in 
cos (n,p/ + n^pl + . . . + rin Pnl 

and their presence complicates, but does not in any important respect modify, 
the later developments. 
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194. Other types of motion which lead to equations of the same form. 

The equations which have now been obtained have been shewn to be 
applicable when the motion is of a type not far removed from a steady motion 
or an equilibrium-configuration, e.g. the oscillatory motion of the simple 
pendulum, or those types of motion of the Problem of Three Bodies which 
have been studied in § IBl. But these equations may be shewn to be 
applicable also to motion which is not of this cnaracter, and in particular to 
motion such as that of the planets round the sun, or the moon round the 
earth*. 


For let the equations of motion of the Problem of Three Bodies be taken 
in the form obtained in §160; and let the contact-transformation which is 
defined by the equations 

(--- 1 . 2 . 3 , *> 


be applied to this system, where 


+ 


92 ^ 


The new variables can be interpreted in the following way. Suppose that at 
the instant t all the forces acting on the particle p cease, except a force of 
magnitude mim^jq' directed to the origin; and let a be the semi-major axis 
and e the eccentricity of the ellipse described after this instant : then 

9/ = [mim^pa (1 - qs = (wj 


Further, if the lower limits of the integrals are suitably chosen, p/ -|- is 
the true anomaly of p in its ellipse, and — p^ is the mean anomaly. The 
variables q^\ g/, p,', p/ stand in a corresponding relation to the particle p . 

The equations of motion now take the form 

= = (r = 1.2,3,4); 

at opr dt dqr 

when the particles ni 2 and m, are supposed to be of small mass compai*ed with 
mj, and are describing orbits of a planetary character about it is readily 
found that H can be expanded in terms of the new variables in the form 
H « ao.,. 0,0 + n,.ti„n 4 cos (nip/ + n,p,' + n,p,' + n^p/), 
where the coefficients a are functions of (g/, q^, q^, q/) only, the summation 
extends over positive and negative integer and zero values of rij, n«, n,, 
and the coefficient ao,o,*,o is much the most important part of the series. As 
this expansion of H is of the same character as that obtained in § 193, it 
follows that the metjiod of solution given in the following aHicks is applMle 
either to motion of the planetary type or to motion of the type studied in § 181. 

* DeUiiD»y, Thime de la Lune\ Tisaenuid, Annalti de VObi. de ParU, Mimoxra, xtiii. (1886). 
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195. The problem of integration. 

For simplicity we shall suppose in what follows that the system has only 
two degrees of fi-eedom : so that the equations to be integrated are 

dt dpx* dt dpi* dt"* dqi' dt dq^ 

where the Hamiltonian function H can be expanded as an infinite series 
proceeding in powers of and ^q^y and in trigonometric functions of 
multiples of pi and : that is to say, in terms of the type 

cos {ip^ •i-jpiX 

where m and n are integers (positive or zero) and i and j are integers 
(positive or negative or zero): moreover, if we call (m + 7i) the “order” 
of a term, the terms of lowest order are linear in q^ and q.i and free from pi 
and p^y so that they may be written (si^j d-Sa^'g), where and are constants. 
Further, m— ]i| is zero or an even integfer, and n—\j\ is also zero or an even 
integer. 

The Hamiltonian function H may therefore be expanded in the form 

+ + + + ( 2 ), 

where Hf denotes the terms of order r, so we may write 

Ha«gii((^iCospi+ f/8C083pi)+Mi^{i/^iC08 p,d- t^4Cos(2p, + p2)+ f/8Cos(2pi-pa)j 
+ ((/,cospi+ U^cos{2p^-\-p^) U^C0B{2pi-pi)]^qf[U^C09p.^ + f/jyCOS 3pa), 
and 

Hi * gi* (Xi 4- Xg COS 2pi + Xj COS 4pi) 

4-Y^?i^{Xi COS (Pi ^p^ + Xj COS (Pi -pa) + Xe COe (3pi +Pg) + X^ cos (3p, ~Pa)j 

-h 9i9ii (^8+ X, COS 2pi + Xifl COS 2pa+ X„ cos (2p,+ 2pa) d- Xi 2 COS (2pi - 2pi)] 

+ 9 ,^ 9 ,* (X„cos(p,d-p,)d-X„co8 (pi~p 2 )d- X« COS (p, d-3pa)d- X„ COS (pi -3pa)l 
-f 9 ** (Xi 7 d-X ,8 COS 2pad" X,a cos 4p2}, 
the coefficients C^a, ... i/jo.Xi.Xg, ... X,, being constants. 

We know one integral of the differential equations (1), nanmly the integral 
of energy 

H(qu q^f Ply Pi) = Constant : 

and we know (§121) that if we can find one other integral, the system can be 
completely integrated. 

It was shewn by the author in 1916* that this other integral can be found, 
but that it cannot in general he represented by a single analytical expression 
which is valid for all valvLes of the ratio Si/s^, or even for any finite range of 
values of s/s^: in fact, it is necessary to distinguish three cases: 


Proe. R,8, Edin. xxxyq. (1916), p. 96. 
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Case I. The ratio is an irrational number. 

Case II. The ratio Si/s^ is a rational number, say equal bo ?u//i (wliore 
m and n are integers and the fraction min is in its lowest terms) and terms 
in cos {npi - rnpa) arc absent from 

Case III. The ratio is a rational number, say equal to min, and terms 
in cos {npi — mp^) are present in H 3 . 

The integral which we are seeking (and which we shall call the adelphic 
integral, for reasons which will appear later) always exists, but its analytic 
expression is different in these three cases ; so that as sjs.^ is continuously 
varied, the form of the adelphic integral is abruptly changed whenever s^ls. 
passes from a rational to an irrational value, or conversely. This is the 
ultimate fact which lies at the basis of Poincar4 s celebrated theorem that 
the series of Celestial Mechanics, if they converge at all, cannot converge 
uniformly for all values of the time on the one hand, and on the other hand 
fw all values of the constants comprised between certain limits. 

We shall now determine the adelphic integral in each of these cases in 
turn. 


196. Determination of the adelphic integral in Case /. 

Let us then first suppose that the Hamiltonian function is expanded as 
in § 195, and that the ratio is an irrational number. We shall now shew 
how to set up formally a series which, if it converges, is an integral of the 
system. 

Pu ^ 2 ) = Constant is an integral, we must have (from the 
equations of motion) 

d4> dH ^ ^ ^ ^ ^ d<l> dH _ ^ ^ ^ ^ 

^ 9^2 9^2 9p, dp2dq3~ ^ ’ 

an equation which we may write { 6 , H) = 0. 

Let us see if this equation can be satisfied formally by a series proceeding 
in ascending powers of and ^Jq^ and trigonometric functions of and 
(like the series for H), whose terms of lowest order are (Si^i -«2 92 )* so that 
we may write 

^ ^1 - ? a + <#>3 + + ^5 + . . . , 


where denotes the terms which are of degree r in \/?i s/q^. 

Substituting in equation (1), and equating to zero the terms of lowest 
order, we have 

d<f>s __ dHj dH^ 

dpi ^ dpi ^ 9pi * dpi 

This evidently implies that to any term il cos (mpi + wpa) there 


corresponds a term — — A cos (mp, + np,) in : so the value of <^s 

«im + «2n 


w. D. 


28 
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may be written down at once. Having thus determined <^>3, we equate to 
zero the terms in equation (1) which are of order 4 in and this 
gives the equation 

d<f>^ d<f >4 07/4 dH^ , 

dpy djk ^Pl m ^ 

As the quantities on the right-hand side are all known, we can solve this 
equation for </>4* in the same way as the preceding equation was solved for 
<^3: and thus combining our results we obtain for our integral series <}) 

Constant = </) = 5, q.^ 4- qr ( cos -f cos 


+ qiq) |- U,cosp.,+ U,c(ys{2p, +?») + 2 ,^’ t^^cos(2p,-j5,)| 

+ qr I" Ua<i09p.i- J/,„cos3pa| 


"sj cos 4 p, 




Si + Sj U, + 2Sa 


(2s,-s,)(.», -2,?s) 


U,U,+ U,U, 


cos {pi P2) j ~~ 2^ 1 TJ TJ IT JT 

-52 t (25 i + 82) (5, + 2^2) 81 - 25.2 ’ * ’ 


co s (3pi + p,) f + I0.9,.», 

3s, + 83 |( 2s, - s,) (s, + 2sj) ’ ' 


U,U,-SU,U: 

2s, + s, 

+ UiU, + (^i-s,)Xi 

25i 4- 52 


+ o X U.U, + U.U, -3U,U, 

d5i 5*2 ' |(25 j 4" 82 ) (^1 252 ) 25] 82 

_ j£l_l7,{f, + (3,,+s.)Z, 

* iThe equation for <fn will not have a solution of the desired form unless on the right thd 
coefficients of , ^i 72 * zero, since terms of this form in ^4 are annulled by the operator 

It ~ +8<i . It is easy to verify that these terms are in fact absent from ii 3 -^- * 3 * 15 ;" 

(^i CP2 ^Pi ^Pj 

from (<t> 2 , Ih)» The same point arises in the equations for 06» 08* : ^or a general discussion of 

these “ critical” terms, cf. T. M. Cherry, Froc. Camb. Phil, Soc. xxu. (1924), pp, 825, 610. 
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2 




C08(2p,-2p,)| +2», jjn 6*1 nn , 4 «, „p. 

W.- U.U. 

+ terms of the 5 th and higher orders iii W* 

The terms of higher order in the series may be determined in the same 
way as the terms in <^| and <^ 4 , and we thus obtain the complete expansion 
of <f>. 


28 — S 
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We may note that instead of assuming {s^qx- s^q^) as the lowest term 
of our integral, we might have assumed qx, or q^, or any linear function 
of qx and q^; the integral then obtained would be merely a linear combina- 
tion of our integral (2) with the integral of energy, whose lowest terms 
are (Sxqx + s^q^). 


We may further note that in the above process, when finding ^4, we 
may if we please add to any terms of the fonn + 7^**, where 

a, fit 7 are constants; for these terms are annulled by the operator 


( 0 0 X 

^ 4* s, ^ j, and therefore <f>i satisfies its differential equation just as well 

when these terms are present as when they are absent. The introduction of 
these terms into ^4 will cause changes in the terms of higher order — in 
^0, etc. : and the sum total of all the changes will merely amount to adding 
to our function <f> a quadratic function of the two integrals which we know, 
namely, the integral of energy and the integral (2) itself. • 


Similarly we may add any terms of the form (aq* + fiq*qt'¥yqiqi+Sqf*) 
to ^4: the ultimate effect is merely to add to our integral a cubic function 
of itself and the integral of energy. There is evidently nothing to be gained 
by doing this, and we may therefore omit these arbitrary terms in ^4, ^, . . .. 


197. An eicample of the adelphic integral in Case L 

As an example, consider the motion of a particle of unit mass in a field 
when the potential energy is (with rectangular coordinates x and y) 

3(1 + 2a; 4* a;* + 

or (expanding) a:* 4- Jy* - fa;* — a;y® 4* 5a4 - -h terms of the 5th order, so 
that the origin is a position of equilibrium. We shall study orbits near to this 
equilibrium position. 

If we make the contact- transformation 


X = i^qx^ sin Pi , x = 2^qx^ cos p,, 

y = 2^9,^ sin p„ y = 2^ cos p,. 

the system is now specified by the Hamiltonian function 


H = 2i 


qx sin* Pi 4- 7* sin* Pa - 


1 4* 3 . 2^ cos Pi 


3 (1 4- 2^7,^ cosp, -I- 2^ 7i cos* Pi 4- 27, cos* p*)^ 


or expanding, 

/?=2ify, + 9,+ 2«V( — cosp, — J cosSp,) 

+ 2”^ (- 2 cosp, - cos (p, + 2pi,) - cos (p, - 2p,)| + (!)• 
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The corresponding adelphic integral, obtained by substituting in formula (2) 
of the last article, is 

Constant = = 2-g, - 9, + (- \ cos 3 pi) 

+ 2 ’^91^98 {- 2 cospi + (1 - 72)* cos (pi + 2 /),) + (1 + ^/ 2 y* cos (pj - 2^2)] + . . . 

( 2 ). 

Now it may be verified readily by differentiation that this dynamical system 
possesses the integral 

Constant = (9^^ sin pa + 2^9, ‘^93^ sinpacosp, - sinpi cospa)* 

1 + 2^9^^co3pl 

(1 + 2^?,* COS p, + 2^91 cos*p, + 29, cos*p»)^ 
which when expanded takes the form 
Constant = 9* + 2 “i (1 — V2) q^i q^ cos (pi + 2p2) 

- 2^ (1 + V2) q^ 9, cos (pi - 2p,) + ( 3 ). 

It is evident, on comparing the series, that the series (2) is what would 
be obtained by subtracting twice the series ( 3 ) from the series ( 1 ), which 
represents the integral of energy. This shews that for the particular 
dynamical system we are considering, the <|)-series (2) is identical with the 
expansion, formed by ordinary algebraic and trigonometric processes under 
conditions which ensure convergence, of a known integral : and the con- 
vergence of the series (2), for sufficiently small values of siqx and V 9t, is thereby 
established for this particular system. 

198 . The question of convergence. 

For particular dynamical systems such as th«at considered in the last article, 
the convergence of the adelphic-integral scries ( 2 ) of §196 cjin be proved, for 
sufficiently small values of 9, and 92, so long as the ratio SxjSz is an irrational 
number. No proof of convergence applicable to the most general case, has 
yet been devised, and the procedure of § 196 must therefore be regarded, in 
the present state of the subject, merely as a method of constructing a formal 
series, whose convergence must be investigated sepamtely in the case of each 
particular dynainicjil system to which the method is applied. In all such 
jwirticular systems examined hitherto, the scries is convergent : aiul the 
following considerations may be adduced in support of the opinion that the 
convergence is general. 

Since the ratio s^js^ is an irn\tional number, none of tl>^ denominatoi*s 
{s, - «.)» ( 25 ,+a( 25 i-«i). + 2^8), ( 3 ^, + a--; can vanish, and there- 

fore no term of the series can be infinite. The series is a powci-seiies in 
V91 and /\/9a» and it has been derived from another absolutely con vei gent 
power-series in »Jqi and V9t» namely, the series for H, by operations which are 
of an ordinary algebraical and trigonometrical combinatoiy chai-acter, except 
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as regards the operation of introducing the divisors of the type (rnsj + ns,) 
(where m and n are positive or negative integers) in the integrations. We 
may therefore expect that the series will converge for sufficiently small values 
of and I unless the smallness of some of these divisors causes the series 
to diverge for all values of and however small. Now the values of 
the integers m and n may indeed be so chosen that the divisor (nwi 4 - n^,) may 
be as small as we please : but |m| and |n| are then large, and since |m| and |n 
are not greater than the order of the term, this small divisor can occur only 
in a term of high order, where it will be more or less neutralised by the high 
powers of and aud it was in fact shewn many yeai*s ago by Bruns* 
that this state of things is consistent with the absolute convergence of a series. 
The example given by Bruns was the series 

® 00 tti/j n 

2 2 gA - i^ 
m — nA * 

where and 5 , are proper fractions and ^ is a positive irrational number 
which is an algebraic number, i.e. a root of an irreducible algebraic equation 

A-^ + G, . . . + On = 0, 

with integer coefficients 0. If we multiply the numerator and denominator 
of any term in Bruns’ series by 

{m-nA'){m-nA ").,. , 

where A\ A*\.,,, are the other roots of the algebraic equation, then the 
denominator becomes a polynomial in m and n with integer coefficients : and 
as it is never zero, it must be at least equal to unity: while in the numerator 
we now have a polynomial in m and n of degree (s — 1 ): whence it follows at 
once that Bruns’ series converges. 

The adelphic-int(;gral series ( 2 ) of § 196 is much more complicated than 
Bruns' series: and although the analogy so far as it goes is favourable to the 
convergence of ( 2 ), yet our opinion must rest mainly on the undoubted con- 
vergence of ( 2 ) in the case of particular systems where a test is possible. 

199 . Use of the adelphic integral in order to complete ike integraiion. 

Still restricting ourselves to Case I, in which the ratio is an irrational 
number, we now know two integrals of the dynamical system, namely, the 
integral of energy (which is obtained by equating the Hamiltonian function 
to a constant) and the adelphic integral expressed by equation ( 2 ) of § 196. 
Nowit is known (§ 121 ) that if, in any conservative holonomic dynamical 
system with two degrees of freedom, we know one integral in addition to the 
integral of energy, the system can bo completely integrated, i.e. we can find 
expressions for the coordinates and momenta (^ 1 , ^a»Pi,Pi) in terms of the 

• Aitr. Naeh. cix. (1884), p. 215. Cf. also W. J. MacMillan, Proe, Nat, Ac, 8e, i. (1915), p. 487 
and BvU, Am, U. S. xxn. (1915), p. 26. 
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time and 4 arbitrary coustants of integration. We shall now perforin this 
process. 

If we add the integral of energy to the adelphic integral (2) of § 196, and 
divide throughout by 2^1, we obtain 

+ cos Pi + ^ U2 cos 3pi| 

1 f 2 2 ) 

(2pi + p,) + U, cos (2pi -p2)| 

+ qSi\]-U»cospi+ U,cos{2p,+p,) + -^ UsCos(2pi-pi)- 

[*1 Oj “T -02 Oj LS2 

+ terms of the 4th and higher orders, 
where /j denotes an arbitrary constant. 

Similarly by subtracting the adelphic integral from the integral of energy, 
and dividing by s^, we obtain 

k =?.+ q,qi^ I7 Ui cos pt 4- - U, cos (2pt + p.,) - — Ui cos (2p, - 

02 Ztfi -f- 62 litSi — $2 ) 

+ qSt |s7.f 2s, ^«'=os(2/).-p.)| 

a fl 1 ) 

+ ^2^ J_ cospa + - U^Q cos Sp.jf + terms of the 4th and higher orders, 

82 So 

where represents a second arbitrary constant. 

It is an easy matter to obtain qi and qz from these equations in terms of 
(htK,Pi,Pi) by successive approximation: in fact, the first approximation gives 
qi- li,q2 = ki t^nd the second approximation gives 


9 , == /i ~ /i* ] - Uicos Px + - Ui cos 3p, 

1 f 2 2 

- l, y (2/>i + pi) + 2*7- 7 ~ 

- lthA-U,cospi+ - ^~-U,cos(2p.i + p,)+ --^Lkcos{2p.,- p,) 

6’l + ZS2 ^'^2 

4- terms of the 4th and higher order in \//i and 
q, = l,- k 1 } ■ ^ U,cosp, + Ut cos (2pi+p,) - U , cos (2p, - j),)| 

- l.r+ 2 ., <^+ f'' - fra."-''” I-'’- - '•■'I 

- I/^}C0Sp^4- - t/ioCOsSpsl 

1^2 5a j 

+ terms of the 4th and higher oidcr in an<] s/k. 
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Now we know (§ 121 ) that the expressions thus found for and must 
be the partial differential coeflhcients with respect to p, and p, of some function 
of (/,, f,,pi,p«): and, in fact, we have obviously 

air air 

where 

ir = f,p, + i«Ps - fi’ ff, sin p, + ^ tfj sin 3 p, j 

-1,1} f/,8inp,+ 2^-^fr48in(2p,+p,)+2^^^ ff,8in(2p,-p,)| 

- |i [/.sin p, + U, sin (2p, + p,) + U , sin (2p, - p.)| 

- [/, sin p, + ^ [f„ sin Sp. • 

+ terms of the 4 th and higher orders in and 
The terms in which px and occur otherwise than in the arguments of 
trigonometric functions are 

Px {li + terms of the 4 th and higher order in aod 

+ P7{1‘2 + 

Denote the coefficients of px and p^ in this expression by a, and ofj respec- 
tively: express lx and in terms of a, and Oj by reversion of series, and replace 
lx and li throughout in the series for W by these values in terms of and Og; 
so that we now have 

ir = a,p, + a.p. - 0,5 [/, sin Pi + ^ U, s'n 3 p,^ 

-a, a} [/.sin 2*^^, ~ 

- 0,5 [/, si n p, + ^ [/ ,0 sin 

+ terms of the 4 th and higher orders in v'a, and Vo, ( 1 ), 

and now p, and p, do not occur except in the arguments of trigonometric 
functions and in the terms {«! Pi + 

Now the equations 

dW dW ^ dW ^ dW 

define a con tact- tmnsformation from the variables <7.2, Pi, pg) to the 
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variables (ai,ofa, A, A): so in terms of these new variables the differential 
equations take the form 

dt dfii dt d^2* dt 9a,’ dt Soa’ 

But we know that o, = Constant and tfg = Constant ar& two, of the integrals 
of the system, since and are constant: and therefore 


dH^ 


0, 


dj[ 


= 0, 


so when H is expressed in terms of (a,, a,, A> A), it will be found to involve 
a, and Oa only * ; and then the equations 


give 


dA^_01f d^^JdH 
dt Sa, ’ dt dck 



8^ (a,,fla) 

0a, 

002 


^ + €l 

t+€i 


\ 


J 


( 2 ), 


where €, and are arbitrary constants. 

Thus we have the complete solution of the dynamical system expressed 
by the equations 


011^ 

0a, 


dW_^ dw_ 

9//(a.,a.) _ dHia^a,) 

00, ’ 00a 002 


where IK is given by equation (1), and the four arbitrary constants of 
integration are (o,, Oj, c,, € 2 ). C/ii referring to the form of Wj we see that 
these equations enable us to express and ^ purely trigonometric series, 
the arguments of the trigonometric functions being of the form 


mA + nA, 

where m and n are integers (positive, negative, or zero) and where jS, and 
A ure linear functions of the time, given by equations (2). We have thu/i 
obtained expressions for the coordinates in terms of the time^ hy means of series 
in which the time occurs oidy in the arguments of trigonometnc functions: each 
coordiiuUe is, in fact^ represented by a series whose terms are of the form 

Omn cos (wi^, + «A), 

(uhere m and n are integers {positive, negative, or zero); the coefficients a^n o.re 


* >Ve may remark that Maoj + i/ta,-* h/fajaa + i/JoaH . there beinR no terras of 

order a^. 
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functions of two of the constants of integration, a, and'Ot only; and the angles 

and are defined by equations 

= + = A4<+€a, 

where ^ and ^ are functions of and only, and and are the two 
remaining constants of integration. 

200. The fundamental 'property of the adelphic integral. 

Periodic solutions of the d)mamical system evidently arise when the con- 
stants Oi and Oj are such that /Xi is commensurable with the period of the 
solution is then 27r/i/, where v is the largest quantity of which px and are 
integer multiples. 

Suppose then that Oi and have such values. Then if the constant €i be 
varied continuously, we obtain a family of periodic solutions, each having the 
same period (since this does not depend on €i). The constant of energy 
depends only on a, and and is therefore the same for each of thdbe 
periodic solutions. The family is therefore a family of ‘'ordinary'' periodic 
solutions (§ 172). 

It might hastily be supposed that by varying as w^ell as we should 
get a family of x * periodic solutions. But it is easily seen that the trans- 
formation which is obtained by varying c, may be obtained by combining the 
transformation which consists in varying ej with that which consists in adding 
a small constant to t. Now this latter transformation merely transforms every 
orbit into itself (each point being displaced in the direction of the tangent to 
the orbit), and so may be disregarded. The €i and transformations are there- 
fore to be regarded as not distinct from each other*. 

Consider, then, those infinitesimal transfoiinations which change each 
trajectory of the system into an adjacent trajectory, in such a way that every 
ordinary periodic solution is changed into an adjacent periodic solution of the 
same family, i.e. having the same period and the same constant of energy. In 
the notation we have just been using, this transformation corresponds to a 
small change in €i. This transformation will be called the adelphic transforma- 
tion f. The adelphic transformation changes any solution of the dynamical 
system, whether periodic or not, into one of x * other solutions which stand 
in a particularly close relation to it, being in fact derived from it by a change 
of the constant Ci only. 

Now, referring to the formulae of the last article, it is evident that a change 
in 6,, in which the other con.stants of int<igration a,, are left unaltered, 
does not affect either of the constants and l^ (since these depend only on cti 

* The only case of exception ie when all the orbits of the Bystem are periodic, 
t From ddeX0(x6t, brotherly, becauae these orbits stand in very close relation to each other, 
and also because the integral corresponding to the transformation stands in a mneh closer relation 
to the integral of energy than do the other integrals of the system. 



199 - 201 ] Integration by Series 443 

and ©a) and therefore does not affect the constant of the adelphic integral or 
the constant of energy: this shews that all the orbits, which differ from each 
other only in having different values of the constant €i, have the same values 
for the constant of the adelphic integral and the constant of energy: and 
hence that the infinitesimal transformation, which corresponds (§ 144) to the 
adelphic integral, transforms these orbits into each other: that is to say, the 
adelphic integral ie the integral which corresponds to the adelphic transforma- 
tion, This is the fundamental property of the adelphic integral. 

As there is only one really distinct adelphic transformation of a given 
dynamical system with two degrees of freedom, so there is only one really 
distinct adelphic integral: all other adelphic integrals may be obtained from 
this by combining it in various ways with the integral of energy*. 

In practically all the known soluble problems of dynamics with two degrees 
of freedom, the integral which enables us to effect the solution is an adelphic 
Integral. Thus, when the trajectories are the geodesics on an ellipsoid, the 
adelphic integral is the equation pd = Constant. When the problem is that 
of two centres of gravitation, the adelphic integral is Euler’s integral of that 
problem. When the solubility of the problem is due to the presence of an 
ignorable coordinate, say the corresponding integral (namely p* * Constant) 
is adelphic. 

201 . Determination of the adelphic integral in Case II. 

We now proceed to the discussion of “Case II,” in which the ratio s^s^ is 
a rational number (say equal to m/n), but no term in cos (np, — wyog) is present 
among the third-order terms in the Hamiltonian function H. Certain terms 
of the series (2) of § 196 now contain in their denominators the factor {nsi - mSg), 
which vanishes since 5 i/ 5 a = T?i/w: and therefore the series (2) as it stands 
cannot converge in Case II, unless the terms which have zero denominators 
have numerators which also vanish. We have here come upon the real root 
of the principal difficulty of Celestial Mechanics: by removing it here, so as 
to obtain a valid adelphic integral in Cases II and HI, we shall be enabled to 
remove it from the whole subject. 

To fix ideas, we shall suppose that = 2, ^g = 1, so that s^Js^ hfis the rational 
value 2, and the denominator (^i — 25,), which occurs frequently in the scries 
(2) of § 106, is zero. 

In this case the equation for </)3 becomes 

dp^ dpt dpi dp^ ’ 

* The integral of energy corresponds to that infinitesimal transformation which changes every 
orbit into itself, each point of an orbit being displaced in the direction of the tangent to the 
orbit. 
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and indeed the equation for any one of the functions ••• takes the 

form 

2 1 “ ^ ^ known sum of terms of the type qi^qt^ sin (kp^ + Ip^), 

Now in integrating the differential equations for ^ 4 , ... in §196, we 
used only the “particular integral,’* which corresponds term-by-term to the 
known function on the right-hand side of the equation : so that, e.g., the inte- 
gral of the equation 


would be taken to be 


d < f>t 3 . 


. = -2i 

Si 


I 


</>3 = “^cos/h. 


The reason for this was that the “complementary function,” or arbitrary part 
of the solution of the differential equation, is a function of (a^pi — Sip,), and so 
does not contain terms of the type appropriate to <^. But when Si *= 2 , «i «= 1, 
the arbitrary part of the solution of the differential equation does contain terms 
of the type proper to and these must be taken account of; so that we must 
take the integral of the equation 

to be 


<f >7 = -kl^co3p^-^ cos (p, - 2 p,), 

where a is an arbitrary constant. Iri this way we obtain terms with arbitrary 
coefficients in ^1, <^4, 0i, and these arbitrary coeffiicients must be chosen in 
such a way gw to remove terms with vanishing denominaiors from the euhsequently 
detemnined part of (f). This principle enables us to obtain, in Case II, an 
arlclphic integral free from vanishing denominators. 


202. An example of the adelphic integral in Case II, 

We shall now illustrate the working of this principle by an example. 
Consider the dynamical system which is specified by the Hamiltonian function 


2^', 8in*p, + (7, sin’ Pa + - 


2 (1+ 2g,i cosp, + g, cos’pi + 2qz cos’p,)* 

1 +gt^co8pi 

(1 + 2g,i cosp, + gi cos*p, + 2g, co8*pa)^ 
If this be expanded in ascending powers of -v/gi and Vg,, wo obtain 


...( 1 ) 


^ = 2g, + g, + g,i(- jco8p,-f cos3pi) + 9 i*(H + V^2pi + ^J cos4>pi) 

+ g, ga {- 3 - 3 cos 2p, - 3 cos 2pi - j cos (2pi + 2pi) - } cos(2p, - 2 j) 4 )) 
+ - 2 cos 2pa - cos 4pa} 

+ terms of the 6th and higher onler in Vg* and Vgi» 

80 that in this case » 2, 1. 
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As explained at the end of § 196^ we may assume that the lowest term of 
the odclphic integral is simply q.^. Then if we write 

^ = ?2 + ^3 + ^4 + ^5 + • • • 

the equation to determine is 

2S- + a- = 0. 

so by §201, 

<f>,=‘Ciq,iq,coB(pt-2p,), 
where a is an arbitrary constant. 


The equation for <l>t now becomes 

8^4 

dp, ’’’ dp. 


• =^9i9t |(® + y) ®'" t) + 2p.) - (3 + sin (2p, - 2p,)| 

+ 5 ,*(|sin 2 p,+ f 8in4p,), 

of which the integral is 

|- (3 + ^)cos2pi-^^ 4 j)cos(2p, + 2p,)4- 4 jjeos (2p, - 2p,)| 

+ 9.’ (- i cos 2p, - ^ cos 4p,) 


The equation to determine <f>t is now 

where, as usual, denotes the expression 

and we have to choose a so as to annul the terms in sin (pi — 2pa) on the right- 
hand side of this equation. On calculating these terms, we find 


^ from ~ j ^ q^q% sin (pi - 2p,) 

(from - V ( 1 + y) 3'^9« ““ ■■ 

(from , Z/.)) 4- ^ sin (p, - 2p,). 

The quantity a must therefore satisfy the equation 

V-v(i + y)+^“=®- 

which gives 

« = - 2 . 
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Substituting this value of a in ^ and <f>„ our integral becomes 
Constant >■ gi — cos (p, — 2p,) 

+ 9, g, {| cos 2p, + J cos (2p, + 2p,) - J cos (2p, - 2p,)j 
+ ?•’(- i cos 2p, - ^ cos 4 p,) 

+ terms of the 6th and higher orders in and V^a (2). 

Now it may be verified by differentiation that the dynamical system speci- 
fied by equation (1) possesses the integral 

Constant »= J sin p, + V 2^, cos|}i sin jt), — 2 ^2^^^ sin pi cos p,}* 

j l±9jW ^3) 

(1 + 2^1^ cospi + cos*pi + 2 q^ cos* p,)* 

and this integral is adelphic, as may be shewn by completing the solution, or 
more simply by remarking that the integral ( 3 ) is a function of the variables 
(V9i» V9i» Pit Pi) which is one- valued and free from singularities for a certain 
range of values, and therefore the infinitesimal transformation corresponding 
to it will also be one- valued and firee from singularities, and so must transform 
closed orbits into closed orbits. 

But on eofpanding this integral ( 3 ) in asceriding powers of and hy 
the multinomial theorem^ we arrive at the series (2). This shews that, /or the 
dynamical system we are considering^ the series obtained by the process of the 
last article converges for all real values ofpi and p, so long cw | g, i and | | are 

inferior to certain fixed quantities, and that the series represents the adelphic 
integral of the dynamical system. 


203 . Determination of the adelphvC integral in Case III. 

The principle for the removal of vanishing divisors from the adelphic 
integral, which has been explained and illustrated in the last two articles, is 
not sufficient for the purpose if the Hamiltonian function contains, among its 
third-order terms, a term in cos (s,p, - s,pg) : for this term gives rise to a 
vanishing divisor in emd the arbitrary terms which are used in order to 
annul terms with vanishing divisors do not come into operation early enough 
to remove vanishing divisors from 

In this “Case III’' we must make use of another principle (concurrently 
with the principle of §201) which may be explained thus: Suppose that an 
integral of a system of differential equations in variables {q\iq%,p\tP^ vs oi 
the form 


f{quq%>Pup%} 




% 


where 7 is the arbitrary constant and p is a definite constant formed of 
quantities occurring in the differential equations. The integral in this form 
ceases to have a meaning when y. tends to zero. But we may derive from it 
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an integral which has a meaning -when -*• 0, by merely supposing first that 
H is diflferent from zero, and multiplying the equation throughout by ft, so that 
it becomes 

/*/ (?■ . Pi . P») + S' (?i , 92. Pulh) = Itfi 

and then making the equation becomes 

fl'(9i.92,Pi,Pii) = c, 

where c denotes Lt (^7). This is the desired form of the integral when /i 
is zero. 

Our case is not so simple as this, since the vanishing divisor occurs not 
only in the inverse first power, but in an infinite scries containing all the 
inverse powers. The method we follow, which will be illustrated in the 
next article, is really equivalent to using the principle of § 201 in order to 
remove all inverse powers of the small divisor except the first, and then 
using the principle of this article in order to remove this inverse first 
power. 


204. An example of the adelphic integral in Case II L 
We shall now shew by considering a particular dynamical system how the 
principle just mentioned is applied in order to obtain an adelphic integral 
free from vanishing divisors in “Case III.” 

Consider the dynamical system whose Hamiltonian function is 
Zf* - 2^3 + cos Pi + qiq^^UiCOS (2pi+pa). 

Now if the Hamiltonian function is 

= 5i 9i + 5a 72 + 7i^ U , cos Pi + qi q^^ [/* cos ( 2p, + pa), 
where 5, and 5, are arbitrary, the adelphic-integral series to which we are led 
by the method of §196 is 

Constant =* s^qy - cos pi 4- ?i 78^ ^ * cos( 2pi + pa) 


f 003(y.± PL)+ 2cos(3p. 

25i+5a 1 ^i+'Sa 35i4-5a ) 

^TT2TT . _ i_ - J- 

2«.+s,l 3«,+S2 2s,+«. 

6 cosp, ) 

5i+5a 5^ j 



2(95i4-5a) COS Pi ^ C08(3pi + 2pa) | 
(5i + 5a) (35 i + 52 ) Sy 51 + 5, 35i + 25| j 
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In our problem = 1, — 2, so 2«i + is a vanishing denominator. This 

denominator makes its appearance in the fourth term of the above expression, 
and occurs in every subsequent term, being squared in the coefficient of the 

fifth-order term qig^coai^pi-^p^). We must now modify this series (1) so 
as to obtain an integral which has no vanishing denominators. 

In the first place, we apply the principle of § 203: the lowest term which 
is affected by the vanishing denominator is the term 

^4 cos (2p, + p.) : 

we therefore try to form an integral whose lowest term (discarding the non- 
essential factors (2«i — s^) and U^) shall be 

g,9,*cos(2p,+p,). 

If then we suppose this integral to be 

Constant = <f> = cos (2p^ +Pi) + ^4 + <^5 + 

where 9, denotes the terms of degree r in and and substitute in the 
equation (^, H) = 0, we find on equating to zero the terms of order 4 that ^4 
is to be determined from the equation 

- 2^ = qSMt {2 sin (pi+p,)+ sin (%».+p,)l. 

The integral of this is 

<l>i - giM (2 cos (p, + p.) - cos (3p, + p,)} , 
to which, however, we may add terms of the type 

aq'+ffqiqt+yqt ( 2 ), 

where a, /9, 7 are arbitrary constants, since these terms satisfy the differential 
equation and are of the type proper to ^4. It should be noticed that these 
terms are not now superfluous, as they were in the general case studied in 
§ 196; for in the general case the addition of such terms to <^4 would merely 
be equivalent to adding on an arbitrary quadratic function of the integral of 
energy and the adelphic integral: but in our present case the adelphic integral 
does not begin with terms linear in qi and q^, and therefore a quadratic 
function of it does not account for terms like those in (2). The arbitrary con- 
stants in (2) are to be determined in sucl a way as to make terms with 
yanishing denominators disappear from the higher-order terms of <f>. Thus, 
writmg now 

^4 - qht^Ui{2 C06 (p, + p.) - coe (Sp, + p,)} + og,*. 
and substituting in the differential equation satisfied by which is 

( 3 ), 
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we find that on the right-hand side of (3) the terms involving s\n{2pi p^) 
(which would le&d to vanishing denominators on integration) are 

- 891 * 52 ^ U 1 “ sin ( 2 j 3 i + pz) - sin ( 2 ;?, + p^), 

and these will collectively vanish provided 

““ 41 ^ 4 * 

In this way, by repeated application of the principle of § 201 , we are able to 
remove all terms with vanishing denominators and obtain an adelphic integral 
free from them. 

205 . Completion of the integration of the dynamical system in Cases II 
and III, 

Having now in ^ 201-204 overcome the difficulty caused by the presence 
0 ^’ terms with vanishing divisors in the adelphic integral in Cases II and III, 
we can use this integral in order to integrate the dynamical system com- 
pletely, just as was done for Case I in § 199. We thus obtain expansions for 
the coordinates in terms of the time in all cases: but these expansions are 
completely different in form, according as the dynamical system falls under 
Case I, II, or III. This result supplies the underlying explanation of Poincare’s 
theorem that the series of Celestial Mechanics cannot converge uniformly over 
any continuous range of values of the constants: for the series to which he 
was referring were of the kind which we have classified under Case I, and we 
have seen that when the constants ^ 1,53 are continuously varied, these series 
must be replaced by the series appropriate to Case II or Case III, whenever 
the ratio s^js^ passes from an irrational to a rational value. The advantage of 
solving by means of the adelphic integral is that the forms of the adelphic 
integral corresponding to the three cases can be readily determined: and thus 
the difficulty is removed before the adelphic integral is used in order to obtain 
the complete expressions for the coordinates in terms of the time. 

For further recent researches on the general solution of the equations of dynamical 
systems, reference may be made to the important series of memoirs by T. M. Cherry, 
published in the years 1924-27 in the Proc, Camb, Phil. Soc., Trans, Camb. Phil. Soc.^ and 
Proc, Land. Math, Soc. : and also to papers by B. B. Baker and E. B. Ross in Proc. Edin, 
Math, Soc. Vols. XXXIX.-XLI. (1921-23), 


Miscellaneous Examples. 

1. Let (P denote any function of the variables ga gntpi^ of a dynamical 
system which possesses an integral of energy 

^(^1, Pi> ...,Pii)=I^on8tant; 

^ 0 ^ ^ quq%i**>iqn)Pu-"»Pn respectively at the 

29 


W, D. 
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instant ^-*< 0 ; {fi9) denote the value of the Poisson-bracket (/, g) when the quan- 
tities occurring in it are replaced respectively by a,,aa, 

61,.. .,6^. 

Shew that 

.... = •••»«»» W + {</>. 

2* Shew that the dynamical system whose equations of motion are 

dp^JH 
dt dp' dt ^ ’ 

where 

possesses a family of solutions represented by the expansion (retaining only terms of order 
less than a^) 

, 3a . (ia\^ „ 3a 

where - (^+^) * + *> 

and a and € are arbitrary constants. 
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Particles, Lagrange’s, 406 
Pendulum, simply 72 
„ spherical, 104 
Perfect roughness, 31 
Pericentre, 85 
Perihelion, 86 
Perihelion-constant, 87 
Period, 73 

Periodic solutions or orbits, 386 
V time, 87 


Pfiiff’s expression, 296 

„ system of equations, 307 
Pitch of a screw, 5 
Plane, invariable, 346 
Planetoid, 353 
Poincare’s theorem, 380 
Poiiisot’s representation, 152 
Point-transformation, 293 
Poisson’s bracket-expressions, 299 
„ stability, 417 
„ theorem, 320 
Pol bode, 154 

Possible displacement, 33 
Potential energy, 38 
„ Kinetic, 38 
„ involving the velocities, 44 

Principal axes of inertia, 124 
„ coordinates, 181 
„ function, 317 
„ moments of inertia, 124 
Principle, Hamilton’s, 246 
„ of Least Action, 248 

„ of Least Curvature or Constraint, 

255 

„ of Relativity, 26 
„ of Superposition of Vibrations, 

186 

Problem of Three Bodies, 339 

„ „ „ in a plane, 351 

„ „ „ i*estricted, 353 

Product of inertia, 116,' 

Prolongation of motion after a collision, 411 

Quadratures, problems soluble by, 54 
Quantitas Motiis, 48 
Quasi-coordinates, 41 
Quasi-elliptic orbits, 391 
Quaternions, 9 

Radius of gyration, 118 
Rayleigh’s dissipation-function, 230 
Reaction, law of Action and, 29 
Reciprocal matrix, 401 
Reciprocal theorem, Helmholtz’s, 304 
Reciprocation, 291 
Regularisation, 424 
Relations, invariant, 326 
Relative velocity, 14 

„ integral-invariants, 271 
Relativity, principle of, 26 
Repellent regions of field of force, 413 
Resistance of air, 229 
Restricted problem of three bodies, 353 
Resultant of vectors, 14 
Reversed forces, 47 
„ motion, 305 
Revolving orbits, 83 
Rigid, 1, 32 

Rodrigues and Hamilton’s theorem, 3 
Rotation about a line, 1 

„ » po'"*- L , „ 

instantaneous axis of, 2 



466 


Index of Terms Employed 


Rotation, instantaneoiia centre of, 3 
Rough, 31 

Screw displacement, ft 
Similarity in dynamical systems, 47 
Singular periodic orbits, 39ft 
Sleeping top, 206 
Smooth, 31 

Spherical pendulum, 104 
„ top, 159 
Spirals, Cotes', 83 
Stability ^ la Poisson, 417 
„ of equilibrium, 186 

„ of motion, 417, 418, 419, 420 

„ of orbits, 397, 412 

„ of steady motion, 193 

„ index of, 404 
„ secular, 203 
Steady motion, 163, 193 
Sub-group, 301 
Sudden future, 169 
Superposition of vibrations, 186 
Surface-density, 118 
Suspension, centre of, 132 
Sylvester's theorem, 183 
Symbol, Christoffer^ 39 

„ of an infinitesimal transformation, 
303 

System, adjoint, 287 
Systems, dissipative, 226 
„ frictional, 227 
„ involution-, 322 
„ isoperimetrical, 267 
„ PfafiTs, 307 

Thomson's theorem, 261 
Three Bodies, Problem of, 339 
„ „ „ in a plane, 361 

„ „ „ restricted, 353 


Time, 27 
„ periodic, 87 
Top, 15ft 

„ Kowalevski’s, 164 
„ sleeping, 206 
„ spherical, 159 
Trajectory, 78, 245 
Tnmsformation, contact-, 290, 293 
„ Mathieu’s, 301 

„ Poincare’s, 423 

* „ point-, 293 

Translation, 1 

Trojan group of asteroids, 409 
True anomaly, 89 
Two centres of gravitation, 97 
Type, Liouville’s, 67 

Unit matrix, 401 
Unstable, 186, 193, 203 

Variational equations, 268 
Vector, locali^, 15 
Vectors, 13 
Velocity, 14, 33 
„ angular, 15 

„ relative, 14 

„ correspondinjj to a coordinate, 33 
Vibrations about equilibrium, 177 
„ ., steady motion, 193 

„ normal, 186, 195 

„ of dissimtive systems, 232 

„ of non-holonomic systems, 221 

Virtual work, 264 
Vis MotriVy 29 
Vis VivUy 35 

Wave-fronts, 289 
Weber’s law of attraction, 4ft 
Work, 30 






